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Computing with Spiking Neurons

Wolfgang Maass

2.1

Introduction

In the preceding chapter a number of mathematical models for spiking
neurons were introduced. Spiking neurons differ in essential aspects from
the familiar computational units of common neural network models, such
as McCulloch-Pitts neurons or sigmoidal gates. Therefore the question
arises how one can compute with spiking neurons, or with related computational units in electronic hardware whose input and output consists of
trains of pulses. Furthermore the question arises how the computational
power of networks of such units relates to that of common reference models, such as threshold circuits or multi-layer perceptrons. Both of these
questions will be addressed in this chapter.

2.2

A Formal Computational Model for a Network of
Spiking Neurons

Our analysis will be based on the simplest one of the neuron models introduced in Chapter 1: the simple spiking neuron model defined in section
1.2.1. This simple version of a spiking neuron model has the advantage that
it is relatively easy to analyze theoretically. On the other hand computer
simulations (see e.g. [Maass and Natschläger, 1997]) have shown that various algorithms developed for this simple model carry over to the more
complex Hodgin-Huxley model discussed in Section 1.2.4.1 of Chapter 1.
For the sake of completeness we quickly review the definition of the simple
spiking neuron model from Section 1.2.1 in Chapter 1. Let be a set of
neurons, and assume that one has specified for each neuron
a set
of immediate predecessors (“presynaptic neurons”) in the network.
The firing times
for all neurons
are defined recursively (by
simultaneous recursion along the time axis). According to equation (1.10)
in Chapter 1 the neuron fires whenever the state variable
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reaches the firing threshold 6 of neuron  .
  
The response functions 2 , '7 ,  model excitatory or inhibitory postsynaptic potentials (EPSP’s and IPSP’s, see Figure 2.1) at the somaof neuron
 , which result from the firing of a presynaptic neuron 8 at time , . We will
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Figure 2.1. a) Typical shape of an excitatory postsynaptic potential (EPSP). b) Typical shape of an inhibitory postsynaptic potential (IPSP).



focus in the first part of this chapter on the case where the neuron has not
fired for a while, in which case the first summand with the refractory terms
in (2.1) can be ignored.
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In order to complete the definition of a network of spiking neurons as a
formal computational model one has to specify its network input and output. We assume that subsets of neurons 
and  
have
 constitute
been fixed, and that the firing times
for the neurons
the network input. Thus we assume that these firing times are determined
through some external mechanism, rather than computed according to the
 
previously described rules. The firing times
of the neurons
constitute the network output. These firing times are computed in the pre ) with the help of
viously described way (like for all neurons
the state variable (2.1).
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Thus from a mathematical point of view, a network of spiking neurons

computes a function which maps a vector of several time series


on a vector of several other time series
  . It has often been argued that the fact that network input and output are vectors of time series,
rather than vectors of numbers as in conventional neural network models,
is essential for understanding computation in biological neural systems. After all, a biological organism has to be able to respond very fast in an online
fashion to a constantly changing environment. Since artificial versions of
pulsed neural nets are in a similar manner well-suited for computing in the
time series domain, this application area is of particular interest for the design of artificial pulsed neural nets. In this chapter we will be more modest
and survey existing models and results for computing with batch input,
i.e., for a static vector of analog values that is presented to the network

through the input
  .
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2.3 McCulloch-Pitts Neurons versus Spiking Neurons

2.3

3

McCulloch-Pitts Neurons versus Spiking Neurons

The simplest computational unit of traditional neural network models is
a McCulloch-Pitts neuron, also referred to as threshold gate or perceptron. A
McCulloch-Pitts neuron with real valued weights
and threshold
receives as input  binary or real valued numbers   . Its output
has the value

,
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(2.2)

In multilayer networks one usually considers a variation of the threshold
gate to which we will refer as a sigmoidal gate in the following. The output of a sigmoidal gate is defined with the help of some non-decreasing
continuous activation function  R  R with bounded range as
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(2.3)

By using sigmoidal gates instead of threshold gates one can not only compute functions with analog output, but also increases the computational
power of neural nets for computing functions with boolean output [Maass
et al, 1991; DasGupta and Schnitger, 1996].
In the following we will compare the computational capabilitites of these
two computational units of traditional neural network models with that
of the model for a spiking neuron discussed in Chapter 1. One immediately sees that a spiking neuron can in principle simulate any given
threshold gate (2.2) with positive threshold for binary input. For that we
assume that the response functions
 are all identical except for their
and negative if  ), and
sign (which we choose to be positive if 
that all presynaptic neurons which fire, fire at the same time  !#" .
In this case the spiking neuron fires if and only if
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where 2 , is the extremal value of 2 ,  (i.e., * , ,+.-/102* ,  if * , 
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represents an EPSP, * , 43 506* ,  if * ,  respresents an IPSP), ,7


is the synaptic weight, and 6 
the firing threshold of neuron
0 ,
   :, 9 *  , isthe
see Figure 2.2. Then for ,  8
spiking neuron  can simulate
any given threshold gate0 defined by (2.2) if the input bits ; 4 4 
4  are
encoded by the firing or nonfiring of presynaptic neurons 8 

4
4
4  at a


common time  !#"  , and if the output bit of the threshold gate is encoded
by the firing or nonfiring of the spiking neuron  during the relevant time


fires at time

window.

A closer look shows that it is substantially more difficult to simulate in
the same manner a multi-layer network of threshold gates (i.e., a threshold
circuit) by a network of spiking neurons. The exact firing time of the previously discussed spiking neuron depends on its concrete input ; < .
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Figure 2.2. Simulation of a threshold gate by a spiking neuron.

 ,  *  , '6 has a value well above  , then the state variable
$
0
 ,  *  ,  ('   !#"   will cross the firing threshold 6
    

,
$  0
earlier, yielding an earlier firing time of neuron  , compared with an input
 ,  *  , ' 6 is positive but close to  . Therefore, if

where ,
$  0
one employs several spiking neurons to simulate the threshold gates on
If

,



fires at time



fires at time

fires at time

the first layer1 of a threshold circuit, those neurons on the first layer which
do fire (corresponding to threshold gates with output ) will in general fire

at slightly different time points. This will occur even if all input neurons
of the network fired at the same time  !#" . Therefore the timing of such
straightforward simulation of a multi-layer threshold circuit is unstable:
even if all firings in one layer occur synchronously, this synchronicity will
in general get lost at the next layer. Similar problems arise in a simulation of other types of multi-layer boolean circuits by networks of spiking
neurons.

