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Abstract: Reservoir Computing (RC) systems are powerful models fomentiom-

putations on input sequences. They consist of a memorydeskout neuron which is
trained on top of a randomly connected recurrent neural m#twRC systems are com-
monly used in two flavors: with analog or binary (spiking) naus in the recurrent
circuits. Previous work indicated a fundamental diffeentthe behavior of these two
implementations of the RC idea. The performance of a RC sys$i4lt from binary

neurons seems to depend strongly on the network conngcsiviicture. In networks
of analog neurons such clear dependency has not been otbsénvais article we ad-

dress this apparent dichotomy by investigating the infleeithe network connectivity
(parametrized by the neuron in-degree) on a family of neétwaodels that interpolates
between analog and binary networks. Our analyses are basaaaovel estimation of
the Lyapunov exponent of the network dynamics with the hélpranching process
theory, rank measures which estimate the kernel-qualitlyggemeralization capabilities
of recurrent networks, and a novel mean-field predictor @anputational performance.

These analyses reveal that the phase transition betweenedrdnd chaotic network
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behavior of binary circuits qualitatively differs from tlwe in analog circuits, leading
to differences in the integration of information over shand long time scales. This
explains the decreased computational performance olzb@rn@nary circuits that are
densely connected. The mean-field predictor is also usealiodthe memory function
of recurrent circuits of binary neurons.

Keywords: Reservoir computing, recurrent neural networks, phasesitian, memory,

network dynamics, computational performance

1 Introduction

The idea of using a randomly connected recurrent neural ar&tfor online com-
putations on an input sequence was independently intraducé¢Jager, 2001] and
[Maass et al., 2002]. In these papers the network activitegarded as an “echo”
of the recent inputs and a memoryless readout device is thared in order to ap-
proximate from this “echo” a given time-invariant targeteogator with fading memory
(see [Maass et al., 2002]) whereas the network itself resnantrained. Jaeger used
analog sigmoidal neurons as network units and named the Infituded State Net-
work (ESN). Maass termed the idea Liquid State Machine (LS most of the
related literature focuses on networks of spiking neuronsheeshold units. Both
ESNs and LSMs are special implementations of a concept noerghty called Reser-
voir Computing (RC) which subsumes the idea of using generaauycal systems
(e.g. a network of interacting optical amplifiers [Vandoeet al., 2008], or an ana-
log VLSI Cellular Neural Network chip [Verstraeten et al.8)) — the so-called
reservoirs — in conjunction with trained memoryless reddouctions as compu-
tational devices. These RC systems have been used in a baogeé of appli-
cations (often outperforming other state-of-the-art md#) such as chaotic time-
series prediction and non-linear wireless channel ecatabiz [JAger and Haas, 2004],
speech recognition [Verstraeten et al., 2005, Jaeger,@0817], movement analysis
[Legenstein et al., 2003], and robot control [Joshi and Ma2605].

Although ESNs and LSMs are based on very similar ideas (andpiplica-
tions it seems possible to switch between both approach#sutiloss of perfor-

mance [Verstraeten et al., 2007]) an apparent dichotomgtexegarding the influ-



ence of the reservoir's connectivity on its computationaifprmance. The perfor-
mance of an ESN using analog, rate-based neurons is e. glylargiependent of
the sparsity of the network [Jaeger, 2007] or the exact ndtwopology such as
small-world or scale-free connectivity graphsFor LSMs, which consist of spik-
ing or binary units, a profoundly different effect has bedis@rved, e.g. introducing
small-world or biologically measured lamina-specific amat interconnection statis-
tics [Hausler and Maass, 2007] clearly leads to an increase inrpaaftce. Further,
in the results of [Bertschinger and Natsatér, 2004] it can be observed (although not
specifically stated there) that for networks of thresholt&gavith a simple connectivity
topology of fixed in-degree per neuron, an increase in perémce can be found for
decreasing in-degree. None of these effects can be reprddising ESNSs.

In order to systematically study this fundamental diffeetetween binary (spik-
ing) LSMs and analog ESNs in a unified framework, we close #ye lgetween these
models by introducing in Section 2 a class of models termeshtiped ESNs (qESNS).
The reservoir of a quantized ESN is defined as a network ofetise/alued units, where
the number of admissible states of a single unit is conalddyga parameter called state
resolution which is measured in bits. A binary network (wéhére units have binary
outputs) has a state resolution of 1, whereas high resalagdworks (where the units
provide high resolution outputs) have high state resohstid. SMs and ESNs can thus
be interpreted as the two limiting cases of quantized ESNkWw and high state reso-
lution respectively. We briefly described the dynamics oS8, which exhibit ordered
and chaotic behavior separated by a phase transition. éfutth concept of Lyapunov
exponents is discussed in the context of gESNs and an appt@approximately com-
pute them for gESNSs is introduced based on branching prabessy.

In Section 3 we numerically study the influence of the netwodnnectivity
parametrized by the in-degree of the network units on theprdational performance
of quantized ESNs for different state resolutions. Thisegalizes and systemizes pre-

vious results obtained for binary LSMs and analog ESNSs.

1Shown by results of unpublished experiments which have la¢sm reported by the lab of Jaeger
through personal communication. Of course, drastic togiold changes such as disconnecting all net-
work units influences performance. Further, a specific aidigaonnormal) connectivity matrices with

advantageous memory properties for linear systems wasciegized in [Ganguli et al., 2008].



In Section 4 the empirical results are analyzed by studyhmey ltyapunov ex-
ponent of gESNs, which exhibits a clear relation to the caanal performance
[Legenstein and Maass, 2007a]. We show that for binary gE8l<haos-order phase
transition is significantly more gradual when the netwonkessparsely connected. Itis
exactly in this transition regime that the computationalpoof a Reservoir Computing
systemis found to be optimal [Legenstein and Maass, 2001ég.effect disappears for
high-resolution ESNSs.

A clear explanation of the influence of the network connégtion the compu-
tational performance can be found by investigating the rardasure presented in
[Legenstein and Maass, 2007a]. This measure characteéheesomputational capa-
bilities of a network as a trade-off between the so-calleshé&lequality and the gener-
alization ability. We show that for highly connected binaegervoirs the region of an
efficient trade-off implying high performance is narrow. risparser networks this re-
gion is shown to broaden. Consistently for high resolutionvoeks the region is found
to be independent of the interconnection degree.

In Section 5 we present a novel mean-field predictor for camtpanal power which
is able to reproduce the influence of the connectivity on tB8N model. This predic-
tor is based on an estimation of the input separation proméra network and it is a
generalization of the predictor introduced in [Bertscl@ngnd Natscléger, 2004] as it
can be calculated for general (not just binary) gESNs andrntlee determined with a
significantly reduced computation time. This enables usudyscomputational power
based on state separation for recurrent networks of neadjog nonlinear neurons.
The novel theoretical measure matches the experimentataridmeasure findings
closely. It describes high performance as an interplay eetwinput separation on
different time-scales revealing important properties &f &/stems necessary for good
computational capabilities.

We investigate the relation of the mean-field predictor t® tiremory function of
gESNSs in Section 6 and show that the latter is bounded by aitumof the input
separation property. To our best knowledge this repredietdirst computationally
feasible bound on the memory function of nonlinear netwodiace such bounds
were previously only derived for linear networks [White et 2004, ager, 2002,

Ganguli et al., 2008]. Further, we investigate the scalihthe memory capacity and



the temporal capacity of binary gESNs with the network sieddyng a logarithmic
dependence.

The numerical and theoretical finding that for binary qESNes optimal perfor-
mance is observed for sparse connectivity is compared tergrpntal results regarding
the connectivity of neocortical microcircuits in Sectione¥ealing an apparent discrep-
ancy between the optimal parameter values of the binary ga8#el and experimental
observations. Sparse network activity which is ubiquitoudiological spiking net-
works but absent in the gESN model is proposed as a possiliteanism that can

resolve this discrepancy.

2 Quantized ESNs and Their Dynamics

In this section the network model is defined that will laterveeas the dy-
namic reservoir for gESNs. The networks are reminiscentaodom Boolean net-
works (see [Shmulevich et al., 2002]) and Kauffman netwddee [Kauffman, 1969,
Derrida and Stauffer, 1986]) and exhibit just like the lattevo distinct dynamical
regimes, the chaotic and the ordered regime, dependingeonhtbice of parameters.
These two “phases” are separated by a order-chaos (alsedesrder-disorder) phase

transition (for general information on phase transitioes gZinn-Justin, 2003]).

Definition of the Network Model

We consider networks oV units with the state variabte(t) = (z(t),...,xn(t)) €

[ —1,+1}" in discrete timeg € Z. All units have an in-degree df, i.e. every uniti
receives input fromi other randomly chosen units with independently identycdis-
tributed (iid.) weightsw;; drawn from a normal distributioV'(0, 2) with zero mean
and standard deviation (STD) All remaining weights are defined as zero. Sample
tribution will be denoted by’ in the remainder. The network state is updated according

to:

Ii(t + 1) = <¢m o g) (Z wijxj(t) + u(t)) ) (1)



Figure 1: The quantized activation functigr), o ¢ for state resolutions: = 1 (panel

A), m = 3 (panelB) andm = 6 (panelC). Networks with them = 1 activation
function, which just assumes two different values, are &ghinary reservoirs whereas
networks with largen (herem = 6) are termed high-resolution reservoirs as their
units posses a large state space’ottates. The discretization schema was was chosen
such that states are equidistant 3nd", s;p(s;) = 0 as well asy > |s;|p(s;) = 1/2
independent of the state resolutipnassuming a uniform distribution over the single

unit state spacg(s;) = 27"

whereg = tanh is the usual hyperbolic tangent nonlinearity andenotes the input
sequence common to all units. At every time steghe inputu(¢) is drawn uniformly
from {—1,1}. The functiony,, is called quantization function far bits as it maps

from (—1, 1) to its discrete rangé,,, of cardinality2™:

22Nt D)) +1

U (—1,1) = Spy () = o 1.

