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Abstract: Neurons receive thousands of presynaptic input spikegnatmle emitting

a single output spike train. This drastic dimensionalityuetion suggests to consider
a neuron as a bottleneck for information transmission. ikteg recent results, we
propose a simple learning rule for the weights of spikingroas derived from the In-
formation Bottleneck (IB) framework that minimizes the $osf relevantinformation
transmitted in the output spike train. In the IB frameworlevance of information is
defined with respect to contextual information, the lattgeeng the proposed learning
rule as a “third” factor besides pre- and postsynaptic s This renders the theoret-
ically motivated learning rule a plausible model for expsgntally observed synaptic
plasticity phenomena involving three factors. Furtherepave show that the proposed
IB learning rule allows spiking neurons to learn a “predietcode”, i.e. to extract those

parts of their input that are predictive for future input.

Keywords: Information Bottleneck method, spiking neurons, synaplasticity, pre-

dictive coding



1 Introduction

Information theory is a powerful theoretical framework lvitumerous important appli-
cations, also in the context of neuroscience such as thgsasalf experimental data.
Furthermore, information theory has also provided rigerpunciples for learning in
abstract and more biological realistic models of neuraivoets. Especially the learn-
ing objective of maximizing information transmission ofigie neurons and neural net-
works, a principle often termed InfoMax, has been intergistudied in [Linsker, 1989,
Bell and Sejnowski, 1995, Chechik, 2003, Toyoizumi et al)®20Parra et al., 2009].
This learning principle has been shown to be a possible frariefor Independent
Component Analysis and furthermore it could successfuliylar aspects of synap-
tic plasticity experimentally observed in neural tissueowdver one limitation of this
learning objective for gaining a principled understandoigcomputational processes
in neural systems is the fact, that the goal of numerous tgpesmputations is not a
maximization of information transmission (e.g. from selysaoput neurons to areas in
the brain where decision are made). Rather, a characteiestiure of generic compu-
tations (e.g. clustering and classification of data, orisgra list of elements according
to some relation) is that they remove some of the informationtained in the input.
Similarly, generic learning processes require the remo¥aome of the information
originally available in order to achieve generalizatiopahility.

[Tishby et al., 1999] created a new information theoretamfework, the Informa-
tion Bottleneck (IB) framework, that focuses on transmgtihe maximal amount of
relevantinformation. This approach takes a step towards making coatipnal and
learning processes more amenable to an information theaweélysis. We examine
in this article the question whether the IB framework cantdoghe understanding
of organizational principles behind experimentally vefisynaptic plasticity mech-
anisms which involve a "third factor” [8stidm and Hausser, 2006, Hee et al., 2007].
These are plasticity effects where the amplitude the of gyoaveight change does
not only depend on the firing activity of the pre- and postgfitaneuron, but in ad-
dition on a third signal that is transmitted e.g. in form oun@modulators or synap-
tic inputs from other neurons. Such third signals are knofen,example, to mod-

ulate the amplitude of the backpropagating action poterdiad thereby to critically



influence the changes of synaptic weights elicited by spik@ig-dependent plasticity
(STDP). Furthermore, we examine in this article the questitether one can derive
from IB principles a rule for synaptic plasticity that ediabes a generic computation
in neural circuits: the extraction of temporally stablel¢'s”) sensory stimuli (see e.qg.
[Wiskott and Sejnowski, 2002]).

The extraction of relevant features and the neglect ofauaht information from
given data is a common problem in machine learning and itsg alidely believed to
be an essential step of neural processing of sensory inenss. However, which
information contained in the input data is to be considesdeMant is of course highly
dependent on the context. In the seminal paper [Tishby,et299] an information
theoretic definition of relevance wrt. to a given context vpasposed, and further-
more a batch algorithm for data compression minimizing thes lof relevant infor-
mation was presented. This framework, the Information IBotck method, is aimed
at constructing a simple, compressed representafigrelevant features, the Informa-
tion Bottleneck) of the given input datd which preserves high mutual information
with a relevance (or target) sign&lwhich provides the contextual or side information.
In the IB framework the amount of relevant information conéal in a random vari-
able is explicitly defined as the mutual information of thaiable with the relevance
signal R. Multiple algorithms rooting in the IB framework have beemiffully ap-
plied to typical machine learning applications such as dwent clustering, document
classification, image classification and feature extractar speech recognition (see
[Harremoes and Tishby, 2007] and references therein).

Recently, it has been conjectured that the IB framework imnggimstitute one of
the optimization principles underlying early neural presieag of sensory input data in
some organisms. In [Bialek et al., 2006] it is argued thatdgmal agents maintain
an internal representation of the external world that estgkly contains information
important for their survival capabilities. More preciseatyis hypothesized that only
those parts of the sensory inpiit should be internally represented in some madel
that are predictive for the future state of the agent’s emrnent as only this informa-
tion is relevant for the agent’s future actions which in tumarease its fitness. This
learning paradigm was formalized as an IB optimization with relevance signak

defined as the future sensory stimuli. As an IB optimal irdérapresentatiolr’, called



a “predictive code”, apparently depends strongly on théssies of the environment
and as many organisms exhibit a remarkable ability to adagifferent environmental
configurations it is tempting to conjecture that the intérearesentatiory” is (at least
partially) learned during the lifetime of the agent. Howeirethe studies mentioned
above learning rules for developing this kind of interngnessentation in a biologically
realistic setting, where the standard batch IB algorithresraplausible, are missing.

An attempt to fill this apparent gap has been made in [Klam@l.eR009] on the
level of single spiking neuron models. In this paper a simgdaron is considered as
an information bottleneck, as it maps its high dimensionpui X to its one dimen-
sional output spike trairy”. Based on this interpretation, an online update rule has
been proposed which adjusts the synaptic weights suchiéatgturon’s output” con-
tains the maximal amount of relevant information wrt. to &egi relevance signak,
which was also modeled as a spike train. This learning ruseble@n shown to reliably
solve numerous concrete IB optimization problems in a rlexoatext. However the
proposed learning rule, which was derived by stochastidigrd ascent on the IB ob-
jective function (essentially the amount of transmittddvant information), has several
drawbacks. The gradient of the transmitted relevant in&drom (which determines the
learning rule) was estimated using the correlation of theldrweck neuron output”
and the relevance sign&l within each single time step. This limits the “complexity”
of IB problems that the neuron is able to solve, e.g. thisvesdion cannot capture long
delays between the inplf and the relevance signal nor can it capture the impact
of higher order moments between the inpliand the relevance variabl in the case
of linear bottleneck neurons. Furthermore, the learnidg aof [Klampfl et al., 2009]
is complicated, making it difficult to understand the leaghdynamics. In addition it
contains non-local variables which reduces its biologotausibility.

The goal of this paper is to develop a simpler and more traespapproximate
IB learning rule for spiking neurons. This new IB learninderis based on a different
estimation of the gradient of the relevant information eaméd in the neural output.
The estimation is of parametric nature, and it requires &rmgipreprocessing of the
relevance signak. The main assumption of this paper is hence that the “ba@itlen
neuron” has access to a rich preprocessing of the relevagmea . This preprocessing

can be considered as a “third” factor, besides the presyniaypiut X and the output’,



which modulates synaptic plasticity in order to implememiB optimal coding of the
inputs.

The outline of the paper is the following. In section 2 the tBrfiework is briefly
revisited, the underlying spiking neuron model is defined tre objective function for
IB optimization for spiking neurons is introduced. We prasine general 1B learning
rule for spiking neurons in section 3 and discuss a concsiteple example IB task.
Further, in this section we propose an implementation ofréhevance signal prepro-
cessing using a generic recurrent neural network. In sedtiihe proposed IB learning
rule is used to model the learning of a predictive code. Aitetaomparison to related
work is presented in section 5. Furthermore, experimepllis on synaptic plasticity
with three factors that point out a possible implementatibtine learning rule proposed

in this paper are discussed.

2 Neuron Model and Objective Function

In this section, the neuron model and the objective functosriB optimization with
this model are defined. The model is formulated in discrete tof step size\t. To
introduce a biologically plausible time scale we assume dhsingle time step corre-
sponds to one millisecond, i.&¢ = 1 ms. The value of a time-varying functiofi at
time stept will be denoted ag*. Further, the standard euclidean dot product of two
vectorsd = (di,...,dy) ande = (eq,...,ey) IS written asd - e := ZiNzl d;e;. We

start this section by briefly revisiting the Information Beheck method.