8

 

Consequently one needs a separate synchronization mechanism in order to
simulate a multi-layer boolean circuit – or any other common model for

digital computation – by a network of spiking neurons with bits  en
coded by firing and nonfiring. One can give a mathematically rigorous
proof that such synchronization mechanism can in principle be provided
by using some auxiliary spiking neurons [Maass, 1996]. This construction exploits the simple fact that the double-negation  of a bit  has
the same value as  . Therefore instead of making a spiking neuron fire
in the direct way described by equation (2.4), one can make sure that if
  

, then the spiking neuron is not prevented from firing by
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auxiliary inhibitory neurons. These auxiliary inhibitory neurons are connected directly to the input neurons whose firing/nonfiring encodes the
input bits < < , whereas the driving force for the firing of neuron
comes from input-independent excitatory neurons. With this method one
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1 We will not count the layer of input neurons in this chapter, and hence refer to the first
hidden layer as the first layer of the network.
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can simulate any given boolean circuit, and in the absence of noise even
any Turing machine, by a finite network of spiking neurons [Maass, 1996]
(we refer to [Judd and Aihara, 1993] for earlier work in this direction). On
this basis one can also implement the constructions of [Valiant, 1994] in a
network of spiking neurons.
Before we leave the issue of synchronization we would like to point out
that in a practical context one can achieve a near-synchronization of firing
times with the help of some common background excitation, for example
  
an excitatory background oscillation
that is added to the membrane
potential of all spiking neurons [Hopfield, 1995]. With proper scaling of
amplitudes and firing thresholds one can achieve that for all neurons the
state variable
( can cross the firing threshold only when the background oscillation 5
is close to its peak. Thus it is no surprise that
the strongest evidence for computations with digital coding occurs in those
biological neural systems that have a strong oscillatory component, as for
example in the olfactory system of the locust [Wehr and Laurent, 1996].
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Our preceding discussion also points to a reason why it may be less advantageous for a network of spiking neurons to employ a forced synchronization.
The small temporal differences in the firing times of the neurons that simulate the first layer of a threshold circuit according to equation (2.4) contain valuable additional information that is destroyed by a forced synchronization: these temporal differences contain information about how much
%  is compared with . Thus it appears to
larger the weighted sum 
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be advantageous for a network of spiking neurons to employ instead of a
synchronized digital mode an asynchronous or loosely synchronized analog mode where subtle differences in firing times convey additional analog
information. We will discuss in the next section computational operations
which spiking neurons can execute in this quite different computational
mode, where analog values are encoded in temporal patterns of firing times.

2.4

Computing with Temporal Patterns

2.4.1 Conincidence Detection
We will now consider the more typical scenario for a biological neuron,
where preceding neurons do not fire in a synchronized manner, see Figure
2.3. In this case the computational operation of a spiking neuron cannot
be easily described with the help of common computational operations or
computational models.
We will show that in an asynchronous mode, with analog values encoded
by a temporal pattern of firing times, a spiking neuron has in principle not
only more computational power than a McCulloch-Pitts neuron, but also
more computational power than a sigmoidal gate.
One new feature of a spiking neuron – which has no analog in the computational units of traditional neural network models – is that it can act as
coincidence detector for incoming pulses [Abeles, 1982]. Hence if the arrival
times of the incoming pulses encode numbers, a spiking neuron can detect
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Figure 2.3. Typical input for a biological spiking neuron , where its output cannot
be easily described in terms of conventional computational units.

whether some of these numbers have (almost) equal value. On the other
hand we will show below that this operation on numbers is a very “expensive” computational operation from the point of view of traditional neural
network models.

 

We will now make these statements more precise.
Assume that
are the immediate predecessors of a spiking neuron , that
 

their connections to neuron all have the same transmission delay 
, and
that
for all
. Furthermore, assume that the response functions
)(

are defined as in Chapter 1 by
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with time constants
0
. A plot of an EPSP of such shape is
shown in Figure 2.1a), see also Figure 1.10 b) and Figure 1.15 in Chapter 1.
(
It consists of an almost linearly rising phase for small , exponential decay
(
for large , and a smooth transition between both phases when it reaches
its maximal value in between. For every given values of the time constants
 
  
 

0  with 0
one can find values
and so that

for any input consisting of an arbitrary number of EPSP’s with distance

  , whereas
reaches a value 
for two EPSP’s in distance   .
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Then the spiking neuron does not fire if the neurons
fire (each at

most once) in temporal distance 
(see Figure 2.4a)), but it fires when
fire in temporal distance 
ever two presynaptic neurons
 , see
Figure 2.4.b)). Consequently, if for example one encodes  real numbers
 < through the firing times of the   neurons in , and decodes the
output of neuron as “ ” if it fires and “ ” if it does not fire, the neuron


computes the following function   R 
 :
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Note that this function .  
(where  stands for “element
distinctness”) is in fact a partial function, which may output arbitrary val-
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fore hair-trigger situations can be avoided, and a single spiking neuron can
compute this function . even if there is a small amount of noise on its
state variable
.
 

   

On the other hand the following results show that the same partial function 
requires a substantial number of neurons if computed by neural
networks consisting of McCulloch-Pitts neurons (threshold gates) or sigmoidal gates. These lower bounds hold for arbitrary feedforward architectures of the neural net, and any values of the weights and thresholds of the
neurons. The inputs <  are given to these neural nets in the usual
manner as analog input variables.

444

Theorem 2.1 Any layered threshold circuit that computes 
least & ')( +*    & ')(  threshold gates on its first layer.

 

needs to have at

The proof of Theorem 2.1 relies on a geometrical argument, see
[Maass, 1997b].
Theorem 2.2 Any feedforward neural net consisting of arbitrary sigmoidal gates
-,.
needs to have at least  gates in order to compute . .
The proof of Theorem 2.2 is more difficult, since the gates of a sigmoidal
neural net (defined according to (2.3) with some smooth gain function  )

8
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Figure 2.5. Coding by relative delay. Because of the intrinsic properties of neurons
the most strongly activated neurons will fire first. Unit D has only just fired whereas
the spike generated by unit A has already traveled a considerable distance along
the afferent axon. From [Thorpe and Gautrais, 1997].

output analog numbers rather than bits. Therefore a multilayer circuit consisting of sigmoidal gates may have larger computational power than a circuit consisting of threshold gates. The proof procedes in an indirect fashion
by showing that any sigmoidal neural net with 3 gates that computes 
can be transformed into another sigmoidal neural net that “shatters” every
set of 
different inputs with the help of 3
programmable parame


ters. According to [Sontag, 1997] this implies that 
3
. We



refer to [Maass, 1997b] for further details.