Here | x| denotes the integer part of Due to,, the variablesr;(t) are discrete
(“quantized”) and assume values in the state sgice- {s1,...,$om} C (—1,1) with
sk == (2k —1)/2™ — 1. Three examples of the quantized activation functigno g for
state resolutions: = 1, 3, 6 are shown in Figure 1.

Depending on the parameters, K, and o the system defined by (1) shows
two qualitatively different behaviors namely ordered arthatic dynamics which
are separated in the parameter space by a sharp boundam, aafliled the critical
line, where a phase transition takes place. The ordered (aBed “frozen”) and
chaotic regimes are defined via the average damage sprgadiperties (i. e. sensitiv-

ity to perturbations of initial conditions) of the networl@errida and Pomeau, 1986,
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Derrida and Stauffer, 1986, Bertschinger and Nagsgét, 2004]. One considers the
temporal evolution of the average distandét) = (||x'(t) — x*(¢)[|).., between two
statesx!(¢) andx?(t) at timet evolving from initial conditions that differ in a single
unit at time0. Here|| - || denotes some norm iR" e. g. the p-1 nornfl - ||, and(-),,
denotes the average over netwotkgwith the same parameters, o, K), initial per-
turbations and input sequencesA set of parameters:, K, o is in the ordered phase
if lim; .o H(t) =: H* = 0, i. e. if perturbations in the initial condition& (0) even-
tually die out. Parameter sets with* > 0 are in the chaotic regime where the initial
“damage”H (0) persists and influences the network state for all later tirkleceH *
can be considered an order parameter of the phase tranagians zero in one phase
and larger than zero in the other. Examples for the behavidi ofor state resolu-
tionsm = 1, 3, 6 and varying parametersand K are shown in Figure 2 exhibiting the
characteristic behavior of a phase transition.

The state distancé (¢) also allows the introduction of a heuristic measure for the
speed of divergence of trajectories in discrete-time asdrdie state-space systems.
We will term this measure Lyapunov exponenas it is reminiscent of the maximal
Lyapunov exponent in systems with continuous (see [KatakHesselblatt, 1995]) and
binary state space (see [Luque andéS@000]). It is defined via:

1 H(T

A= lim —In (%) ) (2)
In the ordered regime we have < 0 while A > 0 holds for chaotic dynamics. The
above definition of\ only makes sense for infinitely large systems.

In finite size systems we characterize the speed of diveegehcearby trajectories
by a numerical estimatioh.y,, of the the Lyapunov exponent that was determined in the
following way. After 20 initial simulation steps the smaiteadmissible (forn) state
differenced,(m) = 2'~™ was introduced in a single network unit and the resultintesta
differenced after one time step was measured averaged tWetrials with randomly
generated networks and initial states. The initial statedl aeurons were iid. uniformly
overS,,. The estimation\., was then determined by, = In(d/dy(m)). This one
step approximation oX is expected to produce accurate results for large netwoitks w
sparse connectivity where all “damages” spread indepdtydégmough the network. It

is shown below that already at a networks sizé\of= 150, A and ., agree well for a
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Figure 2: Phase transitions in randomly connected netwaiks dynamics defined
by (1). A, B, C: Shown is the fixed point{*/N of the normalized distanc# (t)/N
between two states evolving from different initial condiits in networks withV =
500 units for three state resolutions = 1, 3,6 and varying in-degreé’ and weight
standard deviatiom. The abrupt change in the values i@t for different parameters
is characteristic for a phase transition. Shown resultsaaszages over 500 circuits
(with a single random input sequence each). The initialysedtion 7 (0) was chosen
as the smallest admissible perturbation (for the spegijiin a single unit and7* was
measured after 100 update ste@d3, E, F: Evolution of the stater;(¢) of 75 out of
N = 500 units from a network withn = 3 and K’ = 3 for log(c) = —0.5 (panelD),
log(o) = 0 (panelE) andlog(o) = 0.5 (panelF) showing ordered, critical and chaotic

dynamics respectively.



large regime of network parameters.

Lyapunov Exponents via Branching Processes

Besides estimating the Lyapunov exponent defined in (2)gutie scheme for fi-
nite size systems described above, it can be calculatechfmitely large systems
N — oo under the annealed approximation (AA) using results from theory
of multitype branching processes (see [Athreya and Ney2[)97 In the AA that
was introduced in [Derrida and Pomeau, 1986] one assumésthbacircuit con-
nectivity and the corresponding weights are drawn iid. atrgvtime step. Al-
though being a drastic simplification, the AA has been shawwmairious studies (see
[Derrida and Pomeau, 1986, Bertschinger and Na&gmhl 2004, White et al., 2004])
to be a powerful tool for investigating network dynamicslgieg accurate results
for large system sized/, hence its application is well justified in the lImN — oo
considered here. Branching process theory has already &eglred in theoreti-
cal neuroscience to describe the temporal/spacial dyrsawificneural activity (see
[Beggs and Plenz, 2003, Vogels et al., 2005]). Here we pmpus novel approach to
apply branching process theory for studying the evolutibpesturbations of networks
states allowing the approximate evaluation of the Lyapusectrum of the network
model defined above.

LetS,, = {s1,...,s9m} denote the single unit state space with a state resolution
m. Consider two stateg!(¢) andx?(t) of the same infinitely large network (that e. g.
evolved from different initial conditions). We say that thas a perturbation of type
s; — s; attimet (of x'(¢) relative tox?(t)) if there is a network unit, with some in-
dex! € N, which is in the state; in x'(¢) and which is in the state; in x*(¢), i.e.
z}(t) = s; andz}(t) = s;. Assuming the AA the neuron indices can be permuted arbi-
trarily (as the weight matrix is regenerated at every tinepyand hence the difference
between the two states (¢) andx?(t) is fully described by counting the perturbations
of all types. Now letx!(¢) andx?(t) differ in n coordinates, which can without loss of
generality be assumed to be the fitstoordinates, i.ex}(t) = s,, # 2?(t) = s, with
a;, b; € {1,...,2m} fori = 1,...,nandz}(t) = z2(t) for i > n. Thesen perturba-

tions of typess,, — sp,,---, 54, — Sp, at timet cause perturbations in the next time
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Figure 3: The numerically determined Lyapunov exponkr} (for N = 150), the
largest and second largest Lyapunov exponengnd A\, (for m # 1) obtained by
branching process theory are plotted as a function of thghteicaler for K = 24 and
three different state resolutioms = 1, 3,6. If A, < 0, A and )., agree well, whereas
Aexp IS larger than\ for weight scalesr with A, > 0. This can be explained by the
fact that)\.,, measures the total rate of perturbation growth which is gwee by all

positive Lyapunov exponents hence in particulat\gnd \,.

stept + 1. Because of the finite in-degréé and the infinite system sizZ€ = oo, these

n perturbations give rise to “descendant” perturbations-atl independently. There-
fore this system is equivalent to a multitype branching pssowith2™ - (2™ — 1) types
(diagonal perturbations, — s, do not contribute), a mathematical model which has
been extensively studied (see [Athreya and Ney, 1972]). mtkitype branching pro-
cess describing the perturbation spreading in the coresideetwork is fully specified
bypgf fora,B3,4,j = 1,...,2™ denoting the probability of a, — sz perturbation to
cause a&; — s; perturbation per outgoing link in the next time step which & ex-
plicitly calculated using the AA (see appendix A). Applyitige results from branching
theory (see [Athreya and Ney, 1972]) the maximal Lyapungoeent\ defined in (2)

is given by the logarithm of the largest eigenvalue (beirggRlerron root) of the matrix
M, whose entries/, omg ;1om; = K -pjff denote the mean number of descendants of
types; — s; caused by a, — sz perturbation. Branching processes wkh< 0 are
called subcritical, corresponding to ordered dynamicglying that all perturbations
eventually die out with probability one, whereas the case0 is termed supercritical,

corresponding to chaotic dynamics, implying exponentialgh of the number of per-
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turbations on average. For > 1 there is more than one eigenvalueldfgiving rise to
a Lyapunov spectrumy; fori = 1,...,2m71(2™ — 1) with \; > A\ and)\; = \.

In Figure 3 the numerically determined Lyapunov exponegt (for N = 150), the
largest Lyapunov exponentas well as the second largest oxe(for m # 1) obtained
by branching process theory are plotted as a function of #ight STDo for K = 24
and three different state resolutions = 1,3,6. It can be observed that as long as
Ay < 0, the branching process exponenpredicts well the numerically determined
exponent\.,. For; > 0, Aoy, iS larger than\ as in this case\, also contributes to
the total growth rate of the number of perturbations whichusmerically estimated by
Aexp- HeNce it can be concluded that the Lyapunov spectrum detedby branching
process theory using the AA characterize the perturbatymauhics in the case of finite

size systems quite accurately.

3 Online Computations with Quantized ESNs

In this section we numerically investigate the capabdited the networks defined in
Section 2 for online computations on the binary input segaenusing the RC ap-
proach, i. e. the networks are augmented by a trainable maldwice, which is in our
context a simple linear classifier. In this article we coesithsks where the binary
target output at time depends solely on input bits in the recent past, i.e. on the
input bitsu(t — 7 — 1),...,u(t — 7 —n) for givenn > 1 and delay parameter > 0.
More precisely the target output is given By(u(t — 7 —1),...,u(t — 7 —n)) for a
function fr € {f|f: {-1,1}" — {—1,1}}. In order to approximate the target output
at timet a linear classifier with the outpstgn (Y7 | ayz;(t) + b) at timet is applied

to the instantaneous network statg). The coefficientsy; and the bia$ were trained
via a pseudo-inverse regression method (sagdd 2001]). The RC system consisting
of a network defined by (1) with parameters K, o and a linear classifier is called a
quantized ESN (qESN) of state resolutionin the remainder of this paper.