2.1 Thelnformation Bottleneck M ethod

The Information Bottleneck (IB) method, that was origigalintroduced in
[Tishby et al., 1999], is a data compression technique whitlhits simplest version,
focuses on the following setup. Consider two random varglpf/s) a and b with

a known joint distributionp(a, b). The goal of the IB method is to construct a RV
which is a compact, simple representatioruafia a stochastic mapping defined by the
conditional probabilityp(a|a) such that: still is informative aboub. The RVb will be

called therelevanceor targetsignal in the remainder of this paper. This intuitive data



compression task was formalized in [Tishby et al., 1999] ama&imization problem of

the objective functior;g:
Lig = I(da b) - '7[(&, CL)-

Herel(.,.) denotes the mutual information between the two argumerits.fifst term
I(a,b) of Lig measures how informative the compressed representatisraboutb.
The second terni(a, a) with the Lagrange multipliety > 0 penalizes complex repre-
sentations; and can be regarded as an information theoretic regulaizsgrm?. The
IB method consists in finding a conditional probability distition p(a|a) that maxi-
mizesL;z under the condition that, « andb form the Markov chaib — a — a.2 The
parametery € [0, 1] determines the degree of compression via the trade-off dew
the relevant information that carries aboub and the complexity ofi. For~y = 0 the
representatior is uncompressed and all relevant information is presenvedl s is
maximal e.g. for the identity mapping arda,b) = I(a,b). On the other extreme,
for v = 1 the variablea is maximally compressed and always assumes a single value
resulting inf(a,a) = 0 and(a,b) = 0.

An application in machine learning, which illustrates therits of the IB method, is
feature selection for document classification as present&lonim and Tishby, 2001].
In this setup, the uncompressed inputorresponds to words, which occur in the doc-
uments, and the relevance variables chosen to be the class label, i.e. the document
category, e.g. “sports” or “politics”; the joint distribon of words and document cate-
goriesp(a, b) is assumed to be known for a given training set. Via the IB oethis
possible to obtain a mappingala) yielding a simple representatian(word clusters
instead of single words) which still carries most of the val& information about the
document class. These low-dimensional word-clusters lzan be conveniently used

as features for document classification of test data.

1The IB objective function in [Tishby et al., 1999] was origlly introduced with

the opposite sign and it was parametrized in terms of ~~!.
2This condition is equivalent to requiririgto be independent fromgivena.



2.2 Neuron Modéd

We consider a simple, stochastic neuron model similar to dnes used in
[Toyoizumi et al., 2005] and [Klampfl et al., 2009], howevetiwut taking a refractory
mechanism into account. The neuron Basynapses with weighte = (wy, ..., wy),
which we require to be non-negative. It is driven by the inut (X1, ..., Xy), con-
sisting of V spike trainsX; = (... ,xj_l, x‘;, :c]l, ...) formalized as left and right infinite
sequences. We defing = 1 if there is a presynaptic spike at synapsat time stept
andz’; = 0 otherwise. The spikes at synagsteom time step up tot (I < t) are written
aszl.’t = (:cé,xé“, ..., o), further the input history up to time stép= 0 of synapse
jis denoted as(; > = (...,z;",2%) = X; % and X > = (X;>°,..., X;™). The
membrane potential’ of the neuron at time is given by the weighted sum of the

synaptic activities/! = (vi,..., v4):
N
u = w Vt:ijz/;
j=1
[e.9]
Vo= (ex X)) =) eal, 1)

l=—o00
The kernele models the EPSP of a single spike andenotes the discrete time con-
volution. Given the inputX, the postsynaptic neuron spikes at time stepith the

probability p(y* = 1| X "), which is a function of the membrane potential:
ply" =1|X7>") = g(u) = ¢".

The functiong is called the activation function. Its image is assumed tmbe, 1] and
further it is assumed to be continuously differentiabletwvat derivativey’ (u!) =: ¢
The postsynaptic spike train is denotedvas= (..., 1, 3% ¢!, ...) with ¢* = 1 ifan
output spike occurs at time stepand0 otherwise. In simulations the EPSP kergel
was chosen to be a non-anticipating, decaying exponentiialartime constant of0
time steps and the activation functig(u’) = o(u* — 1) was chosen as the logistic
functiono(z) := (1 + exp(—=z))~* with an offsetuy = —2.

Furthermore, according to the IB framework, another exdkesignal besides the in-
put X is given, namely theslevanceor targetsignal R. We consider situations where

is given by a stochastic process denoted by the sequeneé¢. .., R~ R° R!,...) €



RZ. Itis not restricted to spike trains, it may be given by a mgpeeeral real valued se-
guence. Itis straight forward to extend the results preskebelow to multi-dimensional
relevance variables. We assume tikatloes not directly influence the activity of the
neuron, but that it only takes part in the process of the syngpasticity in order to
ensure thal? — X — Y is a Markov chain as required by the IB framework. For the

sake of simplicity we assume that the processeand R are stationary.

2.3 ApplyingtheIB framework to Spiking Neurons

Following the approach taken by [Klampfl et al., 2009], welgpipe 1B framework to a
single neuron as illustrated in Fig. 1. At any given time stepithout loss of generality
we may assume = 0, the neuron under consideration, which we call the bottitkne
neuron from now on, maps its input histo®—° to an outputy’ € {0,1}. Hence
the neuron can be regarded as an information bottleneclchadompresses its high-
dimensional input historyX ~>° (corresponding te in the notation introduced in section
2.1) to its one-dimensional binary output (corresponding tai). This mapping is
parametrized by the weight vectarfor which we want to find the configuration giving
rise to the output of the neuron that is maximally informatabout the relevance signal
R (corresponding té in section 2.1). There are multiple possible ways of forzial

this setup in the IB framework, more precisely of choosing 8 objective function.

The Choice of the | B Objective Function for Spiking Neurons

We define the amount of relevant information that is trantdiby the neuron per time
step as the mutual informatiaf(y°, R) between the current outpyt and the whole
relevance signak. Hence, following the IB framework we are looking for the ayptic

weightw that maximizes the IB objective functidiig with a regularization ternt,,:

LIB - I<y07 R) - 7Lreg (2)

- (e (5)

where the bracket$.) denote the expected value over the input spike tranghe

output spike trainy” and the relevance sign@. Furtherp(y®) and p(y°|R) denote
the unconditioned spiking probability and the spiking @abitity conditioned on the

relevance signal respectively.



Our definition of the relevant information d¢y°, R) can be interpreted as the limit
of the mutual information/ (y°, R~7*T") betweeny® and the relevance signal~?" in
a time window of lengtieT + 1 for T — oo (i.e. I(y°, R) = limy_ I(y°, R7TT)).
This choice eliminates “cut-off” artifacts like the follomg: If the relevant information
contained in the inpuk” arrived at the bottleneck neuron with a delay/6f 1 relative to
the relevance signat, the objective functior (y°, R~">T") would be insensitive to this
statistical relation. One might reckon that the choice tximize 7(y°, R) introduces
anticipatory effects, e.g. that for adapting its weighighe bottleneck neuron would
need information that will only be available in the futuraich effects will however not
show up in our approach as it is explicitly designed to onkgtimto account information
for the IB optimization that is currently available to theunen, as outlined in the next
section.

Alternative definitions of the relevant information are@jsossible of course. It
might be argued that e.g. the mutual informatiby—"7, R~7*T) between the neu-
ron output and the relevance signal in some time window is aematural defini-
tion of the relevant information. However, it turned outfttliae online optimization
of I(y~7'T, R-T'T) is considerably more difficult than the one bfy°, R) due to ac-
counting for relations between multiple outputs spikeshefhottleneck neuron. These
technical difficulties motivated the choice of optimizihg,®, R).

As stated in section 2.1 the regularizatibp, in the original IB formulation from
[Tishby et al., 1999] was given by the mutual informationvieen the input and the
output of the IB mapping, i.e. in this setup., = I(y°, X ~>°). This choice is also pos-
sible in the neural context considered here. However, sitian results indicate that
for this definition ofL,., sensible values of the trade-off parameter.e. those values
of v that neither “un-regularize” nor “over-regularize” (beally thew = 0) the IB
optimization, are confined to a small interval and are thud t@be determined numer-
ically. Therefore we replace the original regularizatioithna conventional quadratic

regularization of the weighta:

1
Lreg = 5’11)2.

With this choice ofZ,, it is considerably easier to determine sensible values Gfther

choices ofL,., are also possible such as penalizing deviations from arageeiarget



firing rate. It is straight forward to incorporate such a regization into the objective

function presented here.