'

*
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2.4.2 RBF-Units in the Temporal Domain
We have demonstrated in the preceding subsection that for some computational tasks a single spiking neuron has more computational power than
a fairly large neural network of the conventional type. We will show in
this subsection that the preceeding construction of a spiking neuron that
detects coincidences among incoming pulses can be expanded to yield detectors for more complex temporal patterns.

8  (

Instead of a common delay  between presynaptic neurons
and
neuron (which appears in our formal model as the length of the initial
flat part of the response function
 ) one can employ for different different delays 
between neurons and . These delays 
represent a
new set of parameters that have no counterpart in traditional neural network models2 . There exists evidence that in some biological neural systems these delays 
can be tuned by “learning algorithms” (see Chapter
14). In addition one can tune the firing threshold and/or the weights
of a spiking neuron to increase its ability to detect specific temporal patterns in the input. In the extreme case one can raise the firing threshold
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2 Theoretical results about the Vapnik-Chervonenkis dimension (VC-dimension) of neural
nets suggest that tuning of delays enhances the flexibility of spiking neurons for computations
(i.e., the number of different functions they can compute) even more than tuning the weights
[Maass and Schmitt, 1997].
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so high that all pulses from presynaptic neurons have to arrive nearly simultaneously at the soma of to make it fire. In this case the spiking neuron
can act in the temporal domain like an RBF-unit (i.e., radial basis function
unit) in traditional neural network models: it will fire only if all presynaptic neurons
fire at times so that for some constant  !#" one has
  !#"  for all
, where the vector 
of transmission
delays plays now the role of the center of an RBF-unit. This possibility of
using spiking neurons as RBF-like computational units in the temporal domain was first observed by Hopfield [Hopfield, 1995]. In the same article
Hopfield demonstrates an advantageous consequence of employing a loga& ')(
of external sensory input variables  through
rithmic encoding 
firing times  !#"
 . Since spiking neurons have the ability to detect temporal patterns irrespective of a common additive constant in their
arrival times, they can with the help of logarithmic encoding ignore constant factors  in sensory input variables   
. It has been argued that
this useful mechanisms may be related to the amazing ability of biological
organisms to classify patterns over a very large scale of intensities, such as
for example visual patterns under drastically different lighting conditions.
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In [Natschläger and Ruf, 1997] the previous construction of an RBF-unit for
temporal patterns has been extended to a an RBF-network with the help of
lateral inhibition between RBF-units (see Section 2.4.5). Alternatively one
can add linear gates on the second layer of an RBF-network of spiking neurons with the help of the construction described in the following section.

2.4.3 Computing a Weighted Sum in Temporal Coding
A characteristic feature of the previously discussed computation of the
function . and the simulation of an RBF-unit is the asymmetry between
coding schemes used for input and output. Whereas the input consisted of
a vector of analog numbers, encoded through temporal delays, the output
of the spiking neuron was just binary, encoded through firing or nonfiring
of that neuron. Obviously for multilayer or recurrent computations with
spiking neurons it is desirable to have mechanisms that enable a layer of
spiking neurons to output a vector of analog numbers encoded in the same
way as the input. For that purpose one needs mechanisms for shifting the
firing time of a spiking neuron in dependence of the firing times
of
presynaptic neurons, in a manner that can be controlled through the internal parameters
and 
. As an example for that we will now describe
a simple mechanism
for
computing
for arbitrary parameters
R and
 
  through the firing time of
inputs    the weighted sum 
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We assume that each response function
has a shape as shown in Fig)(
(
ure 2.1:
has value 0 for  
and then rises approximately lineary
(in the case of an EPSP) or descends approximately lineary (in the case of

an IPSP) with slope 
R for an interval of length at least   . Assume
that the presynaptic neurons
fire at times
 !#"
 . If the
%
state variable

of neuron reaches the threshold

, 
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at a time when the response functions
are all in their initial
linear phase of length   , then is determined by the equation
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Figure 2.6. Mechanisms for computing a weighted sum in temporal coding according to equation (2.6). a) Firing times   of presynaptic neurons  . b) Initial linear
segments of the weighted response functions           at the soma of neuron
. c) State variable  and resulting firing time   of neuron .
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or equivalently
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for some input-independent constant "  #"     * , 
 !#" *
3
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  .  . . These “weights”
  ,  , and formal “weights” , defined by ,  
, are automatically normalized: by the definition of  they satisfy
, !3 - ,   . Such automatic weight normalization may be desirable in
"  #"

some situations [Haefliger et al., 1997]. One can circumvent it by employing an auxiliary input neuron (see [Maass, 1997a]). In this way one can
  in temporal codcompute an arbitrary given weighted sum 

,!$

, ,

,

,

ing by a spiking neuron. Note that in this construction the analog output
  is encoded in exactly the same way as the analog inputs  .


, !3-

,

2.4.4 Universal Approximation of Continuous Functions
with Spiking Neurons
We will show in this subsection that on the basis of the computational
mechanism described in the preceding subsection one can build networks
of spiking neurons that can approximate arbitrary given bounded continuous functions in the temporal domain. We first observe that one can expand the previously described mechanism for computing a weighted sum
%  in the temporal domain to yield for temporal coding also a sim

, !3-

, ,

ulation of an arbitrary given sigmoidal neuron with the piecewise linear
gain function

(
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if
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In this case we want that neuron responds to firing of its presynaptic
neurons at times
 !#"
 by firing at time

For that purpose one just needs auxiliary mechanisms that support an approximation of the given sigmoidal neuron in the saturated regions of its
(

gain function
, i.e. for  
and  
. Translated into the temporal

domain this requires that the spiking neuron does not fire before some
(
 ) and by the latest at some
fixed time  (simulating