We assessed the computational capabilities of a given miet@wobased on the
numerically determined performance on an example taskclwiias chosen to be
the 7-delayed parity function of. bits PAR,, ;, i.e. the desired output at timeis
PAR, -(u,t) = [[\_, u(t — 7 — i) for a delayr > 0 andn > 1. A separate read-
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Figure 4: The performange.,(C, PAR3) (top row), pe.,(C, PAR;) (middle row), and
Pexp(C, RAND;) (bottom row) for three different state resolutioms= 1 (left column
A), m = 3 (center columrB) andm = 6 (right columnC) is plotted as a function of
the network in-degre&” and the weight STI>. Further the zero crossing of the largest
Lyapunov exponeni (the critical line, black dashed line) as well as of the secon
largest one\, (for m # 1, white dashed line) are shown. The networks siz€ is: 150,
the resulte.,,(C, PAR;5) have been averaged over 20 circditsinitial conditions and
randomly drawn input time series of lengttb* time steps. FOp.,(C, RAND;) results
have been averaged over 50 random task bfit, circuits C', initial conditions and

randomly drawn input time series of length* time steps.
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out classifier is trained for each combinationrodndr, all using the same network
as reservoir. We defing.,, which quantifies the experimentally determined computa-

tional performance of a given circuit on thePAR,, task as:

[e.9]

Pexp(C.PAR,,) := > " 1(C, PAR,, ). 3)

7=0
Herex(C,PAR, ;) € [0, 1] denotes the performance of circditon thePAR,, . task
measured in terms of Cohen’s kappa coefficiefwthere0 corresponds to chance and
to optimal performance). To facilitate intuition, in Figui3 of appendix B the depen-
dence of Cohen’s kappa coefficient on the deland the network sizé/ is illustrated
for two different parameter settings. According to it's aéfon the performance mea-
surepey, sums up the kappa coefficients for all delaysFor example, a network'
which operates optimally for delays = 0,...,2 on a givenTASK,, and at chance
level for other delays will have..,(C, TASK,,) = 3. Extensive numerical experiments
indicate that the performance results fokR,, can be considered quite representative
for the general computational capabilities of a circuiof the considered type as qual-
itatively very similar results were obtained for numerolessification tasks with two
classes as well as for,,(C, RAND,,) denoting the performance averaged over 50 ran-
domly chosen functiong; of n bits.

In Figure 4 the performances,,(C, PAR3), pex,(C, PAR5) averaged over 20 cir-
cuits C' andp..,(C, RAND;) averaged over 50 circuitS' and random tasks for three
different state resolutions = 1, 3, 6 are shown. The results are plotted as functions of
the network in-degreé&” and the logarithrhof the weight STDw. Qualitatively very
similar results were obtained for network graphs with bimaror scale-free distributed
in-degree with averag& (results not shown). The critical line, i. e. the locatiorntiod
order-chaos phase transition, is also shown (dashed blagk Which was determined
by the root of the largest Lyapunov exponeargiven by the branching process approach
outlined the previous section. Further the root of the sddargest Lyapunov exponent
s is plotted (dashed white line). The critical line predidte zone of optimal perfor-

mance well form = 1, but is less accurate for ESNs with = 3,6. The root of\,

2k is defined agc — ¢;)/(1 — ¢;) wherec is the fraction of correct trials and is the chance level.
The sum in eq. (3) was truncatedrat 15, as the performance was negligible for higher delays 15

for the network sizeV = 150.
3All logarithms are taken to the basis 10, ileg = log if not stated otherwise.
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gives a quite reliable “upper bound” for the weight S&Di. e. all networks with & for
which A\, > 0 are too chaotic to exhibit good performance measptgs One can see
that for ESNs with low state resolutions.(= 1, 3), networks with a small in-degree
K reach a significantly better peak performance than thode hwgh in-degree. The
effect disappears for a high state resolution £ 6). This phenomenon is consistent
with the observation that network connectivity structig@igeneral an important issue
if the reservoir is composed of binary or spiking neuronslbas important if analog
neurons are employed. The performance landscapes forganatworks (n = o0)
exhibit qualitatively the same key feature as the ones df legolution networks (high
performance can be found for all in-degrees by scadipgut differ quantitatively from
the latter (the region of high performance is generally deyaresults not shown). Note
that form = 3,6 we see a bifurcation in the zones of optimal performance wisioot

observed for the limiting cases of ESNs and LSMs.

4 Phase Transitions in Quantized ESNs

In this section we examine the phase transition betweerrendend chaotic dynamics
in quantized ESNs in order to explain the difference betwageary and high resolu-
tion reservoirs shown in Figure 4. It was often hypothesitteat systems with high
computational power in recurrent networks are located iarameter regime near the
critical line, i. e. near the phase transition between @dend chaotic behavior (see,
e.g. [Legenstein and Maass, 2007b] for a review; comparethks performance with
the critical line in Figure 4). Starting from this hypothgsive investigated whether the
network dynamics of binary networks near this transitioifeds qualitatively from the
one of high resolution networks. We analyzed the networlperties by considering
the Lyapunov exponenit approximated by the branching process approach introduced
above. However, we did not only determine the critical line(the parameter values
where the estimated Lyapunov exponent crosses zero), $mitcahsidered its values
nearby. For a given in-degrel€, A can then be plotted as a function of the STD of
weightso (centered at the critical valug, of the STD for thatK’). This was done for
binary (n = 1, Figure 5A) and high resolution networks:(= 6, Figure 5B) with
in-degreed( = 3,12, and24. Interestingly, the dependenceobn the STDv near the
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Figure 5: Phase transitions in binary networks & 1) differ from phase transition
in high resolution networksn¢ = 6). The branching process approximatisrof the
largest Lyapunov exponent is plotted as a function of the $fWeightso for in-
degreesk’ = 3 (light gray), K = 12 (Gray), andK = 24 (dark Gray). Further the
corresponding finite-size estimations,, (evaluated forV = 150) are shown (dotted
black). In order to facilitate comparison, the plot for edchis centered arounkbg (o)
whereoy is the STD of weights for which\ is zero (i. e.oq is the estimated critical
o value for thatK). The transition sharpens with increasiiAgfor binary reservoirs
(panelA), whereas it is virtually independent &f for high resolution reservoirs (panel
B).

critical line is qualitatively quite different between theo types of networks. For bi-
nary networks the transition becomes much sharper witleasing in-degre& which
is not the case for high resolution networks. These obsenatare confirmed by in-
vestigation of the numerically determined Lyapunov expuane,, (plotted as dashed
lines in Figure 5) which agrees accurately witin the considered parameter regime.
How can this sharp transition between ordered and chaotiamycs of binary ESNs
with high in-degreek explain their reduced computational performance? Thestask
considered in this article require some limited amount ofmagy which has to be pro-
vided by the reservoir. Hence, the network dynamics has tbe&ted in a regime
where memory about recent inputs is available and past fitio not interfere with
that memory. Intuitively, an effect of the sharper phasediton could be stated in the

following way. For lowo (i. e. in the ordered regime), the memory needed for the task
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is not provided by the reservoir. With increasimgthe memory capacity increases, but
older memories interfere with recent ones, making it mof@cdit for the readout to
extract the relevant information. This intuition is confethby an analysis which was
introduced in [Legenstein and Maass, 2007a] and which wéeapp our setup. We
estimated two measures of the reservoir, the so called &keuality” and the “gener-
alization rank”, both being the rank of a matrix consistirfigertain state vectors of the
reservoir. These two measures quantify two complementeogeasties of a reservoir
with respect to the target function to be learned by the readé&or both measures,
one definesV different input streams (-),...,ux(-) and computes the rank of the
N x N matrix, the state matrix, whose columns are the circuitestagsulting from
these input streams. The difference between the kerndibgaad the generalization
rank arises from the choice of the input streams. For thedtagnality, one chooses
input streams which differ strongly with respect to the &riginction (e. g. streams that
belong to different target classes). Since different irgitgkams can only be separated
by a readout if they are represented by the reservoir in asivmanner, it is desirable
that the rank of the state matrix is high in this case. For theegalization rank, one
chooses similar input streams (again with respect to tlgeetdunction). The rank of
this state matrix should be small. The generalization raark loe related via the VC-
dimension [Vapnik, 1998] to the ability of the reservoiad®ut system to generalize
from the training data to test data of the system (see [Legenand Maass, 2007a] for
details). In general, a high kernel-quality and a low gelimaton rank (corresponding
to a high ability of the network to generalize) are desirallenetwork in the ordered
regime will however have low values on both measures whilaaotic network will
have high values on both measures. By the use of these twoasepaeasures, one
can gain some insight into the different factors that deteencomputational power of
a reservoir system, as we will see below.

