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Abstract

Spikingneuronsarevery e xible computatbnalmoduleswhich canim-
plementwith differentvaluesof their adjustabe synapticparameteranenor
mousvariety of differenttransformatios F from input spike trainsto output
spike trains. We examire in this article the questionto what extent a spik-
ing neuronwith biologcally realistic modelsfor dynamicsynapsesanbe
taughtvia spike-timing-dependenplastcity (STDP)to implementa given
transformatiorF. We considera supervisedearningparadigmwheredur-
ing training the outputof the neuronis clampedto the target signal(teacher
forcing). Thewell-known PerceptrorCornvergencel heoremassertthe con-
vergenceof a simplesupervisedearningalgorithmfor drasticallysimpi ed
neuronmodels(McCulloch-Pittsneurons).We show thatin contrastto the
PerceptrorCornvergenceTheoremno theoreticalguaranteeanbe given for
the corvergenceof STDPwith teacherforcing that holdsfor arbitraryinput
spike patterns.On the otherhandwe prove thataveragecaseversionsof the
PerceptrorCornvergenceTheoremhold for STDPin the caseof uncorrelated
andcorrelatedPoissorinput spike trainsandsimplemodelsfor spikingneu-
rons. For awide classof cross-correlatiofunctionsof theinput spike trains
theresultingnecessargndsufcient conditioncanbeformulatedin termsof
linearseparabilityanalogoushasthewell-known conditionof learnabilityby
perceptronsHowever the linear separabilitycriterion hasto be appliedhere
to thecolumnsof thecorrelationmatrix of the Poissonnput. We demonstrate
throughextensve computersimulatonsthatthe theoreticallypredictedcon-
vergenceof STDPwith teacherforcing alsoholdsfor morerealisticmodels
for neuronsfor dynamicsynapsesandfor moregeneralinput distributions.
In addition we shav throughcompuger simuationsthatthesepositive learn-
ing resultsnotonly holdfor thecommoninterpretatiorof STDPwhereSTDP
changeghe weightsof synapseshut alsofor a morerealisticinterpretation
suggestedy experimentaldatawhere STDP modulatesthe initial release
probability of dynamicsynapses.

Intr oduction

Spike-timing-dependenplasticity (STDP)hasemepgedin recentyearsasthe experimen-
tally moststudiedform of synaptc plasticity (see(Abbott and Nelson,2000; Fregnac,
2002; Gerstnerand Kistler, 2002) for reviews). Numerousmodeling studieshave re-
latedSTDPto variousimportantlearningrulesandlearningmechanisrasuchasHebbian
learning,shorttermprediction(Mehta,2001;RaoandSejnavski, 2002),gainadaptation
(Songet al., 2000) and boostirg of temporaly correlatedinputs (Kempteret al., 1999;
Songetal., 2000; Gitig et al., 2003). The questionof how a neuroncanlearnto re at
a prescribedime, given somepresynapticspike history, wasinvestgatedin the context
of sequencdearninge.g. in (Gerstneretal., 1993;Sennetal., 2002). Thesetwo papers
exploit tuning of synaptc delaysto achiese timing precision. In this article we address
the moregeneralquestionto what extent STDP might supporta more universaltype of
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learningwherea neuronlearnsto implementan“arbitrary given” mapF frominputspike

trainsto outputspike trains. Obviously the goal to learn“arbitrary giveri’ target trans-
formationsF is too ambitious sincethereexist mary mapsF from input spike trains

to outputspike trainsthatcannotbe realizedby a neuronfor any settingof its adjustable
parametersi-or exampleno valuesof synapticef caciesw couldenableagenericneuron
to producea high-rateoutputspike trainin theabsencef arny inputspikes. Furthermorea

neuroncanonly learnto implementhosetransformatioe F in a stablemannetthatit can

implement with a parametesettingthat representsa equilibrium point for the learning
rule underconsideratior(in this case:STDP). Sinceit is well-known thatthe commm

versionof STDP always produceshimodal distribution of weights,whereeachweight
eitherassumests minimal or its maximal possble value,we will considerin this arti-

cle (with the exceptionof section6) only the learningof target transformatios F that
canbeimplementedwith suchbimodaldistribution of weights. Thuswe focuson those
transformation$- from input spike trainsto outputspike trains,thatcanin principle be

implementedby theneuronin astablemannerfor somevaluesp of its adjustablgparame-
ters,andaskwhich of thesetransformation§ canbelearntby suchneuron startingfrom

someratherarbitraryvaluesp, of theseadjustablgparameters.

Onthebasisof the experimendl literatureit is not at all clearwhich of the mary pa-
rameterghatin uence theinput/ouputbehaior of abiologically realisticsynapsehoud
beviewedasbeingadjustabldor a speci ¢ protocolfor inducingsynapticplasticity (i.e.,
“learning”). For exampk, thereexists strongempiricalevidence(MarkramandTsodyks
1996)thatthecommoninduction protocolwith repeategairingsof pre-andpostsynapt
spikesin aspeci ¢ temporalrelationdoesnot changethe scalingfactorsw of theampli-
tudesof EPSPqcommony referred to as“weight” or “synapticef cacy”), but ratherthe
synapticreleasegorobabilty U for the rst spike in atrain of spikes.Whereasanincrease
of thisparametelJ will increasehe amplitudeof the EPSPfor the rst afteralonginac-
tive periodspike in a spike train, just asanincreaseof the scalingfactorw would do, it
tendsto decreas¢he amplitudesof shortly following EPSPs.We examinein this article
throughcomputersimulatians boththe casewherescalingfactorsw andthe casewhere
initial releaseprobabiliiesU areadjustedoy STDP

In contrasto mostprecedingnodelingstudiesfor STDPwe will consideiin thecom-
putersimulatonsof this article only biologically realisticmodelsfor dynamicsynapses,
i.e., synapseghat are subjectto shortterm plasticity suchas paired-pulsedepressions
and/orpaired-pulsdacilitation,in additionto the long term plasticity inducedby STDP
We assumeéhatduringlearningthe neuronis taughtto re atparticularpointsin time via
extra input currents that could for exampk represensynapticinputsfrom othercortical
or subcorticalareas.Suchlearningscenarias particularlycompellng in casesvherea
neuronlearnsto predictinput from othercortical or subcorticalareas.This learningpro-
tocol is identicalwith the experimentalparadigminvestgatedby YvesFregnacandhis
collaboratorgFregnacetal., 1988;Fregnacetal., 1992;FregnacandShulz,1999),where
synapticplasticityis inducedthroughthe injection of currentsinto the postsyapticneu-
ron at particularpointsin time (relative to the time of the stimulus). We will referto the
conjectureghatSTDPenablesieurondo learn(startingwith arbitraryinitial valuesof its



parameterp) underthisprotocolarny inputoutputtransformatior thattheneuroncould
in principleimplementin a stablemannerfor somevaluesp of its adjustablegparameters
asthe SpikingNeuron CorvergenceConjectue (SNCC)for STDPR Obvioudy thisconjec-
tureis closelyrelatedto the well-known PerceptrorConvergenceTheorem(Rosenblatt,
1962;Haykin, 1999; Dudaet al., 2001),which assertghatthe correspondingtatement
is truefor themuchsimpler caseof perceptrongi.e., McCulloch-Pittsneuronsor thresh-
old gateswith static synapsesstatic batchinputs, and static batchoutpus — insteadof
time-varying input- andoutputstreams).