(  for 




fixed time " #"
 (simulating

for  
. This can easily
be achieved with the help of auxiliary spiking neurons. Computer simulations suggest that in a practical situation such auxiliary neurons may not
even be necessary [Maass and Natschläger, 1997].
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According to the preceding construction one can simulate any sigmoidal
(
neuron with the piecewise linear gain function
by spiking neurons with
analog inputs and outputs encoded by temporal delays of spikes. Since inputs and outputs employ the same coding scheme, the outputs from a first
layer of spiking neurons (that simulate a first layer of sigmoidal gates) can
be used as inputs for another layer of spiking neurons, simulating another
layer of sigmoidal gates. Hence on the basis of the assumption that the
)(
initial segments of response functions
are linear one can show with a
rigorous mathematical proof [Maass, 1997a]:

2 ,  

Theorem 2.3 Any feedforward or recurrent analog neural net (for example any
(
multilayer perceptron), consisting of sigmoidal neurons that employ the gain
(
( 
function
, can be simulated arbitrarily closely by a network of
spiking

neurons (where is a small constant) with analog inputs and outputs encoded by
temporal delays of spikes. This holds even if the spiking neurons are subject to
noise.

*

Theorem 2.2 and 2.3 together exhibit an interesting asymmetry regarding
the computational power of standard sigmoidal neural nets (multilayer
perceptrons) and networks of spiking neurons: Whereas any sigmoidal
neural net can be simulated by an insignificantly larger network of spiking neurons (with temporal coding), certain networks of spiking neurons
can only be simulated by substantially larger sigmoidal neural nets.
It is wellknown that feedforward sigmoidal neural nets with gain
(
  function
 
can approximate any given continuous function
  
  


with any desired degree of precision. Hence Theorem 2.3 implies:









  
  
Corollary 2.4 Any given continuous function
can be ap

proximated arbitrarily closely by a network of spiking neurons with inputs and
outputs encoded by temporal delays.
Remarks:
a) The construction that yields the proof of Theorem 2.3 shows
that  a net 

  
  
that
work of spiking neurons can change the function:


it computes in the same way as a traditional neural net: by changing the
synaptic “weights”
that scale the slopes of the initial segments of postsynaptic pulses. The delays 
between neurons need not be changed for
that purpose (but they could be used to modulate the effective “weights” of
the simulated sigmoidal neural net by additive constants). From that point
of view this construction is complementary to the simulation of RBF-units
by spiking neurons described in subsection 2.4.2: there the “program” of
the encoded function was encoded exclusively in the delays 
.

0

,

,

,

b) It turns out that the network of spiking neurons constructed for the proof
of Theorem 2.3 computes approximately the same function in rate-coding
and in temporal coding.

2.4 Computing with Temporal Patterns
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2.4.5 Other Computations with Temporal Patterns in
Networks of Spiking Neurons
The previously described method for emulating classical artificial
neural networks in the temporal domain with spiking neurons can
also be applied to Hopfield nets [Maass and Natschläger, 1997], Kohonen’s self-organizing map [Ruf and Schmitt, 1997] and RBF-networks
[Natschläger and Ruf, 1997]. The latter construction refines Hopfield’s
construction of an RBF-unit in the temporal domain. It simulates RBFunits by neurons that output an analog number (encoded in its firing
time), rather than a single bit (encoded by firing/nonfiring). They implement a competition among different RBF-units through lateral inhibition. Furthermore they show through computer simulations that
a variation of the Hebb-rule for spiking neurons with temporal coding that has been experimentally observed for biological neurons (see
[Markram and Sakmann, 1995] and [Markram et al., 1997]), yields good
performance for unsupervised learning of temporal input patterns. It is
of interest for applications that their RBF-network also exhibits some robustness with regard to warping of temporal input patterns.
The theoretical results that support these simulations of classical neural
networks by networks of spiking neurons with delay coding have been derived for the mathematically relatively simple spiking neuron model from
Section 1.2.1 in Chapter 1. Computer simulations (employing the simulation system GENESIS described in [Bower and Beeman, 1995]) suggest
that these results remain valid if one employs the mathematically more
complex but biologically more realistic Hodgin-Huxley model from Section 1.2.4.1 as model for a spiking neuron ([Maass and Natschläger, 1997],
[Natschläger and Ruf, 1997], [Ruf, 1997], [Ruf and Schmitt, 1997]). In fact,
it is shown in [Maass and Natschläger, 1997] that often a simpler construction than the one needed for a rigorous mathematical verification yields
already good performance. Furthermore it is shown that the length of the
available time window for temporal coding (which is proportional to the
parameter  from Section 2.4.3) can be enlarged by employing multiple
synapses with different time delays (see Figure 2.7).
[Müller et al., 1996] suggest an alternative mechanism for simulating a sigmoidal gate by a spiking neuron with delay coding. This simulation employs effects that are reflected in the more complex Hodgkin-Huxley model
(see Section 1.2.4.1), but not in the simple model for a spiking neuron. It
exploits that in the case of excitatory input a later input spike raises the
membrane potential by a smaller amount if earlier input spikes have moved
the membrane potential already closer to the firing threshold (and thereby
reduced the difference between the current membrane potential and the
reversal potential for ion-channels that are relevant for these currents).
[Samuelides et al., 1997] have proposed yet another mechanism for classifying the order in which spikes arrive from different presynaptic neurons.
This mechanism is based on a new type of synaptic dynamics that has so
far not been observed in biological neural systems. The goal of their construction is that the output neurons of the net respond in a given way to the

14
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voltage
[mV]

time [ms]

Figure 2.7. Superposition of several non-NMDA EPSP’s caused by the firing of a
single presynaptic neuron  which has three synapses with slightly different delays
to the neuron . The membrane voltage is measured at the dendrite (D) and at
the soma (S) of neuron in a computer simulation of the Hodgin-Huxley model
(GENESIS). From [Maass and Natschläger, 1997].

firing order of the input neurons. This is a special case of the computations
with spiking neurons considered in Sections 2.4.3 and 2.4.4. Obviously
each firing order is naturally encoded in the vector  of delays of these
spikes. Hence any classification task for spike orders can be viewed as a
special case of a classification task for delay vectors  . Theorem 2.3 shows
that networks of spiking neurons can apply to this task the full classification power of multilayer perceptrons.
Finally we would like mention that [Watanabe and Aihara, 1997] have explored chaos in the temporal pattern of firing in a network of spiking neurons.