Online Estimation of the Relevant | nformation

Eventually, we wish to maximizé;g defined in (2) via a stochastic gradient ascent wrt.
the weightsw yielding an online update rule. However, this maximizatiequires the
explicit knowledge of the conditional distributign(y°|R) of the outputy® given the
relevance signak as can be seen from equation (2). Most IB algorithms resdiige t
issue by estimating the joint distribution of the input datal the relevance signal (here
p(X~°°, R)) from the whole batch data set and subsequently evaludtengdnditional
distribution of the compressed output variable given thevance signal (herg(y°| R))
using the factthaR — X — Y is a Markov chain. However, this approach only seems
plausible in an offline, batch IB optimization task where Wiele data set is available
at all times. In the neural setup considered here, we do nat teaassume that the
neuron has all information about the joint distribution6f > and R, rather it should
estimatep(y°| R) and the relevant informatiof(y°, R) online. As this can be arbitrarily
difficult (depending on the “complexity” gi( X ~*>°, R)), we can only hope to solve the
neural IB optimization task approximately under some sifyiplg assumptions.

A possible strategy that addresses the problem outlinedeaisdhe following. As
its outputy? is binary, the neuron only has to estimafg” = 1|R) in order to determine
an approximation of (y°, R) (and its gradient). We therefore assume the neuron has
access to a parametric estimatibh= p(y* = 1| R) with r parameterg = (¢4, ..., q,).
For the sake of simplicity we restrict ourselves to the cakera@F" is of the formF*t =
o(q - h') with o denoting the logistic function that ensurgs € [0, 1]. The quantities
h = (h4,...,h,) arer given filters operating on the relevance sequertandh’ =
(h},...,ht) denotes their values at time stepThese filters: are a preprocessing of
the relevance signak that is currently available to the neuron. In a neural system

might be implemented by some neural circuitry that carriesst@nsformations of the

3Precisely we define a filteh; : R? — R? as a mapping from left-
right infinite sequences to left-right infinite sequenceshwikR — h;[R| =
(..., h[R)7Y B[R], hy[R]Y, . ..). F'is precisely defined ag8" = o(q - h[R]'). For
the sake of simplicity in the main text the shorter notat®nsed.
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sequenceR. In simulations,h can be modeled e.g. by moving averages or Volterra
series of the relevance signAl concrete examples for such a preprocessing as well
as for a preprocessing with a simulated neural circuitrygaven below. The concrete
choice of the form of the estimatdf?, a linear model in the parametaydollowed by
the logistic function, results in a simple online learninder (due to similarities with
logistic regression). Other forms d@f’ which also allow simple gradient ascent could
potentially be worth studying.

Based on the estimatdt’ (see Fig. 1 for a visualization of this approach), we pro-
pose the following objective functioh to be maximized wrtw andgq:

L = Lp— "Ly = <log (%» — %w% (3)
where F(y°, R) = (F°)¥’(1 — F°)'=%" ~ p(y°|R). The termyL,., represents the
regularization term which remains unchanged from the dbjedunction L;z given in
(2). The termL is the approximation of the relevant informatidn ~ 7(y°, R) based

on FY and it can easily be shown that the following relation holds:

L= (tog (FUS0)) — 160 ) — (Dol IRIF G R))

p(y°)
p(y°|R) )

with D (p(y°|R)I|F(y°, R)) = Zple 10%( F(y, R)

where Dk, (P||@Q) denotes the Kullback-Leibler divergence betwédeand(. It can

be seen from (4) that optimizing wrt. g for fixed weightsw amounts to minimizing
the Kullback-Leibler divergence between the estimatitip’®, R) and the “true” con-
ditional distributionp(y°|R). The divergence Dk, (p(y°|R)||F(y°, R))) assumes its
unique minimum af'(y°, R) = p(y°|R). On the other hand, maximizing wrt. w for
fixed g (i.e. for fixed V) can be interpreted as maximizing an estimatioof the “true”

IB objective functionZg. It can easily be shown that this is equivalent to maximizing
the difference of the transmitted informatidfy®, X —>°) and the Kullback-Leibler di-
vergence Dy, (p(y°| X )| F'(y°, R))):

Lp = I(y°, X)) = (Dxn(p(y°| X ) IF(4°, R)))
The objective functiorl. further has the following pleasant property:
L <L

11



X, Output Y

Relevance Signal R

Relevance Signal
Preprocessing

Figure 1: The general setup for Information Bottleneck maation with a spiking
neuron. The neuron receives input spike traisfor : = 1,..., N and emits the
outputY’. Furthermore, a second signal, the relevance sigha given which allows
to introduce the notion of relevance of information. The giesw should be learned
such that the relevant informatiof(3°, R) that is contained in the neuron output is
maximal (under regularization constrains). In order tazaut this optimization in an
online manner, an estimation of the gradientZ¢§°, R) wrt. w is required, which is
based on the quantiti®. The latter is a parametrized function (with parametgrsf

a given preprocessing = (h4, ..., h,) of the relevance signal. The parametgrare
adapted such thdt® optimally predicts the neural outpyt given the relevance signal
R.
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This ansatz can hence be understood as maximizing a lowedkoof the “true” 1B
objective function’;g. In a batch setting, this optimization problem could be edliay
an algorithm with two alternating steps that are iteratedhiniscent of the Expectation-
Maximization algorithm: In the first step, minimiz®x;, (p(y°|R) || F(v°, R))) wrt. tog
for fixedw. In the second step minimiz®xy, (p(y°| X ) || F(y°, R)))—I(y°, X ~>°)+
vL,es Wrt. tow for fixed g. These two steps are iterated until a termination conditon
fulfilled.

In the remainder of the paper we investigate an online ogttion scheme fotw
andq that is obtained by a stochastic gradient ascenf.orf-or deriving this online

learning rule it is advantageous to rewritan the following form:
L = (ogF(y’ R))+ H(y") - Jw?, (5)

whereH (y°) denotes the entropy of .

3 ThelB Learning Rulefor Spiking Neurons

3.1 TheOnlineLearning Rule

From the objective functiod. defined in (3), an online learning rule fav can be
obtained by performing a stochastic gradient ascent widaming rate;,,:

oL

Aw' = w —w' = n,L,, with (L,) = —-—,
ow

and analogously for the parametersvith a learning rate),. As shown in Appendix A

this leads to the following equations:

Aw' = n,q"V" (0_1(Ft) — J_l(<gt>)) — Ny yw (6)
Ag' = nh'(y' - F'),
whereos ! is the inverse logistic function ang@’) is the average firing rate of the neu-
ron. Further,¢" denotes the derivative of the activation function at timepstand

F' = o(q" - h') denotes the estimator @fy* = 1|R). For online learning(¢’) is

estimated by a running averagleof ¢* over an exponential time window of widty "

gtJrl — (1 o Wg)gt 4 nggt-

13



Apart from the multiplicative termy’, which modulates the amount of weight
changeAw' with the sensitivity (i.e. the derivative) of the activatifunction, the learn-
ing rule (6) consists basically of three additive terms. Seheerms correspond to the
gradients of the estimatiofiog F'(v°, R)) ~ —H (y"|R), of the entropyH (y°) and of
the regularization_,., which stem from the three additive terms bfin the form of
(5). The first termvio ! (F?), being proportional to the gradient dbg F'(1°, R)), in-
creases those weighig whose synaptic activity; correlates with the estimatdé’ (as
o~ 1is just a monotonic rescaling). Thus those weights are piatexd whose activity
can be well predicted by the estimatbt and hence carry relevant information. The
second term, which is proportional tec ! ({g")) = log((1 — (g'))/ (¢")), stemming
from the gradient off (y°), changes the weights in order to achieve a high entropy
of the outputy® (which is maximal at/¢’) = 1/2). This term can be interpreted as a
homeostatic control on a long time scale, as the avetages only slowly changing
due to changes of the weights. It pushes the activity of theametowards a working
regime of optimal information transmission. The last terw from (6) represents the
gradient of the regularizatiorw?/2 and yields a conventional weight decay term.

The update rule for the parameteyss proportional to the difference of the neuron
outputy® and F'*. The parameterg assume stationary values if e.g. the estimafitn
fulfills* F* = <yt>y|X,R.

3.2 A Simple Example

In this section, the IB learning rules (6) for adapting theghés w and parameterg
are applied to a simple IB optimization task. The inputs t® tieuron as well as the
relevance signal consist of (discrete time) Poisson spéies. Some of the input spike
trains exhibit a statistical dependence on the relevargi@abkion the level of precise
spike times, and hence carry relevant information. Usiedehrning rule (6) the neuron
should learn to exclusively potentiate the weights of thapet channels and neglect
the remaining inputs.