To evaluate the kernel-quality of the reservoir, we randodrew N = 150 input
streamsuy(+), ..., uy(-) and computed the rank of th€ x N matrix whose columns
were the circuit states resulting from these input stre&rrguitively, this rank mea-

sures how well the reservoir represents different inp@astrs. The generalization rank

4The initial states of all neurons were iid. uniformly ov8y,. The rank of the matrix was estimated

by singular value decomposition on the network states afidime steps of simulation.
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was evaluated as follows. We randomly dréwinput streamsi(-), ..., ay(:) such
that the last three input bits in all these input streams wdgstical®> The generaliza-
tion rank is then given by the rank of thé x N matrix whose columns are the circuit
states resulting from these input streams. Intuitivelg, gleneralization rank with this
input distribution measures how strongly the reservoiteséd timet is sensitive to in-
puts older than three time steps. The rank measures cadulathis way thus have
predictive power for computations which require memoryrd tast three time steps.
Figure 6A and D show the difference between the two measwweasfanction of
log(o) and K for binary networks and high resolution networks respetyivThe plots
show that the peak value of this difference is decreasing Witin binary networks,
whereas it is independent &f in high resolution reservoirs, reproducing the observa-
tions in the plots for the computational performance FigdireA closer look for the
binary circuit atK' = 3 and K = 24 is given in Figure 6B and 6C. When comparing
these plots, one sees that the transition of both measunesdk steeper fof{ = 24
than for K = 3, in agreement with the observed sharper phase transitigirated in
Figure 5, which leads to a smaller difference between thesorea. We interpret this
finding in the following way. Fork'’ = 24, the reservoir increases its separation power
very fast adog(o) increases. However the separation of past input diffeieimmzeases
likewise and thus early input differences cannot be distisiged from late ones. This
reduces the computational power of binary ESNs with |gkgen the considered tasks.
In comparison, the corresponding plots for high resolutieservoirs (Figures. 6E and
6F) show that the transition shifts to lower weight STD®r larger K, but apart from
this fact the transitions are virtually identical for lowahigh K values. Comparing
Figure 6D with Figure 4C, one sees that the rank measure ddexoorately predict
the whole region of good performance for high resolutioreresirs. It also does not
predict the observed bifurcation in the zones of optimafgrerance, a phenomenon

that is reproduced by the mean-field predictor introducetiéfollowing section.

SFirst, we drew each of the last three hitdl3), . . ., @(15) independently from a uniform distribution
over{—1,1}. For each input stream; (1), . .., @;(15) we drewa; (1), ..., 4;(12) independently from a
uniform distribution ove{—1, 1} and seti; (t) = u(¢) fort = 13,...,15.
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Figure 6: Kernel-quality and generalization rank of quaedi ESNs of sizéV = 150.
Upper plots are for binary reservoirgi(= 1), lower plots for high resolution reservoirs
(m = 6). A: The difference between the kernel-quality and the gereatadn rank as
a function of the log STD of weights and the in-degf€éeB: The kernel-quality (red),
the generalization rank (blue) and the difference betwesh {black) forK = 3 as a
function oflog(o). C: Same as panel B, but for an in-degred0f= 24. In comparison
to panel B, the transition of both measures is much ste€pEtF: Same as panels A, B,
and C respectively, but for a high resolution reservoir. fAditted values are means over

100 independent runs with randomly drawn networks, ingtates, and input streams.

5 Mean-Field Predictor for Computational Perfor-

mance

The question why and to what degree certain non-autonomynesntical systems are
useful devices for online computations has been addreksedetically amongst oth-
ers in [Bertschinger and Natséger, 2004]. There, the computational performance of
networks of randomly connected threshold gates was linketidir separation prop-
erty (for a formal definition see [Maass et al., 2002]): It veéa®wn that only networks
which exhibit sufficiently different network states for féifent instances of the input
stream, i.e. networks that separate the input, can compmuiglex functions of the
input stream. Furthermore, the authors introduced an ateyredictor of the compu-

tational capabilities for the considered type of binarywaeks based on the separation
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capability. The latter was numerically evaluated via a sanpean-field approxima-
tion of the Hamming distance between different networkestatvolving from different
input sequences.

Here we aim at constructing a mean-field predictor of conmpmnal performance
for gESNs extending the approach of [Bertschinger and M&iger, 2004] which was
only viable for binary networks. We use the term “predictof'tomputational power to
indicate a quantity that strongly correlates with expentaémeasures of computational
power (€. gpexp) for varying parameter&’ ando at fixedm. A predictor in the above
sense can be used to efficiently identify the dependencesafdmputational power on
the network parameters and to gain theoretical insighttimoodependence.

Instead of a straight forward generalization of the prexdicpresented in
[Bertschinger and Natscidier, 2004] we make a somewhat different ansatz for two rea-
sons. First we wish to simplify the form of the mean field potdii. Second, a straight
forward generalization turned out to be computationally &xpensive for quantized
ESNs with a state resolutiom > 1. Therefore we introduce a modified mean-field
predictor which can be computed more efficiently and whidhtets all desirable prop-
erties of the one introduced in [Bertschinger and Nagsgét, 2004].

Suppose the target output of the network at times a function f; € F =
{fIf : {-1,1}" — {—1,1}} of then bitsu(t — 7 — 1),...,u(t — 7 — n) of the input
sequence; with delayr as described in Section 3. In order to exhibit good perfor-
mance on an arbitrary; € F, pairs of inputs that differ in at least one of thebits
have to be mapped by the network to different states attir@anly then will the linear
classifier be able to assign the inputs to different clasgegijon values). In order to
quantify this so-called separation property of a given rekywe introduce the nor-
malized distance(k): It measures the average distance between two networles stat
xH(t) = (z}(t), ..., 2N (1)) andx?(t) = (z%(t),. .., x%(t)) arising from applying to the
same network two input sequenaésandu? which only differ in the single bit at time
t—k,i.eul(t —k)=—u?(t — k) andu'(7) = w*(7) for all 7 # ¢ — k. Formally we

5The theoretical approach presented in [Bertschinger anisdifiger, 2004] is not a mean-
field theory in the strict sense of Physics literature. Hosvevdue to the AA used in
[Bertschinger and Natscider, 2004], all network units receive recurrent inputd tr@ drawn (inde-
pendently) from thesamedistribution. This is why we adopt the term “mean-field” arsloaapply it to
our theoretical considerations.
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defin€ the k-step input separatiom(k):

(k) = - (1) = O] - @

The averagé.). . is taken over all inputa' (the inputu? is simply a function ofu'),
all initial conditions of the network and all circuits with given networks parameters
N, m, o, K. However, a good separation of therelevant bits, i.ed(k) > 0 for

T < k < n-+7,Iis anecessary but not a sufficient condition for the abdftthe network
to calculate the target function. Beyond this, it is desiteat the network “forgets” all
(for the target function) irrelevant bitg(t — k), £ > n + 7 of the input sufficiently
fast, i.e.d(k) = 0 for k > n + 7. We use the limitl(co) = lim,_ d(k) to quantify
this irrelevant separation which can be considered as maiseéhe target functioryy.

Hence, we propose the quantity, as a heuristic predictor for computational power:
Poo = max {d(2) — d(c0),0} . (5)

As the first contribution tg,, we chosei(2) as it reflects the ability of the network to
perform a combination of two mechanisms: In order to extabitgh value fok/(2) the
network has to separate the inputs at the time step and to sustain the resulting state
distance via its recurrent dynamics in the next time gtepl. We therefore consider
d(2) to be a measure for input separation on short time-scalesanmt for the target
function.

The quantityp,, is calculated using a mean-field model similar to the onegmiesl
in [Bertschinger and Natscider, 2004] which itself is rooted in the AA, the latter was
already described briefly in Section 2. In the AA and with— oo all components of
the differencex!(t) — x(t) appearing in (4) are iid.. Hence it is sufficient to determine
the joint probability of a single network unit to be in state € S,, in the network
receiving inputu' and being in state; € S,, in the network receiving input®. This
probability is denoted ag;; (¢, u',u?*). The diagonal elements= j of ¢;;(¢, u', u?)
quantify the probability that the state of a unit is not aféetby the difference in the
inputsu! andwu? whereas the off-diagonal elemerits: j quantify the probability that

the states; of a unit is “flipped” to states; due to the different inputa' andu?. The

"For vectorsx = (11,25, ..) € RN we use the Manhattan norfix||, := 27 | |a;]
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separationi(k) can be computed as:

d(k) =Y qij(k,u',u?)|s; — ;. (6)

i,j=0

The probabilitiesy;; (k, u', u*) can be calculated iteratively using(k — 1, u', u?) as
distribution of the recurrent inputs at time steganalogous to the method presented in
[Bertschinger and Natscidier, 2004]). For high resolution networks however, theee a
2?m different elements;; (¢, u', u?). In order to avoid this “combinatorial explosion” we
introduce an approximation which we term separation apgpratton (SA). Consider a
network unit which is in the state. The states; can be uniquely represented by the
binary tuple(By(s;), .., Bm-1(s:)) € {0,1}™ whereBy(s;) is the most and,,,_1(s;))
the least significant bit of this binary representation. \&e then define the probability
qh 3(k,ut,u?) for a, 3 € {0,1} as the probability of the'l bit B; to be in statey in
the network receiving input! and B, = /3 in the network receiving input?. The SA
consists in assuming the probability Bf(s;) to be independent from the ones®f(s;)
forn # [

a5 (k, ut,u?) & qlBl(si),Bl(sJ‘)(kﬂ ut, u’).

This approximation neglects the statistical dependenuéween the bitd;(s;) and
B, (s;) for n # [ for the sake of computational efficiency. Trivially, the Sf\d@xact for
binary reservoirs. Numerical results suggest that for arad intermediate state reso-
lutionsm < 5, the SA is still quite accurate whereas for large> 5 deviations from
full simulations of the network are clearly visible. All filmer details of the calculation
of p., can be found in Appendix C.