2.5

Computing with a Space-Rate Code

The second model for fast analog computation that we will discuss is more suitable for neural systems consisting of a large number of components which are not very reliable. In fact this model,
which was recently developed in collaboration with Thomas Natschläger
[Maass and Natschläger, 1998], relies on the assumption that individual synapses are “unreliable”. It takes into account evidence from
[Dobrunz and Stevens, 1997], which shows that individual synaptic release sites are highly stochastic: they release a vesicle (filled with neurotransmitter) upon the arrival of a spike from the presynaptic neuron
with a certain probability (called release probability). This release probability varies among different synapses between values less than 0.1 and more
than 0.9 (see Chapter 12).



This computational model is based on a space-rate encoding (also referred
to as population coding, see section 1.1.2.3
in Chapter 1) of analog variables, i.e., an analog variable 
     is encoded by the percentage of
neurons in a population that fire within a short time window (say, of length
5 ms).
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Although there exists substantial empirical evidence that many cortical
systems encode relevant analog variables by such space-rate code, it has
remained unclear how networks of spiking neurons can compute in terms
of such a code. Some of the difficulties become apparent if one just wants to
understand for example how the trivial linear function

 9 can be
 
computed by such a network if the input 
   is encoded
by a spacerate code in a pool of neurons and the output 
    9  is supposed
to be encoded by a space-rate code in another pool of neurons. If one
assumes that all neurons in have the same firing threshold and that reliable synaptic connections from all neurons in to all neurons in exist
with approximately equal weights, a firing of a percentage  of neurons in
during a short time interval will typically trigger almost none or almost all
neurons in to fire, since they all receive about the same input from .





7



 5 



 5









Several mechanisms have already been suggested that could in principle
achieve a smooth graded response in terms of a space-rate code in instead
of a binary “all or none” firing, such as strongly varying firing thresholds
or different numbers of synaptic connections from for different neurons
[Wilson and Cowan, 1972]. Neither option is completely satisfactory, since firing thresholds of biological neurons appear to be rather homogeneous and a regulation of the response in through the connectivity pattern would make it very difficult to implement changes of the gain
through learning. Furthermore both of these options would fail to spread
average activity over all neurons in , and hence would make the computation less robust against failures of individual neurons.





 





 4 4 4 
 



We assume that  pools 6  <
consisting of
neurons each are
given, and that all neurons in these pools have synaptic connections to
all neurons in another pool of neurons.3 We assume that for each pool
all neurons in
are excitatory, or all neurons in
are inhibitory. We
  can be
will first investigate the question which functions ; 1
computed by such a network if  is the firing probability of a neuron in
pool
during a short time interval
and  is the firing probability of a
neuron in pool during a slightly later time interval
.















444



In
accordance
with
recent
results
form
neurophysiology
[Dobrunz and Stevens, 1997] we assume that an action potential (“spike”)
from a neuron
triggers with a certain probability " (“release
probability”) the release of a vesicle filled with neurotransmitter at a
and
. The data from
release site of a synapse between neurons
[Dobrunz and Stevens, 1997] strongly suggest that in the case of a release
just one vesicle is released, but that in the case of a release the amplitude of
the resulting EPSP in neuron is stochastic. Consequently we model the
amplitude of the EPSP (or IPSP) in the case of a release (i.e., the “potency”
in the terminology of [Dobrunz and Stevens, 1997]) by a random variable


" with probability density function " . We will write  " for the mean
amplitude
"
and " for the second moment
"
.

  

  

 








     1
Figure 2.8 shows the result of simulations of this model for  "! and
    , using compartmental model neurons according to chapter 15 of
# $
   1





3 Our results remain valid if one considers instead connections by fixed random graphs
with lower density between pools
and .
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Figure 2.8. Each dot is the result of a GENESIS simulation of our model for
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[Bower and Beeman, 1995]. The  -axis shows the fraction  of neurons in
that fire during a ms time interval
in response to the firing of a
fraction  of neurons in pool
during a ms earlier time interval
of
length ms.
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The  -axis shows the value of
    , where
, is the
and
, and
average of the release probabilities " for neurons

is the mean of the common amplitude distributions " for synapses
between pools
and . These simulations show that the output  given
through the percentage of neurons in
that fire during a time interval
of length ms approximates quite well the value    
 for a
sigmoidal “activation function”  , see (2.1). Note that  has not been implemented explicitly in this set-up, but rather emerges implicitly through
the large scale statistics of the firing activity – as will be explained in the
next paragraphs.
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We now consider an idealized mathematical model where the time intervals
and
are collapsed to two subsequent time points 
and 
,
and the probability that a neuron
fires at time 
can be described
by the probability that the sum
of the amplitudes of EPSP’s and IPSP’s
resulting from firing of neurons in presynaptic pools   <
exceeds
at the trigger zone of the firing threshold (which is assumed to be the
same for all neurons
).4 This random variable
is the sum of ran 
dom variables " for all neurons
, where " models the
contribution of neuron to .
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We assume that " is nonzero only if neuron
fires at time 
(which occurs with probability  ) and the synapse between and releases a vesicle (which occurs with probability " whenever fires). If
both events occur then the value of " is chosen according to some probability density function "
that is nonzero only for positive in the
case of an excitatory synapse, and nonzero only for negative in the case
of an inhibitory synapse. For each neuron
we consider the sum
    "
" of the random variables (r.v.’s) " and we assume

  1

%





!)(

%



%

  
%
$

4 We assume here that the firing rates of neurons in pool
impact of their refractory period can be neglected.
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Figure 2.9. A) Plot of the function
where
      
 sigmoid function #      . B) Plot of the function
is the logistic
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        . Note that this function behaves qualitatively like
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 (where is the common firing
that fires at time 
if and only if
threshold of all neurons
). Although the r.v.’s " have in general
different distributions, their stochastic independence allows us to approx  through a normal distribution  .
imate the firing probability 
The Berry-Esseen Theorem [Petrov, 1995] implies that
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where 

with mean
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$  !   denotes the probability that a normally distributed r.v.
$  and variance !  has a value  6 . In our case
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 is uniformly bounded from below by
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  . According to the definition of the r.v.
a constant
" we have