Consider the following setup which is shown in Fig. 2. Let tNe= 100 in-

4Here<f)YlX = > f-p(Y|X) denotes the expected valuefobverY conditioned
on X.
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puts X = (Xi,...,Xi00) to the bottleneck neuron be grouped into three groups
G, G4, G3 consisting of 25, 25 and 50 neurons respectively. The inputas well

as the relevance signa are given by spike trains (i.e. binary sequenceg(ni }%)

of constant ratevy = 0.02 andvy = 0.06 (corresponding t®0 Hz and 60 Hz for

a time stepAt = 1ms). Spike trains from different input groups are statistiganh-
dependent. Furthermore, the inputs are generated suclsptkat trains from the in-
put groupsG; and G, exhibit a correlation coefficient (CC) with the relevance spik
train R of ¢; = 0.1 andc, = 0.075 due to coincident spikes oX; and R within
one time step. Spike trains @f; are highly correlate with each other with a CC
of c; = 0.2. Here the CCc between two spike trains;(¢) and z;(t) is defined as

¢ = ((ilt) — (mi())(;(t) = (2;(£)))) / (var(:(t)var(z;(t))) /> where var(x;(t))
denotes the variance of(¢). In this setup the inputs of the groups and G, carry
relevant information whereas inputs@g have “interesting” statistics (i.e. high correla-
tion) but which nevertheless are irrelevant due to the desmof R. Further simulation
parameters and details can be found in appendix B.1. Thequessingh! = (h}, h})
was chosen in the following way. The first eleméht= 1 is a constant bias whereas
Ry = > 2, exp(—s/T)R""* is a low-pass filter of the relevance spike train with an
exponential window of size = 10.

In Fig. 3 the results of a simulation of this setup with a traffeparametery =
8-107% are plotted. Fig. B shows the temporal evolution of the average group weights
W = |Ga| ™" D, wi Of group G, for a = 1,2,3 with group size|G,|. It can be
observed that the average group weightonverge to a value roughly proportional to
the CC between the corresponding input spike trains and tbeargce signal, e.g. the
weights of(G; are strongest after the learning. The inputs@fdo not carry relevant
information by construction and therefore the weights geosvards zero due to the
regularization term of the objective function (3). The dymes of the parameterg
are plotted in Fig. B. They eventually assume stationary values which are (plyssi
locally) optimal values for estimating the output probépip(y* = 1|R) conditioned
on the relevance signat via the estimato” = o(q' - h'). An estimation of the

IB objective functionL;y (for details see appendix B.1) and of the lower boundre

*We define the rate of a spike trai¥; at time step: as the current probability to

spikep(z} = 1).
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Figure 2: The setup of the simple IB task described in se@i@nThe synapses of the
neuron are grouped into three groufs to G3 whose average weights are denoted as
wy to ws. The inputs to the neuron, illustrated here by a spike rgsdtar(notice that
only 2/5 of the spike trains of each group are shown), as well as tlewaate signal
are modeled as spike trains. The different groups convégrdiit amounts of relevant
information in their precise spike timings, parametrizedthe correlation coefficient
between the input and the relevance signal. The IB learniteg(6) adapts the weights
w such that eventually the output of the neuron is most inféirreabout the relevance

signal (with regularization).
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Figure 3: The results of the simulation described in secldh A: The trajectories
of the average group weights; for ; = 1,...,3 as a function of the time step
The weights ofGG; (black) andG, (gray) are increased as they have non-vanishing
mutual information with the relevance sign&l The weights of the remaining group
G5 (light gray) decay to zero as the corresponding inputs atependent of:. B: The
trajectories of the parameteys (black) andy, (gray). They evolve such that q" - h')
optimally estimates the conditional probabiljiyy’ = 1|R) (in terms of the Kullback-
Leibler divergence)C: Numerical estimations of the IB objective functidng (gray)
and of the lower bound. (black) are plotted as functions of the time ste@One sees
that the lower bound gives a good estimatior_gf in this example task. Furthermore,
the regularization ternd,., is plotted (light gray).D: Results of applying an InfoMax
learning rule to the same setup. InfoMax does not take trevaace signaR into

account and therefore weights of grotip get potentiated (color coding as in paAgl
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shown in Fig. &. Both measures increase over time due to the stochastiegtascent
learning. Furthermorel. is quite “tight” for this task and provides the neuron with a
good estimation of the “true” value of the objective functib;z as well as its gradient
wrt. w andg. Additionally the regularizatiord,., is plotted separately to illustrate its
contribution to the total objective functiah.

In Fig. 3D we show results of a simulation using the same setup as bedabove
with the only difference that the weights are not learnedulite IB learning rule but
with an InfoMax learning rule. InfoMax aims at maximizingetmount of transmitted
information 7(y°, X~°°) between input and output of the neuron without taking the
relevance signak into account. It can be seen that in contrast to the resuli® of
learning InfoMax potentiates the weights @f as their inputs exhibit the strongest
correlation with each other. The InfoMax rule is given in Agolix A.2 and a more

general comparison to IB learning can be found in the Didonssection 5.

3.3 Neural Implementation of the Relevance Signal Preprocessing

In section 3.2 a simple IB optimization task was solved assgnthat the filters
h = (hi,...,h,) provide a suitable preprocessing of the relevance sighéh that
case a low pass filter of the relevance signal and a constas}. dn this example the
preprocessing was quite specific for the given IB task (pecsic for the distribution
p(X~°°, R)), and one might argue that the neuron could not have sohrezt &8 tasks
with this preprocessing. In this section, we address thistgny proposing the imple-
mentation of the relevance signal preprocessing by a genetral circuit, that is not
tailored for a single IB task, but which allows the bottlek@®uron to solve a larger
class of IB tasks with the same preprocessing filters. Traesdestmay also feature more
complex statistically dependencies between the neurat ikipand the relevance signal
R, in particular in the temporal domain.

In the approach for IB optimization presented above, it seasial for the bot-
tleneck neuron to have a reasonable approximafiorf the conditional probability
p(y" = 1|R) in order to optimize the weightay. The quality of the lower bound
which is optimized (i.e. the differendé,;z — L

), is given by the Kullback-Leibler di-
vergence between the estimatiéth = o(q - h') and the “true” valuep(y* = 1|R).
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Hence|L;p — L| critically depends on the given preprocessin®f R. Ideally the
preprocessing would be powerful enough such that= p(y* = 1|R) for some pa-
rametersq, and optimizingZ would then be equivalent to optimizing the “true” IB
objective functionLg. In [Maass et al., 2002] the authors investigate the gepecdl-
lem of approximating with a fixed set of preprocessing fil@grsrer, = (hq,...,h,))
and a fixed class of memoryless readout functions (here tieaidimaps parametrized
by q followed by the logistic functionr) any given target filter (herg(y' = 1|R))°.

A largely positive result is given for approximating tarditers that are time-invariant
(T1) and that have the fading memory (FM) property (for exaetinitions and results
see [Maass et al., 2002]) under suitable assumptions aungehe set of filters and the
set of readout maps. Roughly speaking a filter has fading merhibbecomes asymp-
totically insensitive to the remote history of its input. Arfher specific result given
in [Boyd and Chua, 1985] states that TI-FM filters can be appmated with arbitrary
precision by a finite dimensional, linear dynamical systemplementing the filters and
a polynomial readout map.

Based on the theoretical results of [Maass et al., 2002], seres of publica-
tions (for a review see [Buonomano and Maass, 2009], for alaimapproach see
[Jager, 2001]) it was observed that various TI-FM filters caeffieiently approximated
using a fixed generic neural network implementing the filieend exclusively learn-
ing a memorylesBnear readout function. This approach exploits that sufficietahge
recurrent networks of nonlinear neurons provide a suffityegeneric nonlinear prepro-
cessing. Hence it often suffices to use linear, rather thmpmial, adaptive readouts.
More precisely, in this approach the filtekisare implemented by a sufficiently com-
plex recurrent neural network which is generated randonmypérticular the network
is not designed for approximating a specific filter) and whieteives an external input
given by the signal on which the target filter operates onglilee relevance signét).
The valueh! of the filtersh at time step is then defined e.g. as the vector of neuron
activations (for continuous networks) or the output spi&kthe network units at time
stept. The readout map in these studies was restricted to linepsma&.q' - h' and

only the parameterg are learned in order to approximate the given specific tdiget

%The considerations in [Maass et al., 2002] focus on the das@ntinuous time, but

similar results also hold for discrete time.
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This neural architecture poses a sensible implementafitimeqoreprocessing in the

IB setup if the target filtev—!(p(y* = 1|R)) can be assumed to have the FM prop-
erty (it is guaranteed to be Tl iR and X are stationary processes). The FM property
amounts to assuming that input spikésecome asymptotically independent from the
relevance signak‘*™ for large delaysr. In the following paragraph an example 1B
task is discussed that illustrates this approach. We shatritthis example a generic
recurrent network with a trainable linear readout provittesbottleneck neuron with a
sufficiently accurate estimatiofi’ = o(q - h') of p(y* = 1|R) and hence allowing it to
solve a given IB task.