It is worth noticing that in the AA as the weights; are symmetri¢ the following

relation holds:

qij (t, ut, u?) = (L, ', 0%)
whered! anda? are sequences with' (7)4?(7) = u!(7)u?(7) for all 7 € Z. Hence,
flipping input bits in both input sequence$ and«? atthe same time stepeaves the
input separatiod(k) unaltered in the AA. Therefore in the AA(k) can be determined

8We call a random variable symmetric if and only ifp(2) = p(—2).
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with a single sample sequencewithout the need for averaging over different inputs as
indicated in (6) where the average,, does not appear. This constitutes the main ad-
vantages op., over the the predictor defined in [Bertschinger and Natsgpéi, 2004],
the so-called NM-separation. The NM-separation requikesaging the mean-field
separation measure over input sequences resulting in gicignly larger computation
time. Furthermore, the NM-separation is determined byetwantributions whereas,,
only contains two termg(2) andd(oco) making the latter more simple and intuitive.

In Figure 7 two examples of the evolution &f%) for state resolutions: = 1, 3,6
with the parameterbg(c) = —0.45 and K = 3,24 are shown. With this choice of
o the network with in-degreé&’ = 3 is in the ordered regime for all state resolutions
m € {1,3,6} and the network with in-degreE = 24 is in the chaotic regime. The
mean-field approximations ef(k) are in quite good agreement for = 1, 3 with the
values ford(k) determined by explicitly simulating the networks. For higsolution
networks (heren = 6) visible errors occur due to the AA and the SA.

In Figure 8 the predictop,, is plotted as a function of the weight STdDand the
in-degreek for three different values of the state resolutienc {1, 3,6}. When com-
paring these results with the actual network performangg plotted in Figure 4 one
can see that., serves as a reliable predictor fax,, of a network for sufficiently small
m. For larger values ofn the predictomp,, starts to deviate from the true performance
while still capturing the interesting features of the pemfance landscape qualitatively.
The dominant effect of the state resolutienon the performance discussed in Section
3 is well reproduced by..: Form = 1 the in-degree’ has a considerable impact,
I. e. for large K maximum performance drops significantly. For high statelgsns
however, for all values oK’ there exists a region in the parameter space exhibiting high
performance.

The interplay between the two contributioi&) andd(co) of p., delivers insight
into the dependence of the computational performance onahgork parameters. A
high value ofd(2) corresponds to a good separation of inputs on short timescale-
vant for the target task, a property that is found predontlgan networks that are not
strongly input driven, i. e. networks with relatively stgpmecurrent connection (large
weight STDo). A small value ofd(oo) is a necessary condition for different inputs

on which the target function assumes the same value to beedapmearby network
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Figure 7: The k-step input separation measdiile) defined in (7) for networks with
N = 150 units andlog 0 = —0.45 with in-degreek” = 3 (dark gray) corresponding to
ordered dynamics anfl’ = 24 (light gray) corresponding to chaotic dynamics deter-
mined by explicit simulations of the networks. The meandfi@bproximation ofi(k)

is plotted as a dotted line showing good agreement for love s&solutionsn = 1,3

(panelsA andB) and larger deviations for high state resolutions= 6 panelC).
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Figure 8: Mean-field predictgs., for computational power for different state resolu-
tionsm =1 (A), m = 3 (B), andm = 6 (C) as a function of the STD of the weights
and in-degreds. Compare this result to the numerically determined perforcea.y,

plotted in Figure 4.
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Figure 9: The contributiong(2) (dotted line),d(co) (light gray) of the mean-field
predictorp,, and their difference (dashed black line) for differentstasolutionsn =
1,6 as a functiorr. The plots show slices of the 2D plots Figuwk &dC for constant
K = 3,24. A: Form = 1 it can be seen that the regionlisg(o)-space with highi(2)
and lowd(co) is significantly larger forK' = 3 than for K’ = 24. B: Form = 6 this

region is roughly independent of K except a shift towardsdowvalues.

states. Only then, a linear readout is able to assign thehetsame class irrespectively
of their irrelevant remote history. This condition is met 8mall weight STDo. For
m = 1, as can be seen in Figure 9 the regioridg(c) space where both conditions
for good performance are present, the region of intermediatiecreases for growing
K. In contrast, form > 2 a reverse effect is observed: for increasiighe parameter
range foro fulfilling the two opposing conditions for good performargm®ws moder-
ately resulting in a large region of high, for high in-degree/’. This observation is
in close analogy to the behavior of the rank measure disdussgection 4. Also note

thatp., predicts the novel bifurcation effect also observed in Fegli

6 An Annealed Approximation of the Memory Func-

tion for Binary gESNs

A quantity that has extensively been studied [White et alD420
Mayor and Gerstner, 2005] in order to characterize the tgbdf a given network
to store information is the memory function defined iradgér, 2002] (see also
[Ganguli et al., 2008] for a novel alternative definitionh this section we show that
the memory function for gESNSs is tightly linked to tlestep separatior(k) defined

in equation (4). More precisely, the separatitii) can be used to formulate an upper
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bound on the memory function. For binamy.(= 1) gESNs in the ordered regime,
this upper bound turns out be very close to the true memorgtiom while being
computationally cheap to evaluate especially for netwaritls large system sizé/.

The memory functiomn (k) defined in [&ger, 2002] which assumes values(in |
measures the ability of a network in conjunction with a linesadout to reconstruct the
input signalu(t — k) that was presentedtime steps ago, where (k) = 1 corresponds
to a perfect reconstruction and(k) = 0 to a readout output that is uncorrelated with
the inputu(t — k). More precisely, the memory function is defined as:

 cov(y(t), yr(®)?
k) = () var(yr ()

Herevar(-) denotes the variance andv (-, -) denotes the covariance of the arguments.

(7)

The quantityy(t) = (32N, ayz;(t) + b) is the output of the linear readout at time
with weightsa = (a4, ..., ay) and biash andyr(t) = u(t — k) is the target output.
The weights and the bias are learned by linear regressionordimng to the definition
(7) the memory function measures the overlap between tlimmautputy(¢) and the
target outpur(¢). The memory functiom:(k) is often numerically evaluated from the
identity (see [dger, 2002, White et al., 2004]):

m(k) = piA 'pe. (8)

The matrixA with elements4,; = cov(x;(t),z;(t)) denotes the covariance matrix of
the network state angl, = cov(x(t), yr(t)) is the covariance vector between the net-
work state and the target output. For networks with linehugtanalog) units many
properties of the memory function can be characterizedi@iplin terms of the con-
nectivity matrix (see [dger, 2002, White et al., 2004]). However, for networks of-non
linear units little is known about the memory function, imgeal it has to be determined
numerically by evaluating (8) which requires simulating fall network in order to es-
timate A andp;.

For the special case of a binary input sequenagth p(u(t) = +1) = p(u(t) =
—1) as assumed in this paper, the memory function can be bourydesiry thek-step

separationi(k). The following relation is derived in Appendix D:
: N? -1 2
m(k) < min T“A |2 d(k)°,1 5, (9)
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where|| - || is the operator norm induced by the standard Euclidean ndime.upper
bound presented in (9) is striking as it links the memory fiorcm (k) with the dynami-
cal property oft-step input separatiaf( k) allowing us to draw conclusions aboui k)
from the behavior ofi(k). As observed in numerical simulatiod$k) approximately
decays exponentiallyin the ordered regime implying that alse(k) decays (at least)
exponentially with a time constant that is half as large a®tie ford(k). This consider-
ation also results in an upper bound for the scaling of thepteal capacityc. (V) with
the network sizeV. In [White et al., 2004k (V) is defined as the smallek§ € N
such that for allk > k, the memory function of a network of siz€ is smaller than
1/2, i.e.m(k) < 1/2. As can be easily seen from (9 (N) = O(log(N)) given
thatd(k) decays exponentially. Hence, the temporal capacity ofEB8d networks in
the ordered regime only grows logarithmically in contraset g. linear networks with
orthogonal connectivity matrices which exhibit an exteasjrowthic(N) « N as
show in [White et al., 2004]. Another quantity of interest @werizing the capabili-
ties of a circuit to store information is the memory capadity’(N) which is defined
asMC(N) := > 72, m(k) (see [&ger, 2002]). In Figure 10A-(N) andMC(N) for
m = 1 networks at the critical line are shown to exhibit a cleadgdrithmic growth
with N over 1.5 decades. In Figure 10B the performance meagyyé plotted for the
three different tasliPAR;, RAND; andSHIFT *° as a function ofV which also show
logarithmic scaling with the system si2é. In the chaotic parameter regindék) de-
cays towards a non-zero baseline and therefore the inég(@liwill not yield a useful
upper bound om:(k) as the latter always decays towards zero as numerically e
The inequality (9) can also be used to numerically estimatepgper bound for the
memory function using the AA. This upper bound is computaity very efficient as
its complexity is independent of the system sizand it turns out to be close to the true
memory function. In the AA one can easily derive an expresio the term|| A~}||,

as a function of the network connectivity paramet&rando (see Appendix D.2):

91t is intuitive to conjecture thai(k) should decay likexp(\k) where) is the Lyapunov exponent.

However this is not trivial to show. Further investigatigrequired that addresses this interesting point.
10The target output for th€HIFT, task is defined aSHIFT, (u,t) = u(t — 7 — 1) and the per-

formance is defined g8, (C, SHIFT) = Y7 | x(C,SHIFT,). In contrast to the memory function a
linear classifier is used to reconstruct the target signal.
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2 —1
1A, = 4 (1 - (cp <ﬁ> _ (-%)) ) | (10)

Here ®(z) denotes the cumulative probability distribution of a ramdwariable dis-
tributed normally with unit variance. Combining (9) and (bDe can evaluate an upper
bound for the memory function assuming that the AA is valiowdver the accuracy of
the mean-field approximation fak(k) is of sufficient accuracy only fom = 1, hence
the memory bound (9) is only of practical use for binary gE$Nthe ordered regime.
Three examples famn (k) and for the upper bound (9) of binary gESNs with= 1000
units with different parameter settings in the orderedmegare shown in Figure 11. As
can be seen, the distance between the memory funetién and the upper bound (9) is
varying with the weight STD»r and the in-degre&’. It was numerically observed that
the upper bound (9) was in general closent(k) for networks whose parameters K
are “deeper” in the ordered dynamic regime. As mentioned@fia the chaotic regime

the inequality (9) does not provide any sensible informmata the memory function.