(

 "   "  " and
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*
(2.9)
,- +  " 
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 . Hence according to (2.8) the firing probability  6  6 
for  
The right hand side of (2.8) scales like
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of an arbitrary neuron in pool
can be approximated by a smooth
function of a weighted sum   
 of the firing probabilities  in
pools   
if ! can also be approximated by a smooth function of
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  , which converges
  for  
  to   ). Hence
if the weights
are bounded (or at least
0 (2.8) implies
0
that    %  0  6  can be approximated
0 by a function of        if
 is sufficiently large, and at the same time the release probabilities
 0  " are

sufficiently small so that the sum  " !)(  "  " has value .
 are 0 positive and othA complication arises if some of the “weights”
   and $ 
ers are negative. Then $   $"* $ for $  0   



1
    . It is then
con  impossible
1 to  satisfy    "  

  with1 a0  common

stant for

with
(hence   ) and
(hence 
). However
0

1

   and0    "  1  for all     with
if   "  !  for 0 all    with
   , with two different constants
0 "   and   , we can replace the

term
0  ' 6  $  !   in (2.8) by
One can approximate ! by a smooth function of   
 if " and


" have common values , for
all
,
(which implies that

9 & &
9 ), and if  "
with a common constant for
and
. According to (2.9)
we can
all
    ,
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, but also on ( and .
This term does not just depend on
However Figure 2.9 shows that nevertheless the term (2.10) behaves qual    .
itatively like a sigmoidal function of the single argument
It is shown in Figure 2.10 that for the distributions we have considered the
  by (2.10) is even better than guaranteed by
approximation of 
(2.8).
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The preceding arguments imply that an approximate computation of arbitrary functions of the form < 
 
      , with inputs
and output in space-rate code, can be carried out within ms by a network

of spiking neurons consisting of two layers. Hence according to the universal approximation
  theorem
   for multilayer perceptrons arbitrary continuous
functions   
  
can be approximated with a computation time
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Figure 2.11. A) Plot of a function   
which interpolates
XOR. Hence cannot be computed by a single sigmoid unit. B) Computation of
by a 3-layer network in space-rate coding with compartmental model neurons

( 
) according to our model; simulations in GENESIS.

 



of not more than ms by a network of spiking neurons with 3 layers. An
example of such a computation is shown in Figure 2.11.
Remark 1 The theoretical analysis of [Maass and Natschläger, 1998] suggests
that for analog computing in a space-rate code it is advantageous to encode the
“weigths” of a simulated sigmoidal gate in the release probabilities " of synapses

rather than in the mean amplitudes " of postsynaptic potentials.





2.6

Computing with Firing Rates

Traditionally a link between sigmoidal neural networks and biological
neural systems is established by interpreting the firing rate (i.e., the spike
count over time; see Sections 1.1.2.1 and 1.2.5) of a spiking neuron as an
analog number between 0 and 1. In this interpretation one gets a plausible
correspondence between the dependence of the output value  





, !3- 0 , , 
, on one hand, and the dependence

of a sigmoidal gate on its input values 
of the firing rate of a spiking neuron on the firing rates of presynaptic neurons
on the other hand.



8  

There exists ample biological evidence that information about a stimulus
is in many biological neural systems encoded in the firing rates of neurons. However recent empirical results from neurophysiology have raised
doubts whether the firing rate of a biological neuron does in fact depend on the firing rates  of presynaptic neurons
in a way that
can be described by an expression of the form  
 . Results of

 3
8



, !- 0 , , 
[Abbott et al., 1997] and others about the dynamic behavior of biological
,

synapses show that for some neural systems above a “limiting frequency”
of about 10 Hz the amplitudes of postsynaptic potentials are inversely pro. These
portional to the firing rate  of the presynaptic neuron
results suggest that instead of a fixed parameter
one has to model the
“strength” of a biological synapse for rate coding by a quantity

that depends on the firing rate  of the presynaptic neuron, and that
this quantity
 is proportional to  . But then the weighted sum

0

,

,  , 

,

0

.

,

8  3

0

,  , 
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, !3 - 0 ,     , , which models the average membrane potential at the soma
of a spiking neuron  , does no longer depend on the firing rates  , of those
presynaptic neurons 8 that fire above the limiting frequency. This issue will

be discussed in more detail in Chapter 12.

A very interesting dual interpretation of the computational
role of spiking neurons in the context of rate coding is due to
[Srinivasan and Bernard, 1976]. They have pointed out that if a spiking neuron is working in the coincidence-detector-mode (i.e., with short
integration time relative to the number and firing rates of presynaptic
neurons), and the input spike trains are generated by stochastically
independent Poisson processes, then its output firing rate is in a certain
parameter range proportional to the product of the firing rates of the
presynaptic neurons. If for example the spike trains from 3 presynaptic
neurons are generated by stochastically independent Poisson processes,
then the probability that all of these three presynaptic neurons fire
within the same short time window is proportional to the product of the
firing probability of the individual neurons . Hence if one assumes that
a spiking neuron fires if and only if these 3 presynaptic neurons fire
within a short time window , its firing rate encodes (approximately) the
product of the firing rates of the presynaptic neurons .

8



8

8

8

8

This smart mechanism for analog multiplication is of substantial interest for
possible applications of artificial pulsed neural nets. Chapter 13 discusses
possible uses of this mechanism for carrying out complex optimization
tasks with artificial pulsed neural nets.

2.7

Computing with Firing Rates and Temporal
Correlations

We will discuss in this section computations that employ a quite different
type of “temporal coding”. Communication by spike trains offers a direct
way to encode transient relations between different neurons: through coincidences (or near coincidences) in their firing times (see Section 1.1.3.3).
Hence computations with spiking neurons may in principle also involve
complex operations on relations between computational objects, a computational mode which has no parallel in traditional neural network models –
or any other common computational model. This type of temporal coding need not necessarily take place on the microscopic level of coding by
single spikes, but can also take place on a macroscopic level of statistical
correlations between firing times of different neurons. We refer to Section
4.4 in Chapter 4 for further details on biological data involving firing correlations. Milner had conjectured already in 1974 that visual input might
be encoded in the visual cortex in a way where “cells fired by the same
figure fire together but not in synchrony with cells fired by other figures”
([Milner, 1974]). This conjecture has been supported more recently by experimental data from several labs (see for example [Eckhorn et al., 1988;
Gray et al., 1989; Kreiter and Singer, 1996; Vaadia et al., 1995]).
A variety of models have been proposed in order to shed light on the possible organization of computing with firing correlations in networks of spiking