Consider the following setup. Let the relevance sighidie a piece-wise constant,
real-valued stochastic process which assumes efetyme steps a new value which
is iid.” in [—0.5,0.5], see Fig. A. The input spike trains\; are grouped into four
subgroups; to G4 similar to the setup of the example given in section 3.2. Tipaiis
of the group(G; were generated as spike trains with a time-varying P@t&t time step

t. The rate\| was defined as:
N =aR"T R 4, (7)

with delaysm; = 10 andm, = 50 time steps and coefficients b. The remaining rates
AL, AL, A} were generated with the same statisticd’alsut they are independent frof
By construction only inputs ofr; contain relevant information whereas the remaining
inputs do not. The preprocessing of the relevance signaimglemented by a recurrent
network ofr = 200 sigmoidal rate neurons which receives the relevance sigres
input, i.e. the values of the filtets’ at time stepg were chosen as the network activity at
time stept. According to the approach proposed above, the estima&tiomas given by
o(q - h') and the parametergwere learned by (6). The quantify’ can be interpreted
as the activity of a logistic readout neuron with initfrom the recurrent network and
weightsq'. All further details and parameter can be found in appendiX B

The simulation results of the average weiglits= % Ejegl w;? of G, andwy =
7—15 Zm& w§. of the remaining group&'s, G3, G4 are presented in fig.Bl In agreement
with the learning goal, only the weights frof are potentiated, while the other weights

decay to zero due to the regularization term in the objedtiaetion L defined in (3). In

’iid. = identically, independently distributed
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Figure 4. Numerical results for an IB optimization task walpreprocessing of the
relevance signak implemented by a generic recurrent network as describedatian
3.3. A: Shown is the relevance sign&l (top) as well as the spiking probability;
(bottom) for the inputs of grouf’;. By design, only\; is statistically dependent oR
and hence only the inputs ¢f; carry relevant informationB: The trajectories of the
mean weightso, (black) of G; andwy (gray) of the remaining groupSs, G, G, are
plotted as functions of time stépAs only the inputs of7; have a non-vanishing mutual
information with R, 1, is exclusively potentiated. The averagg of the remaining
weights decays due to regularizatio@: Trajectories of the activation functiogf =
p(yt = 1] X ") (black) and of the estimatdr’ (gray) are shown for an interval of 500

time steps after the weights and the parameteggshave been learned.

Fig. 4C the spiking probabilityy’ = p(y* = 1|X ~°>*) and the estimatiol” ~ p(y' =
1|R) are plotted for500 time steps after learning ab andg. Although the rates of
G, are related to the relevance sigriaby a second order Volterra series defined in (7)
which involves temporal delays of 10 and 50 time steps, thimation F* is sufficiently
accurate for learning an approximate 1B optimal coding. ¢¢etthis task is an example
where the preprocessing of the relevance sigralia a generic untrained recurrent
network with a trainable readout enables the neuron to eixstatistical dependencies

betweenX > andR and to solve the given IB task.

4  Application: Predictive Coding

In [Bialek et al., 2006] the H1 neuron of the blowfly, an exigaly studied cell of the

fly sensory-motor control system, is proposed as a posskample for a biological
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system providing an IB optimal coding. It is hypothesizeat e output of this neuron
is maximally informative abouftuture external stimuli, hence this coding paradigm is
termedpredictive coding In the following section we show how such a predictive
coding scheme can be learned by a neuron using a variant pfélsented IB learning
rule (6).

It is has often been hypothesized that biological agentsitaiai an internal repre-
sentation, denoted here &g, of the external world which is obtained and updated via
previous sensory stimulk .« (as sensing is a causal process which takes time). The
representatiorX;,,; allows the agent to adapt its behavior to the state of the@mvient
and plan future actions. The hypothesis that this reprasentX;, is optimal in some
information theoretic sense (for a given amount of invesesturced.,.,) has drawn
much attention and served as a guideline for many intrigstoglies (see references
in [Bialek et al., 2006]). In [Bialek et al., 2006] howevengtauthors argue that not all
sensory information contained i,y is equally important for the behavior and the
survival capabilities of the agent and hence not the enéinsary information should
be represented internally ii;,.. More precisely, it is hypothesized that only such ex-
ternal stimuli are worth being represented that are infawveabout the future sensory
stimuli X¢,:.« Which encode the future state of the environment. Only tifisrmation
can be used by the agent to plan behavior and eventually irapt®fitness. This pre-
dictive coding paradigm was formalized as an IB optimizatpwoblem: The mapping
from the past sensory stimul .., to the representatiol;,, should be chosen such
that it maximizes the predictive informatiai{ X, Xruture) @about the future sensory
stimuli Xp,.. at fixed costsL,.,. Following this train of thought, the agent should

hence maximize the following IB objective functidn,cdgictive:

Lpredictive - I(Xinta Xfuture) - ’YLreg-

The authors of [Bialek et al., 2006] also discuss a concrnedengle of this predictive
coding paradigm, the H1 neuron of the blowfly. This neuronad pf the optomotor
control loop and it is known to approximately code logaritbatly for the horizontal
angular velocity of the fly. In the study [Bialek et al., 20@6§ argued that this specific
coding of the H1 neuron of the external stimuli could be optfiwrt. the objective

funCUOn Lpredictive .
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Here we show that a single neuron can learn to extract preelictformation from
its inputs and establish a predictive coding scheme, sinulgdhe one described in
[Bialek et al., 2006], using a slightly modified version tligzlearning rule (6). At any
time stept, we identify the sensory inpuX ... with the input historyX > of the
bottleneck neuron and we identify the internal represemak’;,, with its outputsy’.
Furthermore, we define the relevance sigh@l.... as the future inputX***° to the
neuron in the time intervdk, ¢ + 6], which extends) time steps into the future for a
given parametes € N. For the sake of simplicity we also assume in this sectioh tha
the activation functiow = o of the bottleneck neuron is the logistic functfon

One possible approach to learn a predictive code is thewollp. If we assume
that the synaptic kernel(see eqn. (1)) is non-anticipating and that its supportastsh
thané time steps, the future activatigii?® is exclusively a function of the future input
Xt Henceg'*® can be interpreted as a preprocesshigof the relevance signal
X9, Based on this observation we make the angdtz= ¢'*° for the estimator
F', i.e. we hypothesize that the neuron uses its own futurergpigrobability g+ to
estimate the amount of predictive (=relevant) informatontained in its input at time

stept. The objective functiorl to maximize resulting from this approach reads:

o (@
L‘<1g< () )> " (®)

Due to the ansatZ* = ¢'+° the objective function (8) and consequently its gradient

at time stept contains the spiking probabilitieg and¢'*°. Performing a straight for-
ward stochastic gradient ascent (analogously to the prtoedtat lead to the rule (6))
would result in an anticipating learning rule, i.e. the waigpdateAw® would involve
the future spiking probability*°. This can be circumvented by shifting the time step
index on the rhs of the learning rule by§, which is allowed in stochastic gradient
ascent as this does not change the expected value of thengauke. This leads to the

following update equation for the weights:
n;lAwH—l _ g/t—(sut—é (J_l(gt) . U—l(<gt—6>)> . ,.Y,wt + Vt(gt—5 _ gt)' (9)

The above learning rule is non-anticipating but it is stdt tocal in time as it contains

8Similar learning rules can also be derived for more genataation functions, but

they turn out to be slightly more complex.
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the termsg’°, ¢ ~° andv'~°. Therefore the values of the activity as well as the
synaptic activity! have to be buffered by the neuron fbtime steps in order to learn
a predictive code with the rule (9). Although an exact impdemation of this buffering
seems rather implausible, approximate implementationiseopredictive coding learn-
ing rule might be biologically achievable. Assuming tha¢ time parametes is not
exactly defined but is rather given by a more diffuse paranratege, running averages
of g andv with appropriate window sizes might prove to be sufficiemtifiprmative in
order to learn an approximate predictive code. These aesraguld possibly be en-
coded in the signaling cascades that are triggered by pdepastsynaptic spike events.