We will specifythe modelsfor neuronsandsynapsesndthe rule for STDPthatare
examinedin thisarticlein section2. In section3 we will discusgherelationshp between
STDPandthe perceptroriearningrule. Furthermorewe will prove in section3 thatthe
SNCCfor STDPdoesnotholdin aworstcasescenaridor arbitrarydistributionsof input
spiketrains.

In section4 we carry out an analyticalaveragecaseanalysisof supervisedearning
with STDP for Poissoninput spike trains (for the caseof linear Poissonneuronsand
synapsewithoutshort-termslynamics)andwe provethatthe SNNCholdsin anaverage
casesensdor arbitraryuncorrelatedPoissorinputspiketrains.We alsoderivein sectiorét
acriterionwhich clari es underwhich conditonsthe SNNC holdsfor correlatedPoisson
input spike trains. In somesituatins this criterion canbe formulatedin termsof linear
separability like the well-known learningcriterion for perceptronsput appliedto the
columnsof the correlationmatrix for the Poissornnput.

In sectionsb and6 we will demonstratéhroughcomputersimulationsthatthe SNCC
for STDPalsoholdsfor moregeneralensemble®f uncorrelatecandcorrelatedPoisson
spike trainsasinputs andfor morerealisticmodelsfor neuronsandsynapsesfor leaky
integrate-and- reneuronswith dynamc synapsesin section7 we will shav thatsuchap-
proximatecornvergenceof learningalsooccurswheninsteadof weightstheinitial release
probabiliiesU of thesynapsearemodubktedby STDP

2 Modelsfor neurons synapsesand STDP

A standardeaky integrate-and- reneurormodelwasusedor oursimuations. Themem-
branepotentialVy, of suchneuronis givenby

dVin _

mdt

where ,, = C,, Ry, isthe membrandime constantR,, is the membranaesistance,
I'syn(t) is the currentsuppliedby the synapses, paciground 1S @ constantackgrounccur-
rent,andl iy ect(t) representsurrentanducedby a“teacher”.If V,, exceedghethreshod
voltageViy esh it IS resetto V, et andheldtherefor thelengthT, et Of the absolutere-

fractory period(seeAppendixfor details).

We modeledthe short-term-synapti dynamicsaccordingto the model proposedn
(Markram et al., 1998), with synapticparameterd), D, F. The model predictsthe

(Vm Vresting) + Rm (I syn (t) + backgr ound + inj ect(t))



amplitude A of the EPSCfor the k™ spike in a spike train with interspile intervals
1, 2;::5 k1 throughtheequations

Ak = W Ug Rk
u = U+ue (1 U)exp( « 1=F) (1)
R« = 1+ (R 1 ux 1Rk 1 1)exp( « 1=D)

with hiddendynamicvariablesu 2 [0; 1] andR 2 [0; 1] whoseinitial valuesfor the rst
spikeareu; = U andR; = 1 (see(MaassandMarkram,2002)for ajusti cation of this
versionof the equationwhich correctsasmallerrorin (Markrametal., 1998)).

Theparameterd), D, andF wererandomlychoserfrom Gaussiardistributionsthat
were basedon empirically found datafor suchconnections.Dependingon whetherthe
inputwasexcitatory (E) or inhibitory (1), the meanvaluesof thesethreeparametergwith
D, F expressedn secondswerechoserto be0:5, 1:1, 0:05(E), 0:25, 0:7, 0:02 (I). The
SD of eachparameterwaschoseno be 10%of its mean(with negaive valuesreplaced
by valueschoserfrom anuniform distribution betweer0 andtwo timesthe mean).

The effect of STDPis commonlytestedby measuringn the postsynapt neuronthe
amplitide A ; of theEPSP(or EPSC)for asingle spike from the presynaptimeuron(after
a longerrestingperiod subsequento the protocolfor inductionof STDP).SinceA; =
w U Rj onecaninterpretary change A intheamplitudeof A; (in comparisorwith
thevalueof A; beforeapplyingtheprotocolfor STDP)asbeingcausedy a proportioral
change w of the parametew (with U unchanged)by a proportionalchange U of
theinitial releasegorobability u; = U (with w unchanged)or by a changeof bothw and
U (andpossilte evenfurther synapticparameters)The rst caseis the onethatis most
commony assumedn modelingstudies(seee.g. (Abbott and Nelson,2000; Fregnac,
2002; Gerstnerand Kistler, 2002)), and is analyzedin sections5 and 6 of this article.
The secondcaseis stronglyfavoredby the experimentaldataof (MarkramandTsodyks
1996),andit is apparentlynot contradictedoy ary of the otherexperimentaldata(since
oneusuallymeasureshe ef cacy of the synapseafterinductionof plasticity with justa
singletestspike). This caseis examinedin section? of this article. Thethird caseis not
consideredecaus®f alack of quantiative experimentaldata.

According to (Abbott and Nelson,2000) the change A; in the amplitude A; of
EPSPdfor the rst spikein atestspike train) thatresultsfrom (usuallyrepeatedpairing
of the ring of the presynaptimeuronat sometime tP'® anda ring of the postsynape
neuronat time tPOSt= tPr€ 4+t canbe approximagd for mary cortical synapsedy
termsof theform

W, e B+ o if t>0
ACD= "W e= it t o0 2)
with constantdV, ;W ; .; > 0(andwith anextra clausethatpreventstheamplitude
A, from growing beyondsomemaximalvalueA ax or below 0).

For thetheoreticalanef_l,ysisin section4 spike trainsS(t) arerepresentethy sumsof
Dirac- functionsS(t) = |, (t ty), wherety is thek™ spike time of the spike train.
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Theleaky integrate-and- reneuronis replacechereby alinear Poissomeuronmodelas
in (Kempteretal.,2001)and(Gltig etal., 2003). This neuronmodeloutputsa spike train
SPost(t) which is a realizationof a Poissonprocesswith the underlyinginstantaneous
ring rate RP°S!(t). The effect of aninput spike at inputi at time t° is modeledby an
increasan theinstantaneousing rateof anamountw;(t9 (t t9, where isaresponse
kernelandw; (t9 is thesynapticef cacy of synapse attimet® Thus,theresponséernel
modelsthe time courseof a postsynapt potentialelictedby aninput spike. Sincethe
neuronmodelis causalwe have therequirement (s) = 0for s < 0. We will consider
plasticity only for excitatay connectionsothaty;  Oforalli and (s) Ofor all s.
In addition, theresponséernelis normalizedo 01 ds (s) = 1. Inthelinearmodel,the
contritutionsof all inputsaresummedup linearly:
x 21
RPS(t) = dswi(t s) (9)S(t 9, (3)
j=1 O

processthe generatiorof anoutpu spike is independentf previousoutputspikes.

3 The Perceptron Convergence Theorem and a coun-
terexanple to the Spiking Neuron ConvergenceCon-
jecturefor STDP

If oneassumethatSTDPonly affectsthe parametew, thenthechange w of theweight
(or ef cacy) of thesynapses accordingto (2) proportionako:

W, e B+ = if t>0
W ekt - if t 0 (4)

with an extra clausethat preventsw from becominglarger than somemaximal value
Wmax OF smallerthan0. HenceSTDP changeghe valuew,q of the synapticweightto
Whew = Woig + W accordingto therule

W = MINf Winay s Woig + W, e Brg ; if t>0 (5)
new maxo0; wogg W e® g ;if t0;
with someparameter§V, ;W > 0.