7 Sparse Network Activity and Computational Power

In the neocortex, the spiking (hence binary) neurons ugwadhibit a high in-degree
around10?® up to 10* (see [DeFelipe and Fdias, 1992, Destexhe et al., 2003]). As-
suming the hypothesis that cortical circuits can be reghfde least partially) as RC
devices, the high in-degrees observed experimentallyras¢éark contrast to the find-
ings described in the previous sections. As discussed abeweould expect reservoirs
consisting of binary units to be of low average in-degreecsputational performance
in the RC sense is best in this parameter regime. In the follpwection we show that
this apparent inconsistence can be resolved by introdwgpagse network activity into
the binary gESN model.

A characteristic property of the neural activity in the nedex is that spikes are
scarce events in time. Assuming that the refractory perfagbdical neurons is in the
millisecond range they could in principle emit spikes witfrequency of100 Hz and
more. However, the observed average firing rate of a cortieakon is well below

10 Hz. It has often been suggested that this sparse activity isadoeetabolic cost and
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Figure 10: The computational capabilities of binary qESBEes logarithmically with

the network sizéV. The networks have the parametéfs= 3 andlog(c) = 0.2 and are

thus close to the critical lineA: Scaling of the temporal capacity- (V) (light gray)

and the memory capacitylC(/N) (dashed). According to the definition of the mem-

ory function a linear readout was used to reconstruct thgetagignal. B: Scaling of

the experimental performance measuyigs(C, PAR;) (dashed) ang@.,(C, RAND;)
(dotted). Further the performange,,(C, SHIFT) for the SHIFT task (solid line) is

shown that consists in reconstructing the past input witheak classifier. The exper-

imental performance measures where determined as deganiliee caption of Figure

4.
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Figure 11: The memory function for three binary gESNs with= 1000 units evaluated
according to (8) is shown (light gray). Further, the uppeurdb given by equation (9)
with the AA expression (10) fofA~||, is plotted (dashed). The gESNs were generated
with the parameterbg(o) = 0.0, K = 3 (panelA), log(c) = —0.5, K = 10 (panel

B) andlog(c) = —0.6, K = 20 (panelC). As can be seen, the distance betwegh)

and the upper bound varies depending on the network paresnétegeneral, the more

“ordered” the network dynamics are, the “tighter” the uppeund (9) gets.

energy constrains (see [Levy and Baxter, 1996, Laughlih 1298, Lennie, 2003]).
The binary gESNs introduced above however are symmetribenstatest1/2 and
—1/2 yielding equal probabilities to be in these two states. leoito mimic sparse
network activity we augment the inpuit) the state update equation (1) with a bias
b < 0,i.e.we replaceu(t) by u(t) + b, which leads to a preferred “resting” statd /2
and a less frequent “spiking” statel /2. The probability for a unit to assume the value

1/2 (to emit a “spike”) can be evaluated in the AA to:

pe = plas(t) = 1/2) = 1 % (cp (%) Lo (%)) oAy

In order to illustrate the impact of sparse activity on thenpaitational performance
we compare the measupg,, of networks with different parametessand i at a given
constant sparse activipy.. To do so, the equation (11) is numerically solvedifgield-
ing the required bias to achieve the given actiyityfor a network with parameters
and K. In Figure 12 the resulting computational performance megs..,(C, PAR;)
of binary gESNs for the five bit parity tadkAR; is shown as a function ok ando for
three sparsity levels, = 0.3 (panelA), p. = 0.1 (panelB) andp, = 0.03 (panelC).

By comparison with Figure 4 (where the activityyis = 0.5) it can be observed that
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introducing a sufficiently sparse activity has a drastieetfbn the computational perfor-
mance landscape. In general the computational perforndgaeases with increasing
sparsity of the network activity. The most striking effecwever is that the parameter
region of maximum performance is shifting towards highemreectivity values with in-
creasing sparsity of the network activity. Hence, netwavkb sparser activity require
a higher in-degree in order to exhibit good computationpbtxlities.

Given the above result (sparsely connected networks negehactivity to “work
well”) one might arrive at the intuitive hypothesis that f@rying levels of connectivity
and activity the average input to a single network unit isstant for reservoirs with high
performance, i. e. that higher network activity can compésm$or fewer input connec-
tions and vice versa. More precisely one might argue thatlifé@rent mean activities
P+, the quantityp., - Kyax(p+) is constant, wher&,,..(p1) = argmax pex, IS the in-
degree yielding the largest performaneg, for the given activityp, . However, results
of numerical experiments we performed (data not shown)rigi@adicate that this is
not the case: The produgt - K,..x(p) varies strongly (by a factor of 1.6) for activi-
ties in the range. < [0.1,0.3]. Networks with sparse activity need a higher in-degree
than one would expect from the above hypothesis. Hence ttmalpvorking point
(in the RC sense) of a network cannot be determined by sobelgidering the average
input to a single network unit. This insight is of relevanoethe simulation of cortical
microcircuit models, where (due to limited computer reses) usually only low levels
of connectivity are taken into account compensated by aehnightwork activity. Our
analysis for the gESN model suggests that this approachtrmagisiderably change the
computational properties of the simulated circuits, iatiieg that the working point of
these circuits needs to be carefully tuned, possibly by @agfurther parameters.

Unfortunately, the numerical results for gESNs with sparsevork activity outline
above cannot easily be reproduced by the mean-field predigtolts numerical eval-
uation for networks with a non-vanishing bias is quite camplas the bias destroys
the symmetry of the update equation (1) which is explicidligen advantage of for the
calculation ofp,.. Without this symmetry the evaluation pf, requires averaging over
input sequences(-) which renders the computation very time consuming.

Recapitulating, a possible explanation in the the RC fraonkvior the high in-

degrees experimentally found in cortical microcircuitdhe sparse network activity
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Figure 12: The peak computational performance of networkis sparser network ac-
tivity is observed at increasing connectivity. Shown is toenputational performance
Pexp(C, PAR5) averaged over 20 random circuifs as a function of weight standard
deviationo and in-degreéds for binary gESNs with sparse network activity = 0.3

(panelA), p, = 0.1 (panelB) andp, = 0.03 (panelC) caused by a bias.

which is a ubiquitous feature observed in cortex.

8 Discussion

In this paper we introduced the gESN model that interpoldiesveen the bi-
nary LSM and the continuous ESN. This non-autonomous né&twardel exhibits
ordered or chaotic dynamics, separated by a phase transiiepending on the
weight and connectivity parameters. These dynamical regiare reminiscent of
the ones observed in binary (see e.g. [Derrida and Staa®86]) and in multi-
state (see [Sélet al., 2000]) Kauffman networks. In agreement with presioe-
sults ([Wolfram, 1984, Langton, 1990, Packard, 1988, Lsggn and Maass, 2007a,
Bertschinger and Natsdger, 2004], but see [Mitchell et al., 1993]) gENSs show op-
timal computational performance near the critical line, ithe order-chaos phase tran-
sition.

The gESN model for RC computations allowed the systematiesitigation of a
fundamental difference between LSMs and ESNs arising fioendifferent nature of
its reservoir units: The difference in the influence of théamek connectivity onto the
computational capabilities. Our results clearly show tloatbinary and low resolu-

tion reservoirs the network connectivity, parametrizedehey the in-degred(, has a
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profound impact on the phase transition and hence also om#xanal computational
performance. For sparse connectivity (smid) a “gradual” phase transition is found
characterized by a small gradient of the Lyapunov exponeniral its root resulting in a
high peek performance for a large region of the parametaresféor densely connected
binary and low resolution networks the phase transitiorobegs “steep” indication a
reduced parameter region which exhibits desirable ctilgaamics. This effect results
in a significantly reduced computational performance ofsgénconnected binary and
low resolution networks. The performance of high resolutietworks however does
not exhibit this drastic dependence on the in-dedgteelThese numerical observations
can be understood by analyzing rank measures, assessikeriiet and generalization
properties, as well as by analyzing an annealed approxamafithe input separation of
a given network. In the light of these two theoretical apphes the observed influence
of connectivity on computational performance can be swgfaég explained in terms
of separation of the input on short, task-relevant timeescgersus separation on long,
task-irrelevant time scales.

We emphasize that the experimental and numerical resulisating little influence
of connectivity on computational performance for high tesons gESNs are based on
the assumption that there is no inherent spatial strucfuremetworks and of the input,
a situation often occurring in typical machine learning legggions of RC systems. In
particular we assumed in this study that all units receieeihie-dimensional input()
and the readout also gets input from all network units. If begr the network exhibits
a spacial structure, e.g. the set of network units receiuipgit and the set of units
projecting to the readout are disjoint and “distant”, diffiet connectivity schemes may
well influence the performance of high resolution gESNs amalay ESNs.

It should be noted that the effect of quantization cannotrbelated by additive or
multiplicative iid. or correlated Gaussian noise on thepotiiof analog neurons. The
noise just degrades performance homogeneously and tleeetiffes in the influence of
the in-degree observed for varying state resolutions dabegeproduced. Thus, this
type of noise is qualitatively different from the so-callaguantization noise” intro-
duced by discretizing the state space of the network units.