The structure of the learning rule (9) is similar to the on¢haf general IB rule (6).
The first term, which is proportional to'°s~!(¢'), potentiates those synapses whose
input at timet — ¢ is correlated with the output ratg at time step, i.e. those synapses
are potentiated whose inputs are predictive for the futewaal output. The next term,
which is proportional ta-—! ({¢*~°)), remains unchanged from the original rule (6). The
last termut(g'—° — g') stems from the fact that the estimatiot := ¢'™° depends now
on w itself. This term replaces the learning rule i@rform (6) (second line), and it
drives the weights such that the past activity’ can be well estimated by the present
activity ¢*.

We want to point out that the simple choice for the estimator= ¢'+° made above
limits the power of the rule (9) for learning a predictive eodOnly those weights);
are potentiated whose inpii; is positively correlated at timewith the output at time
t + 6. Negative correlations or higher order statistical degies cannot be extracted
with this choice of the estimatdr. In order to achieve this, a more sophisticated ansatz
for F with a more diverse preprocessing &f**° would be required (e.g. the ansatz
proposed in section 3.3).

We illustrate the behavior of the learning rule (9) by a siepiimerical example for
a delay parametey = 25. Consider the following setup where the synapses are again
divided into four groups~1, ..., G4. Synapses from subgroup, receive spike trains
with a rate that is determined by a (discrete time) OrnstéiienbecR (OU) process

with a time constant; = 50, mearnu; = 0.2 and standard deviation (SB) = 0.3 - 1.

®More precisely the firing rate(z;(t) = 1) is defined asp(z;(t) = 1) =
min{1, max{0, O(¢)}} in terms of the OU proces3(t).
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Figure 5: The numerical results for the predictive codinglegation described in sec-
tion 4. A: Shown are the average group weightsfor GG; (top curve in black)G,
(dark gray),G'5 (gray) andG, (light gray). The grougs; transmits the largest amount
of predictive information due to the long autocorrelatiome constant; of its input
and hence the averagg is exclusively increased whereas the remaining weightaydec
to zero.B: The lower bound. (black) is plotted as a function of the time stepAlso
shown is an estimation of the “true” IB objective functidn,qictive (gray), for which
the mutual information/ (y', X**+°) was approximated by | I(y', X;**°) (caus-
ing the large offset betweeh and L ,.qictive). The trajectories indicate that the neural

output becomes more predictive for the future inptit 2.

The inputs for groug, are generated in a similar way, however with a time constant
T, = 25 andoy = 0.5 - 1y A (discrete time) telegraph process with megarand SDo,

and a time constant = 20 determines the rate for the spike train of graup. Spike
trains ofG, are generated with a constant rate Additional parameters and details can
be found in appendix B.3. The result of the simulation arétptbin Fig. 5. As expected
the weights of~, rapidly decay as they transmit no relevant information tikem, due to

the long autocorrelation time constantthe weights oi7; are exclusively potentiated
while the weights foiG; andG; decay. If however the values of the time constants
andr; are switched#; = 20, 3 = 50) the results are reversed, i.e. weightggfgrow
over time while those o7, decay (results not shown). This example illustrates that
the specialized version (9) of the IB rule (6) enables therarewo extract predictive

information from its input in simple setups.
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5 Discussion

5.1 Relation to Existing Work

Here we briefly discuss existing work that is related to théd&ning rules proposed
in this contribution. Additionally, in the first paragraphet differences between the

approach presented in this paper and other IB algorithmdeseribed.

Other IB Algorithms

Most IB algorithms determine nonparametric mappings frown input to the output
RVs e.g. [Tishby et al., 2000, Slonim and Tishby, 1999]. Hetice approach presented
here, which determines an IB optimal mapping via gradiec¢aswrt. to the model pa-
rametersw, g might be regarded to be against the spirit of the 1B framewbltwever
we argue that in the considered neural setup, where thelgdbiiature of the 1B map-
ping is fixed (e.g. the dimensionality of the output and tlesslof transformations that
can be used), such a parametric approach is nevertheléfiggusAnother difference is
that most IB algorithms operate in batch mode on the compiet#t data (with the no-
table exceptions of predictive coding described below)enghs the setup we propose
maps input sequences onto an output sequentee This approach reflects the fact
that neurons naturally operate in the temporal domain, vaiso requires an online al-
gorithm for learning the IB optimal mapping. FurthermoregstiB algorithms assume
that the joint distributiorp( X, R) of the input RVX and the relevance RR is known,
hence they require a beforehand estimatiop(df, R) based on finite samples (for an
in-depth analysis of this procedure see [Ohad Shamir arttbyj22008]). In contrast to
this procedure, our approach (based on the objective fum¢8)) directly unifies this
estimation process and learning of the IB mapping. This catitbn however comes at
the expense of not optimizing the “true” IB objective furctil;z but a lower bound.
of the latter.

The work presented here directly builds on [Klampfl et alQ20 There, the au-
thors derived an online IB learning rule by gradient ascentaf quite sophisticated
stochastic neuron model assuming that the relevance siggaknce is given by a spike

train of the same neuron model. The gradient of the relevéntmation (the mutual
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information between the outptif and the relevance signal) was estimated by mea-
suring the correlatiorly’ R*), whereR" € {0, 1} is the relevance spike train at time step
t. The resulting learning rule is only sensitive to instaetauns correlations between the
neural output and the relevance signal, a fact that limasagbplicability of the learning
rule. In contrast, we propose in this study the more geng@iaach of a parametric es-
timation of the gradient of (4°, R) based on a given preprocessig= (h},...,ht).
The resulting rule (6) is as powerful as the preprocessiagithavailable to the neuron.
Given that neurons are strongly interconnected and recaamy of recurrent inputs
resulting in highly nontrivial transformations of the ewxtal input, it seems reasonable
to assume that the preprocessing of the relevance sigaaistpotentially available to
the bottleneck neuron, is diverse and “rich” enough to catrya large class of IB opti-
mization tasks. Further, a considerable simplificatiorheflearning rule (6) compared
to the one presented in [Klampfl et al., 2009] was achievedhmpsing to maximize

the mutual information’ (3°, R) instead of the more complex quantifyy, R), where
Y =(0..,y 5y ¢4 .. )%

InfoM ax and | max

The learning goal of maximizing the mutual information beem input and output of
individual neurons or neural networks, so-called InfoMaarhing, has served as a
fruitful theoretical principle for learning with artificlaand more biologically realis-
tic neural models, see e.g. [Linsker, 1989, Bell and Sejkgw995, Chechik, 2003,
Toyoizumi et al., 2005, Parra et al., 2009]. More precisaefpMax is defined as learn-
ing a neural mappin — Y of some inputX to the outpufy” which maximizes the
amount of transmitted information defined as the mutualrmfation 7(X,Y") (with
some regularization constraints). While InfoMax shares mmon theoretical foun-
dation with the IB method, namely information theory, thare differences wrt. the
specific learning goals and their biological interpretatitnfoMax is an unsupervised
learning principle, its formulation only involves the inpX and the outpul”. There

is no external “guideline” of how the inpuX is to be transformed into the outpht

0This simplification can apparently be made without redutiregpower of the learn-
ing rule as all numerical IB task presented by [Klampfl et2009] can also be solved

by the rule (6) even when assuming only a simple preprocggdata not shown).
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except for maximizing the scalar mutual informatidéfX,Y). InfoMax can be inter-
preted as a possible approach to dimensionality reducgionniques, to clustering as
well as to blind source separation [Bell and Sejnowski, 19%6e 1B method also aims
at constructing a mapping — Y of the inputX to the outpul” which exhibits certain
information theoretic properties. In contrast to InfoMaowrever, the IB method is not
an unsupervised learning framework. In the IB frameworls iassumed that the envi-
ronment offers information about what can be considereelvegit in the input via the
given relevance signak. It has to be emphasized that the IB mapping, once learned,
maps the input to the outpl¥ — Y and it isnot a mapping from the input and the
relevance signal to the neural outptitx R — Y. Thus, relevant information given
by R which is not present in the inpuf will not be encoded in the output. Further

it should be noted that the relevance sigiRabnly has to be present during learning
of the IB mapping. After this learning phase the IB optimalppiag X — Y can be
carried out by the neural architecture without the preserfdée relevance signak.