Thereexists someanalogybetweenthis STDP-ruleandcommonlearningrulessuch
asthe Hebbrule, the perceptronearningrule and the least-mean-squatdearningrule
for strongly simplied neuronmodelsthat are usedin the contet of arti cial neu-
ral networks. Thesesimplied neuronmodelsdo not “re” . Insteadtheir inputsand
outputsconsistof real numbers,which may changetheir value at eachdiscretetime



y 2 R theresultirg output thenthe basicHebbianlearningrule for changingheweights

w= Xy, (6)

where Oisthelearningrate.

For supervisedearningin arti cial neuralnetworksthereexists in additiona target
value Yieacher fOr the outputof a neuron,and by replacingy in the Hebbrule (6) by
Vieacher Y ONegetstherule

W = X (Yieacher Y) (7)

which is for a linear neuronmodely = w x the least-mean-squara Widrow-Hoff
rule (seesection2.2in (Rosenblatt1962;Haykin, 1999)). This learningrule implements
gradientdescentn weightspacefor the meanof squarederrors(Yeeacher ~ Y)? if applied
to alist of trainingexamples.

In the context of McCulloch-Pittsneuronsalsocalledperceptron®r thresholdyates,
whoseoutputy assume®nly valuesO or 1, this rule (7) is the well-known perceptron
learningrule (see(Haykin, 1999)and (Dudaet al., 2001)}. For this caseonecanwrite
rule (7) equialently in theform

8
< X 7 If Vieacher =1 andy=0

W= ( X) ; if Yteacher 0 andy: 1 (8)
0 ;. otherwise

The rst line of this perceptrondearningrule implementdearningfrom a positve example
X (whichisin thiscaseapositivecounteexamplehypothess de ned by thecurrentweight
Vectorw, SinCeVieacher = 1 buty = sign(w x) = 0). The secondine implements
learningfrom a negative examplex (i.e., from a negative counteexampleto the current
hypothesisde ned by w). Theseemingy trivial third line of therule makessurethatw is
not changedor the currentexampk x if it is correctlyclassi ed with the currentweight
vectorw (i.e., Yieacher = Sign(w X)).

The main resultaboutthis perceptronlearningrule is the PerceptronCorvergence
Theorem(see(Rosenblatt1962;Haykin, 1999;Dudaetal., 2001)). 1t stateghatlearning
with the perceptroriearningrule corvergesfor a givenlist L of examplesif andonly if
thelist L is linearly separablelf L is linearly separablethenthe weightvectorto which
thislearningrule corvergesis autonomicallya soluion of thecorrespondinglassi cation

LIf onede nessignz = 1if z 0, elsesignz = 0 (aswe do throughaut this article), thenthe output
y of apercepton canbede ned in compactform asy = signfw x). Onecomnonly usesthe convention
thatin the cortext of perceptonsthe rst compamentx o of ary inputvecta x hasa x edvaluexy = 1.
Thisimpliesthat p
. _1 it L wixg Wo

signw. x) = 0 otherwise ;

and hene the weight wy for this dummy compnentx of the input, multiplied with -1, assumeghe
effective role of anadapive thresholdfor the percepron.
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problem.Obviously linear separabilityof L is a necessargonditionfor the convergence
of perceptrorearning.But this simpleconditionfrom linearalgebrais alsosufcient: if

nite numberof timesthroughthelist L of training exampks (startingfrom any initial

weightsw 2 R"*1). The PereptronCorvergenceTheoremcanbeinterpretedasa very
positive resulton learnability sinceit impliesthatthe perceptroriearningrule enablesa
perceptrorto learn any mapfrom inputsx to outputsy thatit could possiblyimplement
in a stablemanner

Notethatarny weightvectorthatallows a perceptrorto becomeconsistentvith alist
L of trainingexamplesyields a equilibrium point for the perceptrorearningrule, since
in contrasto STDPthislearningrule automaticallypecomesnactive whennolongerary
errorsoccurfor the training exampks. Henceary settirg of w thatallows a perceptron
to solve a given classi cationtaskis automaically stabe with regardto the perceptron
learningrule. Suchautomatt stability is not provided by STDR Therefore,in orderto
make the SpikingNeuronConvergenceConjecturemoremeaningful(by givingit alarger
chanceo betrue)we will consideiin this sectiononly learningtasksfor spikingneurons
for which a solufon existsthatis stablewith regardto STDP In otherwords: we wantto
clarify whetherin asupervisegharadigmwheretheoutputis clampedo theteachesignal
STDP enablesa spiking neuron,startingfrom ary initial weights,to learnary transfor
mationF from input spike trainsto outputspike trainsthatit canpossbly implementin
a stablemanner(thisis the SpikingNeuion CorvergenceConjectue, abbresiatedSNCC,
seesectionl).

OnesalientdifferencebetweertheperceptrodearningruleandSTDPis causedy the
differentstructureof inputsandoutputsof perceptrongndspiking neurons:inputs and
outputsto a perceptrorare(static)vectorsof numbersywhereaghey arefunctionsof time
(spike trains)in the caseof a spikingneuron.Thusmathematicallythe transformatiori
from inputsto outputscomputedoy a spikingneuronwith n inputchannelss a Iter that

train S of the sameform.? Apart from this basicdifferenceregardingthe typesof inputs
andoutpus, the perceptroriearningrule andSTDPalsodiffer in thefollowing structural
aspects:

i) Thesignof ary weightw; of aperceptrortanbechangedy theperceptrodearning
rule,wherea®neusuallydoesnotassume¢hatSTDPcanturnanexcitatorysynapse
into aninhibitory synapseor vice versa.

i) In the casewherean examplex thatshouldbe classi ed negatively is incorrectly
classi ed throughthe currentweight vectorw (i.e.,y = signiw x) = 1 but

2Obviously aspikingneuon canonly implement causal lters F , wherefor any timet thevalueof S(t)
only depend ontheinitial segmensof S;;:::; Sy uptotimet.



Vieacher = 0), the perceptrorrule changesv in away thatmakesareoccurrencef

thismistalelesslikely. Somethingyuitedifferenthappensn theanalogouscenario
for STDPIf theneuronres in responseo aninputfor whichit is not supposdto

re. In our training paradigmwherehyperpolarizingeachercurrentssuppressll

undesiredring duringtraining,no change®f synapticparameteraretriggeredby

suchmistale duringtraining. Hencethis mistake is likely to shov up againduring

testing(wherethereareno teachercurrentsanymare). For the alternatve training
paradigmwheretheteacherdoesnot suppresshis undesiredring duringtraining,
therules (2) - (5) for STDP changethe synapticparametersn a way that even
positively reinforcefuture reoccurrencesf this mistale 2

iii) Theperceptrorearningrule leavestheweightsof the perceptrorunchangedavhen
it doesnot make a mistake (i.e., Yieacher = Y; Seethe third line of (8)), whereas
STDPwill continueto changesynapticparametergvenif theneuronres already
exactly atthedesiredimest (evenif this ring occurswithout the helpof anextra
“teachingcurrent”).