The results presented in this paper which emphasize thertemme of a gradual

order-chaos phase transition offer a possible explanatiop ESNs are more often
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used in engineering applications than LSMs. Although these RC systems can
have a very similar performance on a given task [Verstraetah., 2007], it is sig-
nificantly harder to create a LSM consisting of spiking nesr@perating in a de-
sirable dynamic regime i.e. at the edge-of-chaos. In ordearthive this, the ex-
citation and inhibition in the network need to be finely balat to avoid quiescent
or epileptic activity. For ESNs this is not the case, thereissally a broad param-
eter range in which the ESN performs well. This differenceesds the need espe-
cially regarding LSMs for homeostatic control mechanismd/ar unsupervised learn-
ing rules that bring and keep dynamic reservoir in a closegtimal working regime
replacing (possibly sub-optimal) ad-hoc parameter sggtiihis kind of unsupervised
dynamic reservoir optimization has become quite standard&ENs ([Triesch, 2007,
Steil, 2007, Schrauwen et al., 2008], and see [Lukosecardslaeger, 2007] for a re-
view), for LSMs interesting steps in this direction haveeaadertaken amongst others
in [Natschhiger et al., 2005, Lazar et al., 2007, Joshi and Triesch,]2008

We have shown that thie-step separatiod(k) can also be used to efficiently com-
pute an upper bound for the memory function of binary netwanskth ordered dy-
namics. Previously only the memory function of linear netvgowas studied in de-
tail [White et al., 2004, @ger, 2002, Ganguli et al., 2008] whereas theoretical t®sul
for nonlinear networks were missing. Given the numericaeslation thati(k) de-
cays exponentially in the ordered regime, one can infer ftle@presented upper bound
on the memory function that the information storage cajtadsl of gESNs scale like
O(log(NV)) with the system sizeV. It was also shown numerically that this scaling
holds for the performance on the representative classdit#asks f..,(C, PAR;) and
Pexp(C, RAND;)) as well. These findings might indicate a trade-off for RCteys
between memory capacity and kernel-quality. Two extrenzargx®es can illustrate this
consideration. On the one hand, delay-line networks asagadinother special class of
linear networks (the so-called orthogonal networks) eitabvery good memory per-
formance (their memory capacities scale IR€NV)) [White et al., 2004] while failing
on classification tasks likBAR,,, AND,, (as they are not linearly separable) and with
high probability (for largen) also failing onRAND,,. Hence their kernel-quality can
be considered poor. On the other hand, the non-linear gESNibiea comparably

“homogeneous” performance over all tasks that were stuidi¢dis article indicating
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a good kernel-quality but only show logarithmic memory stgl Formalizing and in-
vestigating this apparent trade-off might reveal deepgimsi into the art of RC system
design.

We informally equated in this article reservoir computirygtems with binary units
with LSMs. Most work about LSMs is concerned with the modglafi cortical circuits
and the reservoir consequently often consist of biologyiciaispired spiking neuron
models such as integrate-and-fire type units. We did not@iplsimulate such bio-
logically more realistic reservoirs, however our resutis feservoirs with binary units
show characteristic properties also observed in bioldgreadeling. For example, the
performance of spiking reservoirs (commonly termed lig)ialso strongly depends on
the in-degree distribution of the network@idsler and Maass, 2007]. This indicates that
the binary nature of spikes is an important factor in the oekwlynamics of cortical
circuits, a feature included in binary gESNs but not pregentean-field or rate-coded
models of biological circuits.

The finding that binary reservoirs have high performancdusieely for low in-
degrees stands in stark contrast to the fact that corticatoms feature high in-
degrees of ovet0*. This raises the interesting question which properties raedh-
anisms of cortical circuits not accounted for in the gESN eladay cause this dis-
crepancy. We have shown that sparse network activity asnadxen cortical net-
works is a suitable candidate mechanism as it indeed simésrégion of optimal
performance to higher in-degree values in binary netwoilkgerestingly, the sparse
activity regime has also been proposed as a good compuhtiegime for ESNs
[Steil, 2007, Schrauwen et al., 2008] and can be easilyraitthiising the unsupervised
dynamic reservoir optimization techniques mentioned abov

Although sparse activity is a prominent property of neacaitcircuits, it is not
the only possible explanation for the topological discregyabetween cortical cir-
cuits and the optimal circuits identified by our analysis. r Egample, the trans-
mission of information between neurons via synapses is kitwowe error-prone as
e.g. vesicle release into the synaptic cleft is a stochasticess with little reliability
[Tsodyks and Markram, 1997]. This stochastic aspect obigichl connectivity might
well result in a considerably smaller “true” or effective-diegree that is closer to the

parameter regime found to be optimal for binary gESNSs.
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A Lyapunov Exponents via Branching Processes

In this section the probabilitiqff defining the multitype branching process described
in section 2 are calculated. The network is assumed to befioitensize (V = o0)

and the weight matriX’ is assumed to be regenerated independently at every time ste
(AA approximation). In the AA the recurrent inp@;?‘;l w;;xj(t) to units at timet is
distributed symmetrically wrl) as the weights;; are distributed symmetrically wr.

It is straight forward to see that all dynamics are invariahether the inputi(t) = 1
oru(t) = —1. Hence without loss of generality (wlog) we can assurftg¢ = 1 in the

rest of the analysis, a fact that makes the use of brancheayytpossible.

In order to calculate the probabiliti@%ﬂ itis necessary to calculate the steady-state
probabilitiesps,, (s) of a network unit to assume the state S,,. Let z;;(¢) denote the
productw;;z;(t) of the weightw;; (with w;; ~ p,, = N'(0,¢*)) and the activation:;(t)
of unit j at timet. All z;;(¢) for i, j € N are iid. according t@,. The recurrent input
Zi(t) = ;- #;(t) to uniti is the sum ofk” independent contributions (corresponding
to the K recurrent connections for each unit). The following equdi hold for the

distributions:

po(z) = / ds‘—;psm@)pw(z/s)

pZ = *sz:pz**pz
Lr b
K-times
ps.(s) = / AZp2(2)x1(Z + 1), (12)

where x denotes the-fold convolution andy;(-) is the indicator function of the
interval I. The intervall, = (¢,, 0g)'(s) is the inverse image ofunder the quantized
activation functiony,, o g. The equations (12) are solved numerically in an iterated
fashion for the steady-state distributigns, andp..

p?f denoting the probability per output link that a perturbatig, — sz causes
a perturbatiors; — s; (whereS,, = {si1,...,s2m} is the single unit state space) can
easily be calculated using the steady-state distribuignsandp, from (12). Itis given

by:

p?jﬁ = /dw/dZ’pw(w)pZ,(Z’)XISi(Z’—i—saw—i—1)X15j(Z’+55w+ 1)

>l<Kfl

bz = Y2
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wherew denotes the weight of the input that is perturbed bysthe- s perturbation
and Z' denotes the recurrent input to the unit from the remainihg- 1 presynaptic
units which are unaffected by thg — sz perturbation.

In an infinite size network with neuron in-degréé generated as described in
section 2 the neuron out-degree is Poisson distributed mighan K. Therefore the
mean descendant matrix’ whose elementV/, om(3-1),i+2m(;—1) denotes the aver-
age number of descendants of type— s; caused by &, — sz perturbation for

a,B,i,5 =1,...,mis given by:
Mayamp-1)ivam-1 = K 'P%ﬁ-
According to (2) the largest Lyapunov exponent is defined as:
1 H(n)
A = lim —1
nooon \ H 0))

(
H(n) = d(x'(n),x*(n)) = [Ix'(n) —x*(n)];.

Here we restricted ourselves wlog to the use ofithé norm (as all norm are equivalent
onRRY). Following [Athreya and Ney, 1972] the expected numberasfyrbations after
n time steps is given by 7M. HereZ” denotes the transposed Bfc N> whose
i-th elementZ; denotes the initial number of perturbations of type— sz with i =

a+2™(F — 1) at time ste@. HenceH (n) can be cast into the following form:
H(n)=2Z"M"D

where the elements dp € R are given byDeom(p—1) = |Sa — sg|. Itis then
straightforward to see that:
TAgn
A= JLIEO%ID (%) = In(p)
wherep is the largest eigenvalue @ff which is guaranteed to be non-negative by the
Perron—Frobenius theorem.