2.7 Firing Rates and Temporal Correlations
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neurons. We have already shown in the preceding sections that spiking
neurons are well-suited for detecting firing correlations among preceeding
neurons. They also can induce firing correlations in other neurons by
sending the same output spike train to several other neurons . But the
question remains what exactly can be computed with firing correlations in
a network of spiking neurons.
In [Eckhorn et al., 1990] a computational model was introduced whose
computational units are modifications of integrate-and-fire neurons that

Figure 2.12. The model neuron and network. (A) Circuit diagram. Linking and feeding
inputs with leaky integrators on a single “dendrite” interact multiplicatively. Signals from different “dendrites” are summed and fed to the “spike encoder” in the
“soma”. (B) Symbol for neuron in A. (C) Neural network. Thick lines: feeding connections; thin lines: linking connections. Full output connectivity is shown only for
one layer 1 and one layer 2 neuron (hatched symbols). From [Eckhorn et al., 1990]
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receive two types of input: feeding input and linking input. Both types
of inputs are processed in this model by leaky integrators with different
time constants, and are then multiplied to produce the potential
of
an integrate-and-fire neuron . In networks of such computational units
the feeding input typically is provided by feedforward connections, starting from the stimulus, whereas the linking input comes through feedback
connections from higher layers of the network. These higher layers may
represent information stored in an associative memory like in a Hopfield
net. Computer simulations have shown that this model is quite successful in reproducing firing patterns in response to specific stimuli that match
quite well firing patterns that have been experimentally observed in the
visual cortex of cat and monkey. So far no theoretical results have been
derived for this model.

   



A related model, but on a more abstract level without spiking neurons was
proposed in [Kay and Phillips, 1996] (see also [Phillips and Singer, 1996]
for a survey of this and related models). That model also involves two
types of input, called RF and CF, where RF corresponds to “feeding input”
and CF corresponds to “linking input”. No computational model has been
specified for the generation of the CF-values. A computational unit in their

model outputs a continuous value 2   
* 
that ranges between
(


and . In this formula is a weighted sum of RF-input, is a weighted


sum of CF-input to that unit, and  is the sigmoidal gain function from Section 1.2.2. In this computational unit the RF-input determines the sign of

the output. Furthermore
implies that the output has value 0, inde

pendently of the value of the CF-input . However for "
 the size of
the output is increased through the influence of the CF-input if has the
same sign as , and decreased otherwise. Computer simulations of large
networks of such computational units have produced effects which are expected on the basis of psychological studies of visual perception in man
[Phillips and Singer, 1996].



'





  *

&'



 

Other models aim directly at simulating effects of computing with firing correlations on an even more abstract conceptual level, see for example [von der Malsburg, 1981; Shastri and Ajjanagadde, 1993]. In
[Shastri and Ajjanagadde, 1993] a formal calculus is developed for exploiting the possibility to compute with relations encoded by temporal coincidences.
No rigorous results are available so far which show that the previously described models have more computational power than conventional neural
network models. In principle every function that is computed on any of the
previously discussed models can also be computed by a conventional sigmoidal neural net, i.e., by an abstract model for a network of spiking neurons that encode all information in their firing rates. This follows from the
simple fact that a sigmoidal neural net has the “universal approximation
property”, i.e., it can approximate any given continuous function. Thus
the question about a possible increase in computational power through
the use of firing correlations boils down to a quantitative rather than qualitative question: How much hardware, computation time, etc. can a neural
network save by computing with firing correlations in addition to firing

2.7 Firing Rates and Temporal Correlations
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rates?



We will sketch a new model from [Maass, 1998] that provides some first
results in this direction. We write  for the output of a sigmoidal gate ,

which is assumed to range over   . One may interpret
as the firing
 introduce for certain sets  of neurons
rate of a spiking neuron
.
We
now
 
 
a new variable
, also ranging over   , whose value models in an

abstract way the current
amount of temporal correlation in the firing times

for some time internal of 5 msec one
of the neurons
 .  For example,

could demand that
if



 

 



and that

we have

 








,  all  8   fire during
!   8 fires during



   

 approaches  when this
quotient approaches infinity. Thus
8   fire stochastically independently.
  if all neurons

One then needs computational rules that extend the standard rule

       %,   81
, !3- 0

 



for sigmoidal gates so that they also involve the new variables
in a
meaningful way. In particular, one wants
to
have
that
the
firing
rate
is

increased if one or several
subsets
of
preceding
neurons
fire
with
   
temporal correlation
. This motivates the first rule of our model:

 3

 



        , 
, !3- 0
    ,
The products
 ! 

 81*           , !  81*76  4 (2.11)
 - 0
 81 in the second summand of (2.11) reflect the

fact that statistical correlations in the firing times of the neurons 8 
can
only increase the firing rate
of
neuron

by
a
significant
amount
if
the
firing
rates of all neurons
8  are sufficiently high. These products also arise
 
naturally if
 is interpreted as being proportional to

  all  8   fire during   
 ,
(2.12)
!    8 fires during
 . Hence multiplying (2.12)


and 81 is proportional to   8 fires during

with , 
!    81  , !      8 fires during yields a term proportional to

  all 8  fire during . This term is the one that really determines by
how much the firing rate of neuron  may increase through correlated firing
of neurons in : If the neurons 8 
fire almost simultaneously, this will

move the state variable   of neuron  to
 a larger peak value compared
with a situation where the neurons 8"
fire in a temporally dispersed
manner.



 

In order to complete the definition of our model for computing with firing

rates
and firing
one  also has to specify how the corre  correlations
lation variable
is computed for a set of “hidden” units . Two effects
have to be modelled:
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(a)
(b)

 



increases if all neurons
other neuron .

 





 

receive common input from some



increases if there
 with significant
   is a set $ of other neurons
correlation
(i.e.,
$
)
so
that
each
neuron
has some neuron



$
$ as predecessor (i.e.,
$
$ $
).

 

 

       

    

These two effects give rise to the two terms in the following rule:

 

     

0

 
* 

 

'

0

 

 
  '2 $   ' !  '   $ *76 

 4

(2.13)

From the point of view of computational complexity it is interesting to note
that in a network of spiking
neurons no additional units are needed to com 
pute the value of
according to (2.13). The new parameters     '
can be chosen so that they encode the relevant information about
 the con
nectivity structure of the net,
for
example
if
not




and   '
if not
$
$ $
. Then the rule (2.13) models
the previously described effects (a) and (b).