It hadbeenshavn in (Amit etal., 1989)thatthe rst apparendifferencei) between
perceptronearningandSTDPis notcrucialfor thecorvergenceof learning,sincetheper
ceptronconvergencetheoremalsoholdsfor a sign-congtainedversionof the perceptron
learningrule? We will shav in theremaindeof this sectionthatthe structuraldifference
i) (evenwithoutdifferencsii)) is quiteseriousandentailsafalsi cation of the SNCCfor
STDPin some‘worstcase’learningscenariosTo elucidatehisfact,we rst demonstrate
in Fig. 1 thatalsothe PerceptrorCornvergenceTheorenmwould no longerhold for certain
learningscenariosf the secondine of the perceptrorearningrule (8) (which speci es
its responséo negative countergampks)is deletedgvenif onestartswith initial weights
of value0. Thereasonis thatin this casethe resultingdecisionboundarydependson
accidentaldetailsof the positive examplesin the training setL, and negative exampks
cannothave ary impacton learning.

One cantransferthe main ideaof the counter@ampleillustratedin Fig. 1 into the
domainof spike trains,andprove in this way thatthe SNCCfor STDPis false,at least
for certainlearningscenariogseeFig. 2). If thesetof possilbe spike inputsonly consists
of thetwo patternsshowvn in Fig. 2, thenSTDPdoesnot corverge from all initial weight

3This may just be a de cit of currer formalizationsof STDP not of the biological reality of synap-
tic plasticity (Debane et al., 1998) and (Fregnac, 20@) have provided eviderce for synapticplasticity
resultingfrom teachetinducedsuppressiomf ring (Fig. 2D in (Markram et al., 1997) also shows this
effect).

4(SennandFusi,2005) have recentlyshavn thatthe pereptroncorvergencetheoremalsoremainsvalid
for alearningrule thatin additionkeepsthe sizesof positive weightsbourded.

SFormally the percepron learningrule is appliedin this exanple to a list L consistingof the positive
exampe hl; 1:5; 1:5i andthenegaiveexampgehl; 4; Qi. i.e.,L = hi; 1:5; 1:5; 1i; h1; 4; Qii . Thusthepoints
hl:5; 1:5i, h4; 0i have to be expardedby anadditiond dumny coadinatewith value 1, whoseassociated
weight representghe (adjustable)constantterm in the resultinghyperplaneH , seefootnote1. But this
formal detaildoesnot affect the validity of theargument.
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Figure 1: Demonstratiorthat the PerceptronCorvergenceTheoremfails if the second
line of the perceptronearningrule (8) is deleted,even if one startswith small initial

weights. Assumethat the hyperplaneH generatedby weight vectorw is the target
decisionboundary(positve examplesabore H , negative exampksbelov H ), andthat
thelist L of exampleghatoccursin the PerceptrorCorvergencelheoremconsistsof just
two examples: the posiive examplehl:5; 1.5 andthe negative exampleh4; 0i.° If one
startsfor examplewith theinitial weightvectorw = h0; Oi, adecisionboundaryparallel
to H will arise,no matterhow long the training is continued,if the secondine of the
perceptrorearningrule (8) is deleted. Any suchdecisionboundarywill missclassifyone
of thetwo examplesin thelist L.

settingsto a stablesolution althougha stablesoluion exists. Detailsof the veri cation
canbefoundin partB of the Appendix.

A B
S; I Sy
S, | Co Sz S
S3 | S3 I
tl t2 t3 t4 time tll tl2tl3 time

Figure2: Constructiornof a countergampk to ananalogouwersion(SNCQ of the Per
ceptronCornvergencelTheorenfor STDR S;; S;; S; denotehreeinputspiketrainsto three
synapsesf aneuron.PanelA depictsa positive examplewhere ring of thepostsynapt
neuronattimets is desiredwhereaganelB depictsa hegaive examplewhereno ring
of the postynapticneuronis desired.SeeAppendixB for details.

Sincewe considerin Fig. 2 only inputswhereeachpresynaptimeuron res at most
oncebeforethe target ring time t3 of the postsynapti neuron,the sameexamplealso
provesthatthe SNCCfor STDPfailsif oneassumethatSTDPchangesheinitial release
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probabiliies U insteadof the scalingfactorsw (seethe synapsanodeldiscussedn sec-
tion 2, with arulefor U thatis analogougo the previously discussedule (4) for w;
thisrule will bediscussdasrule (36) in section7). Thuswe have proven:

Fact: The SpikingNeuion CorvergenceConjectue (SNCQ for STDPis not geneally
valid, neitherfor thecasewhere synapticef cacies w are modulaedby STDR nor for the
casewhee initial releaseprobabilitiesU are modulaedby STDP

4 Theoretical resultson STDP in the contex of super-
visedlearning: average caseanalyss

We have shavn in the precedingsectionthatit is not possibé to derive for STDPa con-
vemgenceresultthat hasthe samemathematicastructureasthe PerceptrorCorvergence
Theorem(yieldingaguarante®f corvergenceor anysetof inputsjustundertheassump-
tion thata suitabk weightvectorexists). Thereforewe turn in this sectionto anaverage
caseanalysisof STDPfor Poissorinputspike trains.

The reasonwhy the validity of the SNCC for STDP dependsn the distribution of
inputs can alreadybe readoff from the analogousscenariofor the perceptronearning
rule withoutline 2 of (8) thatis shavn in Fig. 1. If thelist L of trainingexampleswould
not containjust a single positive example(i.e., one exampleof a point that lies above
the target decisionboundaryH ), but rathera larger setof positve exampksthatcover
theareaabore H , thenL would containmore positive exampleshx 1; Xoi with X, > X,
than positve exampleswith x, < x;. This asymmetryin the coordinatesof positive
exampless likely to causeaweightvectorw with w, > w;, sincetheperceptrorearning
rule (8) without line 2 createaaweightvectorw thatis proporticnalto the sumof positve
countergampleghatoccurduringlearning.Hencetheanglebetweertheresultirg vector
w andthetargetvectorw is likely to getsmallerfor suchmoreuniform distribution of
inputs(comparedwith the worstcasescenariodiscussedn Fig. 1). Analogousy, if one
generateposiive trainingexampkesfor a spiking neuronby injectingPoissorinputspike
trains, ratherthan constructingparticularexamplesof spatio-emporalinput patternsas
in Fig. 2, one createsa more uniform distribution of spatio-temporainput patternsfor
which the neuronis supposedo re. In this way the learningprocessvia STDP gets
implicitly also information aboutthe distribution of “negative examples”,i.e., spatio-
temporalinput patternsfor which the neuronis not supposdto re, andhencethey can
indirectly in uence the learningprocessaven without any explicit provision in the rule
for STDPthatdiscourageshe ring of theneuronfor suchinputpatterns.