Although the dimension o#/ is 2*™ x 22™ we cannot expect to obtaitt” mean-
ingful eigenvalues oft/ as the matrix also contair?s* rows describing the “diagonal”
perturbations, — s, which are only trivial perturbations. Furthermore as thenwek
dynamics of a gESN defined in (2) are symmetric wrt. O, theypbétionss, — sz are
equivalent to the perturbationm;_, — sam;1_g. Hence,M only has2™~1(2™ — 1)

meaningful eigenvalues of which the logarithm represdmd yyapunov spectrum.
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Figure 13: Cohen'’s kappa coefficientC’, RAND; ) plotted as a function of the delay
parameter- for binary networks withm = 1 (logo = 0.2, K = 3, panelA) and for
high-resolution networks withn = 6 (logo = 0, K = 3, panelB). The plots show
results for different networks with siz&€ = 25 (dotted),N = 50 (dashed) andv = 150
(solid). Results for each parameter pair) were averaged over 50 different circuits
C. The performance measupg,,(C, TASK,,) can be interpreted as the area under the

plotted curves (corresponding to a summation aver

B Dependence of Computational Performance on Task

Delay and Network Size

The performance measupe,,(C, TASK,,) introduced in (3) for a task TASKof n bits
(e.g. PAR) and a circuitC' is given by summation of the performancgg’, TASK,, )

for the 7-delayed task TASK, over all delays- > 0. The quantityp.,,(C, TASK,,) is
hence not easy to interpret as it is not bounded for all sysiees/NV € N. To give some
intuition about the performance of the qESN, the kappa awefft x(C, RAND,, ,)
(which is in [0, 1]) is explicitly plotted as a function of in Figure 13A for binary

(m = 1) and in Figure 13B for high-resolution networksn¢ = 6) with different
network sizesV = 25,50, 150 for the task RAND. It can be observed that for fixed
N the kappa coefficient decreases monotonically withand for fixedr it increases
monotonically with N (in agreement with the results presented in Figure 10). The

performance measuge,, (C, TASK,,) is the area under the curves shown in Figure 13.
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C Input Separation d(k) in the Annealed Approxima-
tion

Here we calculate the distandgk) defined in (4) for large networkd — oo using the
annealed approximation (AA) introduced in [Derrida and Ram 1986]. We denote
networks receiving the the input (-) andu?(-) with N1 and N2 respectively. First we
notice that in the AA and the limilv — oo the following holds:

dk) = Jim <%Z|x;<o>—xs<o>\> — (J74(0) = 22(O)]), Va €N

N—o0

om_1

= Z qij(k,u',u®) |s; — s;]. (13)

i,j=0

Hereg;;(k, u', u*) denotes the joint probability of finding} (k) in the states; andx2 (k)

in the states; given the input.! (-), u?(-). Due to the AA this probability is independent
of the node index.. Hence, in the AA and folV — oo the state of the network is
completely described by the joint distribution of a pair tditesz. (k) andzZ(k) in
the state spac§,, x S,,. Moreoverg;;(k,u',u?) determines the distribution of the
recurrent feedback for the next time steg- 1. We define the matriy(k, ', u*) with
the entriesy;; (k, u', u?). We denote the mapping frog; (k, u', u?) to ¢;; (k+ 1, u', u?)
as S representing the transition from time stégo £ + 1 by applying the input pair
ul (k) andu?(k):

alk+ 1t u?) = S (qlk,ul, o))

Separation Approximation
Since the state’ (k) of neurona is quantized withn bits, we can write it in the follow-

ing way:

wy (k) = 27! (b — 1/2), b; € {0,1} (14)
Biai(k) = b.

According to (14) there is a unique binary representation zHfk) given by

(b,...,bt ,); the mappingB;(.) maps a state to it&" bit. Equation (14) can be
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interpreted as effectively replacing unitvith m binary units of state& whose outputs
are reduced by/2 and multiplied by2~! and finally summed up; this is still exact. Now
we assume that each of thesaunits receives input drawn independently from the input
distribution and has different weights drawn independefidm N (0, o2) every time
step. For given presynaptic input theandb? are independent for all=0,...,m — 1

under this approximation:

>_¢

m—

Qij(kaul u” qu(Sl)Bl k u' UQ)
1=0

¢'(k,u', u?) denotes the x 2 matrix, whose entryéll,bl2 (k,u', u?) is the joint probability
of finding the bit numbet of unit z} (k) in stateb} € {0,1} and of unitz2(k) in state
v? € {0,1}. Under this approximation we only have to calculate matrix entries
instead of the?™ entries, which is a considerable reduction of complexity.

We denote the update mapping oy S':
d'(k + 1,0 u?) = S'(q(k, ul,u?)).

An explicit form for S' can be derived in the following way: First we condition the
probability ¢!(k + 1,u!,u?) on the presynaptic inpui' = (hi,... hk) € SE for
network N1 andh? = (h?, ..., h3) € SE for network N2 and on the weight matrix’
defining the circuitC' for this time stepk + 1 (which is the same for N1 and N2). The
pairs(h},h?), i € 1,..., K are iid. according tg(k, u', u?). This yields:

¢(k+1uu?) = ((¢'(k+ 1l u?lh' K2 W) ),

= SR [ AW V) 1t R (05

Al h2

Herep(1W) denotes the probability of the weight mat#iX, which is multi-normal for
all the non-vanishing< weights per row. Conditioned on the input and the weights,
the network realizations N1 and N2 are independent andstHeld integral over the

weights appearing in (15) can be explicitly integrated tangle integral:

/ AW (W) (k + 1, 21 B2, W) = EL (12, a (k) a(R)).
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F'is defined as:

2l—1

1 v? (X2
FL(RY B2 4t 2 _ Y et PR
’L](h 7h’ U (k)7u (k)) (87Tdet(C’)222)1/2 Z /d’U eXp ( 9 <222 11)) X
a=0
Ioi—ul (k)
2'-1 (IE—J — UQ(I{?))EQQ + 2211) (]ij — u2(k’))222 + 2211)
Z erf 5y i/ — erf 55 i/ )
5 (2522) (2%92)
Here we use the following definitions:
hl Thl hl Th2
oo e TR
(hQ)Thl (hZ)ThQ
i = (R_l)ij
Loi = [, I7] = [tanh™' (27— 1) jtanh ™' (27" (o + 1) = 1)],

where(h)Thb = 3"V heh! denotes the standard dot product. Using the above expres-

i=1""1""

sion for F}; the update can finally be written as:
gk +1Lutw®) = (FL( Rl (k) w* (k)0 e

For the sake of computational tractability for largeand K, we do not evaluate thgk

sums explicitly involved in the average over the presyraaipiput (.),: »2. Instead we
determine this expectation value by a finite number a sanfifgesthe joint distribution
p(h!, h?); this sampling is easily realizable singgh!, 1?) is of the product form given

in (15); sample size for all experiments was chosen to be 150.

D Bound for the Memory Function

D.1 Upper Bound for the Memory Function

Here we derive the upper bound (9) for the memory functioit). The target output

at timet for the memory task of time steps is given by (t) = u(t — k). The linear

readout with weightsy; has the outpuy(t) = a”z(t) = SN | ayz,(t). o is the learned
by linear regression yielding = A~'p(k), whereA = (x(t)z(t)") is the covariance
matrix of the network state(t) andpr, = (piy,.-.,pey) = (z(t)yr(t)). Here(:)

denotes the average over the inpyt) for a given circuitA. Using the expression for
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the memory function given in [White et al., 2004] results in:
m(k) = pp A" pr < |A™ lllpell?,

where|| - || is the standard Euclidean norm afid ||» is the corresponding induced
operator norm. Without loss of generality we can set theaaatimet = 0 as the input

sequence(-) is stationary. Now look at a single componentpgpf

Pri = (@i[u] (0)uy) -

Herez[u](0) = (x1[u](0),...,zx[u](0)) is the state vector that results from applying

the left-infinite input sequenee= (uy, us, .. .) whereu, := u(—k). Further we define:

Ui = (ui+1, Ujt2, - - )
= (Ui, ).

Theo is used for concatenating sequences suchuahatu'* o u* = u'*~1 o uy o u¥

Vk € N. Using this notation the componemt, can be written as:
pri = (wilu)(0)u) =Y pu)a;[u] (0)uy
= > )Y p(u) Y () (2™ o w0 uF](0)uy) .

w0k—1

Since all inputs are independent, we can carry out explitite sum over, with
plug) = 1/2:

Pri = %uozk:lp(uo’k‘l) %;p(uk> (i[u® 7" o (+1) 0 u](0) — @i[u™ " o (=1) 0 u*](0))
= 2 (o (+1) 0u)(0) — mfu™ ! 0 (<1) 0 u¥](0)) uca e
Now the vectoth = (hq, ..., hy) is defined in the following way:
hi = x;[u® " o (+1) 0 u*](0) — z;[u® 1 o (=1) 0 u*](0).

It can be seen that from the definition (4)dif) that the following identity holds:

(k) = = {lll).
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The squared Euclidean norm gf can be expressed as:

Il = —Z - iZdW
< i(Zw) (<Z|h|>> = L = Tawy

Together with the fact that:(k) < 1 (which is simply the Cauchy-Schwarz inequality)

I —

this finally results in:

m(k) < min {NTZH/UHQ d(k)?, 1} .

D.2 An Annealed Approximation for || A7},

Here we calculaté A~!||, for m = 1 (binary) gESNs using the annealed approxima-
tion (AA). We start by explicitly calculating the componemt;; = (z;(t)z;(¢)). The

diagonal elements simply evaluate to:
Ay = (i (t)z4(t)) = <xl(t)2> =0.25 =: a.
The network state update equations are rewritten in theviatlg form:

) — © <%zi(t ) 4 uft - 1))

zi(t—1) = QZwUxJ (t—1),

where©(z) = 1/2 for z > 0 and©(z) = —1/2 otherwise. Independent from the
input, the quantity;(t — 1) is normally distributed according te(t) ~ A(0, Ko?)
andz;(t —1) andz;(t — 1) are iid fori # j. Further, agz;(t — 1)) = 0 we may assume

wlog u(t — 1) = 1. The probabilityp,. for z;(t) = +0.5 andp_ evaluate to:

2
plai(t) = +05) =p, = @ (m)
2
p@i(t) = —05) =p. = @ (_m)
1 x
o) = L (1t (2)).
Now the off-diagonal elements of can easily be computed # 5):
Aij = (zi(t)z;(t)) = 0.25(p —p-)* :=b.
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Due to the simple form ofi (all diagonal elements are equald@nd the off-diagonal
elements are equal t)its eigenvalues can easily be determined. There are terelift

eigenvalues\ i, < Apax:

Amax = a-+ (N —1)b

Auin = a=b=025 (1= (s~ p-))
- on (1= () () )

Now the following relation holds for the matrix norfp- ||5:

A o=t =41 (@ 2 P 2 N\
AT 2 = A =4 { 1 — i, ) N\ T,
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