In a biologically plausible setting the distinction betwdearning and operation phase
could e.g. be implemented with a learning rat@ R’ ||) that detects the presence of the
relevance signal by monitoring some measure of its intgtisit | over time and which
stops learning if the relevance signal is absent.

To further illustrate the difference between IB and InfoMaxsider the setup of the
simulation presented in section 3.2. The input to the IB aewonsists of three groups
G, G, andGs. The results presented in 3.2 show that if the relevancebigrs statis-
tically dependent on the inpdt; andG,, i.e. Gy, G5 convey relevant information, the
corresponding weights are potentiated, see FAg.IBhowever the synapses are updated
with an InfoMax learning rule (for details see appendix AoB)y the weights of group
(3 are potentiated while all other weights decay, see Hig.This weight configuration
maximizes the transmitted mutual informatiéfX, ) since the groug; subsumes
the most afferents and its inputs exhibit the strongestesppike correlations. This is
an example where the learning results of IB and InfoMax diffe

[Becker, 1996, Becker and Hinton, 1992] propose a learnimgiple called Imax
which is similar to IB learning and can be interpreted as asppease of the latter.
The objective of Imax is to maximize the mutual informaticgtween theoutputsof

two (or more) networks which receive disjoint but statiatig related inputs. Itis there-
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fore different from InfoMax which aims as maximizing the matinformation between
input and output. More precisely in [Becker, 1996] two (nHdyer) feedforward net-
works are considered, whose two inpufg, X, are given by neighboring patches of
visual input. The learning objective was defined as maximgizhe mutual information
I(X,, X,) between the activationk, X, of the output layers of the networks. Partial
derivatives of/ (Xl,X2> are propagated back into the hidden layers of the network to
maximize](f(l, Xg). In contrast to the work presented in this paper, the archite of
[Becker, 1996, Becker and Hinton, 1992] does not operateariédmporal domain, i.e.
it implements an instantaneous mapping from input to ougwhtch simplifies drasti-
cally the evaluation of the objective functid(lf(l, Xg)). An interesting topic for future
research is to port the architecture proposed in [Becké&6 1Becker and Hinton, 1992]
to neurons operating in time by using the learning rule presk here. This can
possibly be achieved by adopting ideas from the symmetricéRBip presented in
[Friedman et al., 2001], where two disjoint input streams @rapped to simpler rep-

resentations while preserving as much mutual informatetmben each other.

Predictive Coding

Predictive coding, which was formalized in the IB frameworkn
[Bialek et al., 2006], has been studied for linear mappingd &aussian noise in
[Creutzig and Sprekeler, 2008], revealing an intriguin@tiein to slow feature analysis
(for an introduction see [Wiskott and Sejnowski, 2002]). eT$plutions to this past-
future bottleneck are explicitly given. Furthermore, thealysis of predictive coding
was expanded to linear dynamical systems in [Weiss, 208@]rakulting in a complete
characterization of the IB optimal systems assuming a tide@endence of the input
RV X on the relevance R\R with additive Gaussian noise. These studies provide
strong, exact results to the considered restricted setdpe spirit of the approach
presented here is quite different. We provide an iteratoleeme for IB optimization,
which is possibly prone to local minima, focusing on a neanapping while making
only few assumptions about the input and relevance proseéssad .

Predictive coding as a learning goal for sensory processitigneural architectures
was motivated in [Bialek et al., 2006] by arguing that thisgagm allows to learn an

“useful” (wrt. the agent’s fitness) internal representatoy model of the environment.
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It can therefore be considered to be closely related to iegra generative model of
the environment (see [Slonim and Weiss, 2003] for a relabetween 1B and genera-
tive models). However it can be argued that learning a sefiity accurate model of
the environment may consume too many resources and mayedqoi much data to
be a suitable strategy for adapting to the environment. Agr@édtive would be a dis-
criminative approach, i.e. one might hypothesize thatni@e appropriate for an agent
to directly learn a mapping from environmental configunati®o behavioral decisions,
without the need for an explicit representation of the emvwinent. Which of these two
approaches, generative versus discriminative, is theb#teoretical model depends
amongst others on the structure and amount of data that éré Egrns from. In a ma-
chine learning context [Hinton, 2007] argues that a contimnaof generative learning,
making use of unlabeled data, and discriminative learnsng powerful and promis-
ing approach. This indicates that such a combination ofridiscative and generative

approaches might also be a powerful model for sensory psaugs biological agents.

5.2 A Possible Biological Implementing of 1B Optimization with
Spiking Neurons

The experimental investigation of synaptic plasticity maade significant advances
in the last decade (for reviews see [Caporale and Dan, 206318 et al., 2008]).
The classical picture of synaptic plasticity, as postulaty [Hebb, 1949] and later
experimentally described by others, which exclusivelyedefs on the pre- and post-
synaptic activity had to be considerably expanded over tarsdue to accumu-
lating experimental evidence. It is now known that many &ddal factors modu-
late synaptic weight changes, e.g. neuromodulators [Hak,&007], details of the
neural morphology [$jsttom et al., 2008] and extracellular subthreshold stimufatio
[Sjostiom et al., 2001]. This large body of experimental literatposes a huge chal-
lenge for theoretical work about the underlying functiofth@se mechanisms for neu-
ral information processing. The fact that synaptic plasstis determined by additional
quantities besides pre- and postsynaptic activity mighd baitable mechanism allow-
ing synaptic weight changes to fulfill complex optimizatigoals like IB optimization.

In the following we show that the proposed IB learning rulgfi@ well to recent exper-
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imental results concerning the influence of dendritic dappétion on synaptic plastic-
ity.

The plasticity of synapsg described by the rule (6) depends on the synaptic ac-
tivity v, in agreement with experimental findings. Further a measiirthe aver-
age postsynaptic activityy’) influences the weight change. This may be interpreted
in a biological context as a homeostatic control of the wighThe central claim
of the learning rule (6) is however that a “third” facter*(F*), which quantifies
the influence of the relevance signal, shapes synaptici@tgst This contribution
crucially determines the sign and amplitude of the weighangie in this plasticity
model. A biological mechanism termed “dendritic switch’hieh has recently been
uncovered in [S)stiom and Hwusser, 2006], is a plausible candidate for a third factor
modulating plasticity as required by IB learning. It is knowhat plasticity of den-
dritic synapses depends on the backpropagating actiomtedtébAP) in the dendrite
[Caporale and Dan, 2008]. Further it has been shown that th d®Aplitude and the
reliability of the bAP are shaped by the active and passivelaotance properties of
the dendrite, see [Stuart anditfsser, 2001]. These conductance properties can in turn
be considerably modulated by local de- or hyperpolarizatibthe dendrite as demon-
strated in [Stuart and &lsser, 2001]. Hence it can be assumed that properly timed EP
SPs/IPSPs in the dendrite shape synaptic plasticity byeinfling the bAP amplitude.
According to [SPpstiom and Husser, 2006], these mechanisms indeed enable proximal
synapses to act as “dendritic switches” which modulate tbegwt changes at distal
synapses via boosting or shunting the bAP. These “dendwtitcches” were shown
to be able to change the amplitude as well as the sign of thghivehange at distal
synapses by modulating the bAP with EPSPs/IPSPs that gerfhylarize the proxi-
mal part of the dendrite. In the presented IB model the praksgnapses, the dendritic
switches, would convey the influence of the relevance sign&|F*), see Fig. 6. The
weightsw, which obey the rule (6), would correspond to more distalepges whose
plasticity is controlled by the relevance signal. With tha@respondence the IB plas-
ticity model predicts a boosting/shunting of bAPs leadingotentiation/depression at
active distal synapses (those with > 0) whenever the weighted, preprocessed rele-
vance signab ! (F") (representing the input at the proximal synapses) is hogh/As

the dendritic switches act on a millisecond time scale thegmanism would provide a
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Figure 6: A possible biological mechanism implementing iRimization in a single

neuron. As shown in experiments, the activity of proximahayses can act as “den-
dritic switches” that critically influence the amplitudedathe sign of weight changes
of distal synapses. The IB learning rule could be impleneintethe distal synapses
assuming that the proximal synapses convey the influendeeattevance signdt via
Ft.

sufficiently high temporal resolution for the relevancensigin contrast to other factors
modulating plasticity (e.g. neuromodulators).