It turnsout that for the averagecasea form of the SNCC doesin fact hold (Theo-
rem4.1)if the outpu of the neuronis clampedto the teachersignal,henceneitherfalse
positivesnor falsenegaivesariseduringtraining Furthermorene shav in Theorem4.2
thata generakriterionfor learnabilitycanbe given which hasthe form of a conditionon
the correlationmatrix of Poissoninputs. Curiously enough this conditionhasthe form
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of a linear separabilitycondition, just as the condition on learnability for perceptrons,
althoughit arisesherein a quite differentcontect. In generalit turnsout thatall these
provable corvergenceresultsfor STDP requirea suitablechoiceof the relationshp be-
tweenthe parameter§V. andW whichscaletherelative impactof synaptc facilitation
anddepression STDR
As a preparatiorfor the subsequergveragecaseanalysiswe needto expressweight
changegesultirg from STDP by suitableintegrals. STDP exploits correlationsbetween
input and output spike trains on the timescaleof the posiive learningwindow. Inputs
which are strongly correlatedwith the outputspike train are reinforced. If the integral
over the whole learningwindow is negative, inputswith correlationson chancelevel or
slighty above arewealened.More formally, let S; bethespike trainof inputi andlet S
be the outputspike train. Both arerepresenteth this sectionassumsof -functions(see
the de nitions at the end of section2). We considerthe total weightchange wi;(t) =
wi(t+ T) w;(t) resultingfrom pre-andpostsymaptic spikeswithin a giventime interval
of lengthT. Ignoringtheeffect of weightclipping, thetotal weightchanges theintegral
over all individual weightchangesesultingfrom learningrule (4):
Z it Z 1
w;(t) = dt° dt®@At® t99S (t9si(tY . 9)
t t
By substititings = t%° t°we get
YA t+T Z t+T 0
w;i(t) = dt® dsA(s)S (t°+ s)Si(tY) . (10)
t t to
But weightchangegluringthetime interval [t; t + T] canpotentially alsobe causedoy
pre- or postynaptic spikesthat do not fall into this interval (especiallyif T is small).
This canbe takeninto accountby extendingthe integrationrangeof the secondnterval
to(1l ;1 ),sothatonearrivesat
YA t+T Z 1
wi(t) = dt®  dsA(s)S (t°+ 9)Si(tH . (11)
t 1
This formulaassumesor simplicity thatall weightupdatesesultingfrom pre-andpost-
synapticring arealwayscreditedto thetime pointt®of the presynapticring. Theerror
causedoy this approximaton is smallif the learningratesde ned by W, ;W (i.e., the
sizeof eachsingleweightupdate)s sufciently smallandthe ring ratesaresufciently
small so thatthe value of a weight cannotchangetoo muchover the lengthof a single
“learningwindow” of STDP (i.e., during a singletime interval of a lengths for which
A(s) is still relatively large).

4.1 A necessarycondition oninput spike trains

If we assumehatthestatigics of inputandoutputspike trainsareconstanbveralearning
trial, the total weight changeover a sufciently long time interval T providesa good
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predictorfor theendresultof alearningprocessConsidera neuronwith n synapseand
asetM  f1;:::;ng. Supposehatthe neuroncomputeghetargettransformatior if
andonly if w; = w"® foralli 2 M andw; = Ofor alli 62M . Thenfor learningF the
learningwindow shouldbesuchthatall weightsw; withi 2 M have positive total weight
change.On the otherhand,all weightsw; with i 62M will needto have negative total
weightchangd(if it is allowedthattheinitial weightscanbenon-zero).If oneassumes
simple learningwindow with exponentialy decayingpositive andnegative partsasgiven
in rule (4), onecandeterminethe possiblerangeof W =W, by this criterion. For every
i 2 M, thetotal changeof w; hasto be positive:
Z t+T Z 1
di®  dsW, S (t°+ s)S(t9) e =+
Zt t+T ZO0
di® dswW S (t%+ s)S;(t9 e > 0. (12)
t 1
Therefore W =W, mustsatisfy

R, R
W Tdt0 ) dsS (1% 9)S(t9 e
We P70 Y dsS (t0+ 5)Si(19 e
foralli 2 M. Furthermordor everyi 62M, thetotal changeof w; hasto be negatie,
i.e.,,W =W, mustsatisfy

R.: R
w0 ) dsS (1% 9)S(t) e >

W > ™MHT 490 0 0 _
+ . dt® [ dsS (t%+ s)§(t9) e=

(13)

(14)

for alli 62M . A valuein the middle betweenthesemaximumandminimum valuesfor
W =W, seemglesirableo minimizethe effectsof noisein thelearningprocess.

4.2 Correlatedand uncorrelated Poissoninput

eratedthem.For example,onemayonly know the statisticsof theinputs(e.g. correlated
Poissorspike trains), but not the actualrealizations.Furthermoraf we assumehatthe
tamgetspiketrain S is generatedy someneuronwith a certaintargetweightvector, the
spike generatiorprocessmight be stochasti andS is thereforenot known explicitly. In
thesecasesthechange w; isarandomvariablewith ameandrift and uctuationsaround
it. Wewill in thefollowing focusonthedrift by assuminghatindividual weightchanges
arevery small and only averagedquantites enterthe learningdynamics,see(Kempter
etal.,1999).

The STDP-rule(5) avoidsthegrowth of weightsbeyondbound andw .« by simpe
clipping. Thisleadsto weightsthattendto assumeitherof theclippingvaluesO or Wy .
Alternatively onecanmalke the weightupdatedependentn the actualweightvalue

W, f.(w) e ¥« ; if t>0

WS W o fw e :if t 0

(15)
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with suitabk functionsf . (w) andf (w) (see(Kistler and van Hemmen,2000; van
Rossurnetal.,2000;Rubinetal.,2001)).In (Gutig etal.,2003)agenerafuleis suggested
wherethe weightdependenclastheform of a power law with a non-neative exponent
e (W) = (Wmax  W)=Whax) * andf (w) = (W=Wmax) . FOr . = =0
this rule recoversthe basicadditive update. The case . = = 1 correspondgo a
multiplicative modelwherethe updateis linearly dependenon the currentweightvalue.
In the remainderof this section,we assumdor simplicity thatwn,.x = 1and . =
= . Then,theweightdependenupdatefactorssimplify tof . (w) := (1 w) and
f (w) := w . Thusrule (15) becomes

W, 1 w) e ¥+ ; if t>0

W= W w ekt if t 0 (16)
With this synapticupdaterule, thetotal weightchangecanbe approximatedy
Z t+T Z 1
wi(t) = dt° dsW, f, (wi(t))e 5 S (t°+ s)S;(t9
dsW f (wi(t))e= S (t°+ s)Si(t% a7
1
wherewe have set , = = for corvenienceandreplaced . (w;(t9) by f . (w;(t)),

aswell asf (w;(t9) byf (w;(t)) (assuminghatlearningproceed®n atimescaldarger
thanT, i.e. thatw;(t) changesottoo muchduringatime interval of lengthT).