 

0
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0  0  
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The rules (2.11) and (2.12) involve besides the familiar “synaptic weights”
also new types of parameters    , and   ' . The parameter  
scales the influence that correlated firing of the presynaptic neurons
has on the firing rate of neuron . Thus for a biological neuron this parameter  not only depends on the connectivity structure of the net, but also
on the geometric and biochemical structure of the dendritic tree of neuron and on the locations of the synapses from the neurons 
on this
dendritic tree. For example correlated firing of neurons
has a larger
impact if these neurons either have synapses that are clustered together on
a single subtree of the dendritic tree of that contains voltage-gated channels (“hot spots”), or if they have synapses onto disjoint subtrees of the
dendritic tree (thus avoiding sublinear summation of their EPSP’s in the
Hodgkin-Huxley model. Taking into account that very frequently pairs of
biological neurons are not connected just by one synapse, but by multiple
synapses that may lie on different branches of their dendritic tree, one sees
that in the context of computing with firing correlations the “program”
of the computation can be encoded through these additional parameters
 in much more subtle and richer ways than just through the “synaptic
weights”
. Corresponding remarks apply to the other new parameters
 and   ' that arise in the context of computing with firing correlations.
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One should add that the interpretation of
  becomes more difficult in
case that one considers correlation variables
$ for a family of sets $
whose intersection contains more than a single neuron. For example, if



 
& $ &  and $ ,/ then  should be interpreted as the impact of correlated firing  of neurons in beyond the impact that correlated firing of the
neurons in $ already has. One can escape this technical difficulty by con 
sidering for example in a simplified setting only correlation variables
for sets of size 2.



 



 





The following result shows that a computational unit that computes its
output
according to rule (2.11) has more computational power than a

2.8 Networks of Spiking Neurons for Storing and Retrieving Information
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sigmoidal gate (or even a small network
  of sigmoidal gates) that receives
the same numerical variables
as input. This arises from the fact

that the computational role (2.10) involves a product of input variables.



Consider the boolean function
  

  that outputs 1 for

   boolean input vari boolean
input
variables


2





,
and


 
 
ables
for all subsets
 2   of size 2 if and only if
and



 

for some subset
:  . It is obvious from equa
tion (2.11) that if one takes as gain function the Heaviside function  , then
a single computational unit of the type described by equation (2.11) can
compute the function
. On the other hand the following result shows
that a substantial number of threshold gates or sigmoidal gates are needed
to compute the same function . Its proof can be found in [Maass, 1998].


8   8  

 


 81 8 4  4 4 4 4 4
 8 8


 

Theorem 2.5 The function
can be computed by a single neuron that carries
out computations with firing rates and firing correlations according to rule (2.11).
On the other hand any feedforward
 threshold circuit that computes the function
needs to have on the order of  9 & ')(  gates. Any feedforward circuit consisting
of sigmoidal gates 5 needs to have at least proportional to  many gates to compute
.

2.8

Networks of Spiking Neurons for Storing and
Retrieving Information

Synfire chains [Abeles, 1991] are models for networks of spiking neurons
that are well-suited for storing and retrieving information from a network
of spiking neurons. A synfire chain is a chain of pools of neurons with a
rich (“diverging/converging”) pattern of excitatory feedforward connection from each pool to the next pool, that has a similar effect as complete
connectivity between successive pools: an almost synchronous firing of
most neurons in one pool in a synfire chain triggers an almost synchronous
firing of most neurons in the next pool in the chain. Neurons may belong
to different synfire chains, which has the consequence that the activation
of one synfire chain may trigger the activation of another synfire chain (see
[Bienenstock, 1995]). In this way a pointer from one memory item (implemented by one synfire chain) to another memory item (implemented by
another synfire chain) can be realized by a network of spiking neurons. A
remarkable property of synfire chains is that the temporal delay between
the activation time of the first pool and the -th pool in a synfire chain has a
very small variance, even for large values of . This is due to the temporal
averaging of EPSP’s from neurons in the preceding pool that is carried out
through rich connectivity between successive pools.
An analog version of synfire chains results from the model for computing
with space-rate coding discussed in section 2.6. If one takes synaptic unreliability into account for a synfire chain, one can achieve that the percentage of firing neurons of a later pool in the synfire chain becomes a smooth
function of the percentage of firing neurons in the first pool. This variation
5 with

piecewise rational activation functions
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of the synfire chain model predicts that precisely timed firing patterns of a
fixed set of 2 or 3 neurons in different pools of a biological neural system
occur more often than can be expected by chance, but not every time for
the same stimulus. This prediction is consistent with experimental data
[Abeles et al., 1993].
Other types of networks of spiking neurons that are useful for storing
and retrieving information are various implementations of attractor neural networks with recurrent networks of spiking neurons, see for example
[Fransen 1996; Gerstner and van Hemmen, 1992; Gerstner et al., 1993; Hopfield and Herz, 1995; Lanser and Fransén, 1992; Maass and Natschläger,
1997; Simmen et al.,1995].

2.9

Computing on Spike Trains

We still know very little about the power of networks of biological neurons
for computations on spike trains, for example for spike trains that encode a
time series of analog numbers as for example the spike trains from neuron
in the blowfly (see [Rieke et al., 1997] and the discussion in Section 4.5

of Chapter 4). One problem is that the previously discussed formal models for networks of spiking neurons are not really adequate for modeling
computations by biological neural systems on spike trains, because they are
based on the assumption that synaptic weights
are static during a computation. This problem will be addressed in chapter 12. Another problem
is the lack of empirical data about computing on time series in biological
and artificial pulsed neural systems, and the lack of an adequate computational theory. Obviously this is an important topic for future research.

0

,

2.10 Conclusions
The results of this chapter show that networks of spiking neurons present
a quite interesting new class of computational models. They can carry
out computations under different modes for coding information in spike
trains. In particular, they can carry out analog computation not only under a rate code, but also under temporal codes where the timing of spikes
carries analog information. We have presented theoretical evidence which
suggests that through the use of temporal coding a network of spiking neurons may gain for certain computational tasks more computational power
than a traditional neural network of comparable size.
The models for networks of spiking neurons that we have discussed in this
chapter originated in the investigation of biological neurons from Chapter
1. However it is obvious that many of the computational ideas and architectures presented in this chapter are of a more general nature, and can just
as well be applied to implementations of pulsed neural nets in electronic
hardware, such as those introduced in the following chapter.
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