In spite of this possible correspondence with the expertaielata discussed above
we wish to point out the limitations of the IB learning rule) @ a theoretical model
for experimental findings. It has to be noted that the IB lesynule presented here
cannot account e.g. for the effect of spike-timing-depangéasticity (STDP) as e.g.
reported in [Bi and Poo, 1998]. The weight change given bylheule (6) does not
exhibit a dependence on the postsynaptic spike times, amlg tong-term average
of the postsynaptic firing raté). This is in contrast to the experimental results on
STDP which report a strong dependence of plasticity on tkeipe timing of pre- and
postsynaptic spikes. Furthermore numerous more subtkectspf plasticity, such as
postsynaptic voltage dependence and weight dependentastitjpy, are not reflected
by the IB rule. Itis the topic of current research whetherlBi@pproach in conjunction
with more realistic neuron models or other constraints eganaduce experimental data

more faithfully.
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5.3 Summary

In this paper we presented an online learning rule for IBroation with a simple,
idealized spiking neuron model. The neuron was regarded ag@mation bottleneck
that maps its high dimensional input sequence on a one dior&i®utput sequence of
spikes. By the help of the proposed IB learning rule the newamn adapt its weights
such that its output contains the maximal amount of releirgntmation, i.e. its out-
put is maximally informative (possibly locally optimal) aibt a relevance signal also
given by a sequence of RVs in time. This learning rule wasvddrassuming that the
neuron has access to an estimation of its currently tratestn&mount of relevant in-
formation (more precisely the gradient), which is based givan preprocessing of the
relevance signal and an adaptable set of parameters whedeamed simultaneously
with the weights. This approach extends previous studieseumal 1B optimization
[Klampfl et al., 2007, Klampfl et al., 2009] that were based omedations between the
output of the bottleneck neuron and the relevance signal.

We also addressed the question of how a suitable and sufficigeneral pre-
processing of the relevance signal may be implemented irokdical neural sys-
tem. Motivated by previous theoretical, numerical and expental studies (see
[Buonomano and Maass, 2009]) we argued that a generic egttureural circuit, which
is not learned for a certain IB task and hence looks randotniicwired from the per-
spective of the bottleneck neuron, can be considered aiplawsmndidate for such an
implementation of the preprocessing. Simple models ofreactneural networks were
shown in previous studies to provide a considerable amdunemory and “nonlinear-
ity” and hence render themselves to be a suitable prepriocestthe relevance signal
enabling the bottleneck neuron to carry out a class of IBsask

Further, we have discussed a biological mechanism thatcariricipal resolve the
problem of spacial non-locality encountered in previouddBrning rules for spiking
neurons, i.e. the problem of how the current values of gtiestthat are essential to
the learning rule can be made available at the location okyimapse. The recently
discovered mechanism of dendritic switcheE$pm and Hiusser, 2006] seems well
suited as an implementation of a learning process that isuratetl by an external
“third” factor (the relevance signal in in addition to thedvactors given by pre- and

postsynaptic signals) as required by IB learning.
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Predictive coding has been proposed as an unsupervisednigagoal for single
neurons in [Bialek et al., 2006], a hypothesis that seems to bgreement with experi-
mental findings. As an application of IB learning with spifsineurons, we have shown
that a variant of the proposed IB learning rule enables theameto learn a predic-
tive code assuming simple input statistics. It has to be esighd that several neural
learning rules exist which extract temporal regularitiesy the input. In a recent study
[Creutzig and Sprekeler, 2008], a close relation betweeng@ozation and learning
of temporal invariances in a more machine-learning orierstetting was pointed out.
The approach presented here shows that also on a singld feualathe well-known
learning goals related to temporal invariance can be migti/and a viable learning rule
can be derived from the 1B framework.

The proposed learning rules are based on idealized assama@specially wrt. the
neuron model. The applied neuron model neglects severahcteaistics observed
in experiments, most prominently a refractory mechanisomuglex voltage dynamics
(e.g. bursting, rebound spikes) as well as spacial extem@sid morphology of a neuron.
We argue that studying learning in highly simplified systesmevertheless sensible as
it possibly provides a “baseline” architecture, i.e. a lusslearning strategy and its
essential functional building blocks, that is not cluttetgy (hopefully) unimportant

contingent details of the neural dynamics.
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A Derivation of the Learning Rules

A.1 ThelB Learning Rule

Here we calculate the gradient of the objective functionrt. w andq. The following

relations are useful:

(log F(y°, R)) = (y’log(F°)+ (1 —1y")log(l — F"))
= (g"1og(F°) + (1 — ¢°)log(1 — F?))
(logp(y°)) = (9°)log(g°) + (1 —(g"))log(1 — (¢°)).

Using these identities the objective functibrcan be written as:

L ={glog '+ (1 —g)log(1 — F) — glog (g) — (1 — g)log(1 — (g))) — %wQ-

For the sake of simplicity the time step index was left out azanfusion can occur,

e.g.F = F°. From this form ofL the gradient wrtaw is straight forward to calculate:

() (2 2)
= ()=o) 52 )~ v

Here we used the fact that the expected vaklyen the above equation is only taken
over the joint distributiorp(X —>°, R) which is independent ab (andq) and hence the
gradient% (and%) commutes with the average operator We notice thatog(z/(1—
x)) is the inverse function of the logistic functior(x) = 1/(1 + exp(—=z)). Further
the gradient ofy yields0g/0w = ¢'v, whereg' is the derivative of;. This results in
the w-part of the learning rule (6).

The gradient ofL wrt. q is even simpler as only’ depends org. Hence only the

following term has to be calculated:

Sy (108 4 (1= g)log(1 ~ F)) = { bl — F) ).

Using the relatiorv’ = o(1 — o), which holds for the logistic functiom, yields the

final learning rule for the parametegs
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A.2 AnlInfoMax Learning Rule

In close analogy to the derivation of the IB learning rulegemeted above one can derive

an InfoMax learning rule starting from the objective fulOCtiL, sonax-

LInfOMaX - [(yo, X—oo) — %wz

= (glogg+ (1 — g)log(1 — g) — glog (g) — (1 — g)log(1 — (g))) — Jw"

The yields the following InfoMax learning rule:

Aw = nwg/V(U‘l(g) - 0"1(<g>)> — N YW.

B Detailsof the Numerical Examples

B.1 Exampleof Section 3.2

Weightsw were initialized with0.15, the parameterg with 0 and g with 0.02. The
learning rates were set ta, = 0.075, n,, = 4.25-107% n,, = 4.25-107* and
n, = 2-1073. Correlated spike trains are generated using techniquesibed in
[Gutig et al., 2003]. The values df and L;g shown in Fig. € were estimated with the
pyent r opy software package described in [Ince et al., 2009] usingistipated bias
correcting methods. Every point is an average of 50 indepeitlials each estimated

from sequence¥” andR of length5 - 10° with frozenw andgq.

B.2 Exampleof Section 3.3

Weightsw were initialized with0.05, g with 0.02 and the initial values of the compo-
nents ofq were set to 0. The learning rates were setjto= 2 - 1073, , = 1073,
n, = 2.5 -107% and the parameters b were set tax = 1/2, b = 1/8. The trade-off
parameter was set tp = 6 - 10~°. For this example a recurrent network of= 200
sigmoidal rate neurons was used (as a LSM). The state vetctor(s,... s!) € R”

obeys the equation:

st =35 (1—a)+pf (Wes' + W, (R —0.5) % 2),
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with the parametera: = 0.4 and 5 = 0.44. The activation functiory : R — R" is
given by applying the hyperbolic tangent component-wisee &lements of the recur-
rent weight matrixiV, € R” are generated in the following way: The probability of
two neurons to be connected was set td, the weight for a connected pair was drawn
from a normal distribution\V/(0, 1). Finally W, was rescaled by a scalar such that its
spectral radius was equal 8. The elements ofV;,, = (Win)i, ..., (Win),) € R”
were drawn iid. form{0, 1} with p((W;,); = 1) = 0.3. The filterbankh was then

chosen to equal the state vector, hé = s'.

B.3 Detailstothe Predictive Coding Application

Weightsw were initialized with0.1 and g as well as all elements of the history of
g and ¢’ with 0.01. The learning rates were settg, = 2-10~* andn, = 2.5 -
10~%. The trade-off parameter was setto= 10~3. Furthermore the values df and
L redictive Were evaluated using thy/t hon modulepyent r opy based on spike trains
X, Y of length5 - 10° with frozen weightsw. FOr L ,cqiciive the termI(y°, X%) was
approximated by (3°, X%) ~ 2% I(y°, X}*) to avoid the undersampling problem
occurring in the evaluation of the mutual information foghidimensional variables.
This approximation introduced a large error, however thaalts still give intuition of

the evolution of the “true” IB objective functioh,,edictive-
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