Considerthe ensembleof all possilte realizationsof input and output spike trains
given by some x ed spike generationprocessesor input and output spike trains. The
averageoverthisensembles in thefollowing denotediy h:i ¢ andcalledensemblaver
age. Takingtheensembleverageovertheweightchangdan Equationl7 anddividing by
T yields

| Z. z
hwie® _ 17" ot ) dsWee = IS (0+ 9SO e
T TS :
f W)  dsW e IS (% 9)S (e (18)

1

wherethe function hS; (t9S (t°+ s)ig, which measureshe correlationbetweenS; and
S , is de ned asthe joint probability densityfor observingan input spike at synapsé
at time t° andan outputspike attime t°+ s. A real neurondoesnot integrateover the
whole ensemblejnsteadlearningis driven by just a singlerealizationof the stochastic
process.But insteadof averagingover several trials, we may also considerone single
long trial duringwhich inputandoutputcharacteristiceemainconstantin thefollowing
analysisjnputandoutputspike trainswill alwaysbeassumedo resultfrom Poissompro-
cessesBecausean a Poissomprocessdisjoint time intervalsareindependentheintegral
in Equation17 decomposesto mary independengvents. Thus, for sufciently small
individual weight updatesjearningis self averaging(seealso (Kempteret al., 1999)).
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This meansthat insteadof learningon differentexampkesfrom the ensemblepne can
alsolearnfrom along singleexampleto achieze the meandrift in Equationl18.

We canexchangethe integralﬁin Equation18 andintroducea temporallyaveraged
correlationfunctionCi(s;t) := 1 t”T dt4S; (t9S (t% s)ie. Sincewewill in thefollow-
ing assumehatspike trainsarehomogeneouPBoissorspike trains,thetemporalaverage
canbe skippedandwe get

Ci(sit) = h5(1)S (t + s)ie (19)

for the temporalaveragedcorrelationfunction. We approximatethe left handside of
Equation18 by dw;(t)=dt  w;(t), andtherebyobtain

Z, Zy

wi(t) = Wof, (wi(t))  dse * Ci(sit) W f (wi(t)) dse Ci(s;t) . (20)
0 1

We call w; (t) thesynaptc drift of synapse.

We now returnto the previously discussedearningtask. Consideran arbitrary set
M f1;:::;ng andassumehatthetagetweightvectorw satisesw; = 1if i 2 M
andw; = O otherwise. The target outputspike train S is producedby a neuronwith
synapticef caciesw andinputspiketrainsS,;:::S,. Thequestionis, whetheraneuron
with someratherarbitrary initial weight vector can learnthe target transformatio F

givenby S duringtraining. Note thatfor homogeneou®oissonspike trainsasinputs
anda stationarygeneratiorprocesof thetargetoutputS , Ci(s;t) is constanbvertime.
We will skipthedependencent in the notatian to emphasizéhis.

A precisemathematicatharacterizatiof thosetamgettransformations- (de ned
by someweight vectorw ) which canbe learnedby STDP turnsout to be a bit com-
plicated. Onecomplication arisesfrom the factthata directanalysisof convergencefor
the STDPrules(4) and(5) is very dif cult becausehe resulting uctuations aroundthe
barriersO andwn,x arehardto analyze. It turnsout thatrule (16), i.e., rule (15) with
fo(w)y="f,(w)= (1 w) andf (w) =f (w) = w,iseasierto analyze.But this
rule yieldsno longercornvergenceto thetargetvectorw (in the caseof supervisedrain-
ing with teachetenforcedoutputspike train S ), but yieldsinsteadcorvergenceto some
otherweightvectorwhichis now dependenbn . For exampleequation28in the proof
of Theorem4.2 will shav that STDPwith multiplicative updatesaccordingto rule (16)
convergesto a weightvectorin (0;1)" evenif w 2 f0;1g". We expressthis weight
vectorthrougha functionW : R* ! (0;1)" which mapseach > 0 ontoa weight
vectorW( ) (wesetR* := fx 2 R: x > Ogin thisarticle). For ! 0thisrule (16)
approximateshe original STDP-rule(4), andaccordinglythe function W ( ) corverges
to thetargetvectorw . Thuswe have to replacea directanalysisof supervisedearning
with rule (4) by theanalysisof thelimit of supervisedearningwith rule (16)for ! O.
This motivatesthefollowing de nition of learnability.
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De nition 4.1 We saythat a target weightvectorw 2 fO0;1g" can approximatelybe

learnedin a supervisedbaradigm where the outputis clampedto the teading signal

by STDP with soft weight boundson homaeneousPoison input spike trains (short:

“w can be learned”) if and only if there existsa functionW : R* | (0;1)" with

lim, oW( ) = w andthere existW,;W > 0, sudthatforall > 0theensemble
averagedweightvectorhw (t)i g with learningdynamicggivenby Equation20 corverges

to W ( ) for anyinitial weightvectorw(0) 2 [0; 1]".

The following theoremassertghatstability of targetweightvectorsunderSTDPimplies
alreadythatthey canbelearned.Thisimpliesthateachlocally stableequilibrium pointof
theweightdynamicds aglobalattractorfor thedynamicalystende ned by thelearning
equations.

Theorem 4.1 A target weightvectorw 2 f0;1g" can be learnedif and only if there
existsa functionW : R* ! (0;1)" withlim , yW( ) = w andthere existW, ;W >
0, sudhthatforall > 0, W( ) is a stableequilibrium point of the ensembleaveraged
weightvectorhw (t)i g with learning dynamicgyivenby Equation20.

Proof: Dueto teachefforcing, theintegralsover the positve andnegative learningwin-
dow in Equatlorlggo donotdependnw (t) andgrethereforeconstantWe usethe abbre-
viationCP* for ;' dse = Ci(s) andC" for 2 dse® Ci(s). Thelearningdynamics
canthereforebe separatedhton mdependendane-dimenis)nal dynamicalsystens.

To shaw the “if " -part of Theorem4.1, we showv thatfor ary > 0, the stable
equilibrium point W( ) = hw 4;:::;w, i is the only equilibrium point of the sys-
tem. Consideran arbitrary > 0 and a arbitrary synapsel. Sincew; Iis a stable
equilibrium point, the synapticdrift for small perturbationfrom w; is suchthat w;
cornvergesto w; . We shav that the synapticdrift hasthis propertyfor all initial val-
uesw;(0) 2 [0; 1] (sincethe systemis time invariant, it sufces to considerperturba-
tionsatt = 0). For all w;(0) < w; with w;(0) sufciently closeto w; , we know
that the synapticdrift is positive, becausehe equilibrium point is stable. From Equa-
tion 20we get0 < w;(0) = W,.CP®(1 wi(0)) W C™w,;(0) . By de nition
we have CP*;C™% 0, andCP*® = C™ = 0is impossiblesincethis would imply
w; (0) = Ofor aIIvaIuesofwi (0). Thereforejt holdsfor all wY0) with0  wY0) < w;(0)
that W.CP®(1 w(0)) W C™w;(0) < W,.CP®1 wX0)) W C™wX0) .
Hencethe synaptc drift is positive for all weight valuessmallerthanw; . A simi-
lar agumentshaws that the synapticdrift is negative for all weight valuesw;(0) with
w; < w;(0) 1. Togetherthisimpliesthatw is the only globally stableequilibrium
point of the learningdynamics. Hence,the ensembleaveragedweight vector hw (t)i g
cornvergesto W ( ) for ary initial weightvectorw (0) 2 [0; 1]".

We now shaw the “only if” -partof Theoremd. 1. If thetargetvectorcanbelearned,
thenfor someW. ;W > 0, we know thatfor ary > 0, theensembleveragedwreight

A pointx in the statespaceof a dynamical systemis calleda equilibrium poirt if it hasthe property
thatwhenever the stateof the systemstartsatx , it remairsatx for all futuretimes. A equilibrium poirt
X issaidto bestablejf thestateof thesystemcorvergesto x for all sufciently smalldisturbaicesaway
fromit.
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vectorhw (t)ig convergesto W ( ) for ary initial weightvectorw(0) 2 [0;1]". Since
W( ) 2 (0;1)", we candrav w(0) from a small surroundig of W( ) which is still
in [0; 1]". This impliesthat W( ) is a stableequilibrium point of hw(t)i ¢ underthe
learningdynamics. Hence,for thesevaluesof W, andW it holdsfor all > O that
W () isastableequilibrium pointof hw(t)i g underthelearningdynamics.Thisimplies
the“only if” -partof Theoremd.1. [

For amorethoroughanalysisof the learningequationwe will have to incorporatea
speci ¢ neuronmodel. For the integrate-and- reneuron,no closedformula exists that
relateshe correlationbetweennputsandoutputsto the neuronparametersWe therefore
give an analysisfor the linear Poissonneuronmodel (seesection2; seealso (Gerstner
andKistler, 2002)). The next theoremis the main resultof this section. We de ne the
normalizedcrosscorrelationbetweeninput spike trainsS; andS; with a commonrate
r>o0as 1S.(t) S (t + 9)i

i j S)le
CY(s) = Jr2 :
which assumesalue0 for uncorrelated?oissonspike trains. In our neuronmodel,cor-
relationsareshapedy theresponsdernel (s) andthey enterthelearningequation(20)
with respecto thelearningwindow. Thismotivatesthede nition of windowcorrelations

(21)

1Z 1 Z 1
¢ =1+ = dse & ds’ (s9C{(s <9 (22)
0 0
for the posiive learningwindow, and
1Z 0 Z 1
G = 1+ = dse> ds’ (s9C{(s <9 (23)
1 0

for the negative learningwindow. In thesede nitions, the secondintegral expresses
ltering of the correlationfunction with the responsekernel . We call the matrices
non-ngaive andthatfor homogeneouPRoissonnput spike trainsandfor a non-neatve
responsdernel,they arepositive® We arenow readyto formulateananalyticalcriterion
for learnability:

Theorem 4.2 A weightvectorw can be learnedfor homaeneoudPoissoninput spike
trains with window correlation matricesC* and C to a linear Poison neuion with
non-ngativeresponséernelif andonlyif w 6 0 and

n + n +
p k=1 Wi Cik s p k=1 \NkCJk

n " n
k=1 Wk Cik k=1 Wk Gk

8FromEqudion 22t foIIowsthatci’j' = Oonlyif ;l dshS;(t) Sj(t + s)ie = 0. Accordng to Bayes'
theoren, this equalitycanbe rewritten ashSi(t)ie , ds hS;(t + s)jspikein S; attimetie = 0. This
impliesthateithertherateof S; or therateof S; is zerowhich contradictsour assumptiorof positive rate.
A similarargumentcanbeappliedfor ¢;; .
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ThisTheorencanbeinterpretedn thefollowingway. Theamounif correlationbetween
inputi andtheoutputalsodepend®n otherinputsk which arecorrelatedwith thisinput
Furthermorethe impactof sucha correlatednput dependsn its weight. In the linear
model, theseeffectsare sumned up. Theoremd.2 assertsa criterion on the fraction of
suchsummedcorrelationsin the positve and negative learningwindow. This fraction
needdo belargerfor synapsethatshouldbe potentiatedhanfor synapseshatshouldbe
depressed.

Proof: Wewill prove Theorend.2with thehelpof Theoremd.1. We will thereforeat
rst analyzethe equilibriumpointsof Equation20 for the linear Poissomneuronmodel.
Considera linear Poissonneuronwith the constantarget weightvectorw . We obtain
the correlationfunction hSj(t) S (t + s)ig of inputi with the outpu by insertingthe

(Equation3) into Equation19:°
x 21
Ci(s)=hSi(t)S (t+9s)ig = w ds” (HhSi(t) Si(t+s sAig .
j=1 0
With the useof simplemathematicsye canrewrite this equatioras

N Z,
Ci(s)=r> w, 1+ i ds’ (9 Cj(s s) . (24)
j=1
Equation24 describeghe input-ouput correlationsof a neuronwith targetweightsw .
Sincethe outputof the teachecheuronin our setupis clampedto S , thesecorrelations
drivelearningin thesynapsesf theteachedeuron.Substituing Equation24into 20and
usingEquation21, we cancalculatethe synapticdrift as
o 24 Z,
W, = WL (W) W, dse & 1+ ds’ (s) CP(s 9
=1 0 0
J Z 0 Z 1
r’Pwf (wi) w dse 1+ ds’ () CP(s s) . (25)
j=1 1 0

Equation25 canberewrittenin termsof thewindow correlations; andg; as

X X . X
j=1 j=1

We nd theequilibrium pointw; of synapse by settingw; = 0in Equation26. This

yields P, .
f (WI) — Wi — W, szl Wj Cij (27)
fo(w) 1 w; wWowg

9To shaw thatthis is valid, we obsere thathS; (t)S (t9ig = hS;(t)hS (t9igoig (thisis justarear
rangenentof the summatio terms). Here,h: i go indicaesthe ensembleverageover the ensembldor
givenS;;:::;S,,i.e.onlyS (t9 is varied.
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whichisdenedforw 6 0 (Qotethatwj Oforj = 1;:::;n, andc{};qj > 0 for

i) =21::5;n). WedenoteVWLPjnj—m by ;andnd
I
1
w; = 1+ —= . (28)
|
The equilibrium pointsof the learningdynamicsfor given andW. ;W aretherefore
givenbyw = hw 4;:::;w, 1. If we cannot nd valuesfor W, ;W suchthat these
equilibrium pointsarestable thenthe targetfunction cannotbe learneddueto Theorem
4.1. Thestability analysisof theequilibriumpointsis basedn Equatio 26. Onecansee
thatthedrift is identicalto zerofor all W. ;W if w = 0. In thiscasegvery pointin the
statespaceis an equilibrium point, but noneis stable. It follows thatthe tamgetfunction
cannotbelearnedf w = 0.

In thefollowing we assumehatw 6 0. We shaw thatin this casethe equilibrium
pointis stablefor all ; W, ;W > 0. We considera small perturbation w of a single
component; from theequilibrium pointw; . Thisleadsto somedrift w; of theperturbed
system:

r2 X0 X0
Wi = T[W+f+(Wi +w) o owg W (wi+ w  wgl. (29)

j=1 j=1
Forall > Oand w > O,it holdsthatf , (w;+ w) < f,(w;)andf (wj+ w)>1f (w).
Becauseq} ;¢; > 0, the synapticdrift of the perturbedsystemw; is smallerthanthe
synapticdrift of the systemin equilibrium whichis 0. It follows thatthe synapticdrift
is nggative for w > 0. A similar agumentshows thatthe synapticdrift is positive for

w < 0. Thereforetheequilibriumpoint of thesystemis stableif andonlyif w 6 0.

To summarizewe know thatthereexistsafunctionW : R* ! (0; 1)" suchthatfor
all Wi ;W ;> 0, W( ) is astableequilibrium point of the learningdynamicsif and
only if w 6 0. Here,we canidentify W( ) with w . If we comparethis statement
with Theorem4.1, we candeducethatthetargetvectorw canbelearnedif andonly if

criterionis indeedequialentto thecriteriongiven in Theoreny.2.
We de ne two setsof indicesM andM , whereM containsall indicesi with w; =

1 andM containsall indicesi with w; = 0. More formally, we dene M = fi 2
f1;:::;ngjw;, = 1gandM = fi 2 f1;:::;ngjw; = Og. Notethatlim , ow; = 1
if andonlyif ; > 1. Furthermore)im , ow; = 0if andonlyif ; < 1. Therefore,

lim, gw = w holdsif andonlyif ;> 1foralli2 M and ; < 1foralli 2 M. By
thede nition of ;, thisstatemenis equvaentto thefollowing statementlim , gw =
w if andonly if

W P now q*_'

< P12 3T foralli2 M, and (30)
N
W nowc _

> plft 1S foralli2 M. (31)
W, =1 W, G
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Equations31 and30 canbetakentogetherto form asingke criterion: lim , gw = w if
andonly if
P
D Ezl chlJI(
n
k=1 WkCik

D Ezl chj+k - T . . .
> P2 for all pairshi; ji withi 2 M andj 2 M. (32)
k=1 WGk

If Condition32 is satis ed, we know thatwe can nd valuesfor W, ;W > 0 suchthat
Conditions30 and 31 are satis ed. On the otherhand,if Condition32 is not satis ed,
thereare no suchvalues. Note that condition 32 is satis ed if no suchpairsexist (i.e.
w;, = 1for all i). In this casewe canchooseW =W, arbitrarily smallto guarantee

convergence.Hencewe have shavn thata tarmgetvectorw canbelearnedf andonly if
w 6 0 andCondition32is satis ed. This concludeghe proofof Theorem4.2. [

For a wide classof cross-correlatioriunctions,one can establisha relationshp be-
tweenlearnabilityby STDPandthewell-known concepbf linearseparabilityfrom linear
algebra.

thaty; = sign(c; w ) fori=1;:::;m.

Theperceptrorconvergenceheoremassertshatalist of trainingexamplescanbelearned
if aweightvectorexists thatseparateghelist (i.e. if thelist is linearseparable)We will
shaw thatthede nition of linear separabilityturnsout to be usefulalsoin the context of
spikingneuronsf it is appliedto thewindow correlationmatrix C* of inputspike trains.
Becausef synaptc delays,theresponsef a spiking neuronto aninput spike is delayed
by sometime t,. Onecanmodelsucha delayin the responseernelby the restriction
(s) = Oforalls t,.1° Thefollowing Corollaryassertshatif input correlationsci?(s)
vanishfor time differences < tq (i.e. cross-correlationappeaionly in atime window
smallerthanthe delay),thenlearnabilitycanbe statedin termsof linear separability As
shavn in thethe proof of Corollary4.1,this condition impliesthatc; = 1foralli; j.

Corollary 4.1 If thereexistsat, Osudthattheresponséernel (s) = Oforalls tg
andCi? (s) = Oforall s< tg;i;j = 1;:::;n, andthewindowcorrelationmatrix C* is
positive thenthefollowing holdsfor the caseof homaeneoudPoissoninput spike trains
to a linear Poissonneuonwith responséernel :

A weightvectorw canbelearnedif andonlyif w 6 0 andw linearly sepaates

Corollary4.1 canbeviewed asananalogorof the PerceptrorCorvergenceTheoremfor
theaveragecaseanalysisof STDP

opifferentsynaseshave differert delays. Here, we only considera singledelayt  for all synapses.
However, this assumptioris not critical for the analysis. It caneasilybe genealizedto various different
delays.
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Proof: Thewindow correlationsc; aregivenby

120 ‘1
Cij = 1+ — dse™ dSO (S%CIJO (S S%
1
1 z 0 % to z 1
- 1+ - ds &5 ds? (S%Ci?(s S% + ds® (S%Ci? (s SO)
1 0 to

= 1.

The rst integral in the squarebracletsvanishedecause(s® = 0 for s° 2 [0;to]. The
secondntegralin thesquarebracletsvanistesbecaus€? (s s) = Ofors s°< tg
and (to) =

We can apply Theorem4.2. Theinequalityin Theorem4.2 becomesfpi;lw# >

k=1 Wi

—*J‘L#WA LetM = fi 2 f1;:::;ngjw, = 1gandM = fi 2 f1;:::;ngjw; = Og. We
nd thatthewelghtvectorcanbelearnedf andonlyifw 6 0 and

X0 X
WG > WG (33)
k=1 k=1

for all pairshi; ji withi 2 M andj 2 M.

It remainsto be shovn that Condition 33 is equivalent to the statementhat w
linearly separateshelist L = htey ;w,i;:::;hct;w,ii . Condition33is satis edif and
only if thereexists somethreshold suchthatw c > > w cj+ for all pairs
h;ji withi 2 M andj 2 M. Thisis equvalentto theconditionthatthereexists some
threshold suchthatsign(c w ) = w; foralli = 1;:::;n. ThereforeCondition
33 holds if andonly if w Iinearlyseparatet [

The formulationof Corollary 4.1 is tight in the sensethat linear separabilityof the
list L alone(asopposedo linear separabilityby the targetvectorw ) is notsufcient to
imply learnability Thisfollows from the following fact:

Proposition 4.1: Thee exists a window correlation matrix C* = fcI Oij =122
window correlations c+ andthere exist vectos w;w 2 f0;1g", sudh thatw Imearly
sepamtesthelist L = hkej;wji;:::;hc);w,ii butw doesnot linearly sepaste L.
Thusthelist L is linearly sepanble but thetargetvectorw cannotbelearnedby STDP

Proof: ConsidehomogeneouBoissonnputspike trainsof rater whichhave normalized
crosscorrelationfunctionsof the form Ci? (s) = °” (s) with non-ne@ative correlation
coefcients ¢; . Let C denotethe matrix with entrlesc.J andc; denotethei-th row of
C. Furthermoreconsidersomeresponseernel with (s) = Ofors 0. Obvioudy,
we canapply Corollary 4.1 here. The positve window correlationfunctionsare of the
form q* = 1+ ¢; for someconstant > 0. Onecanshowv thatfor target values
y1;:::¥n 2 £0;1gthelist L = hiel;yii;:::;hc);y,ii is linearly separatedby a vector



(seeAppendix C). We will thereforeconsiderthe matrix C of correlationcoefcients
cj insteadof C*.
Considerthe matrix andvectors

1 0 1 0 1
1 025 01 05 O 1 0
025 1 01 05 O 1 0
C= 01 01 1 005 0 ,w = 1= w= 1= .
05 05 005 1 O 0 0
0 0 0 0 1 1 1
ThelistL = hfey;wyi;:::;he,; w,ii wherec; is thei-th row vectorof C is notseparated

by w , becauseCw = (1:35;1:35,1:2;1:05,1)". However, w separates. because
Cw = (0:1;0:1;1;0:05,1)". Onecanshaow thatthereexist Poissonspike trains with
correlationmatrix C, see(LegensteirandMaass2004). [ |

For uncorrelatednput spike trainsof rater > 0, eachinput spike trainis correlated
only with itself andonly for zerotimelag. Thusthenormalizedcrosscorrelationfunctions
aregivenby Ci? (s) = -~ (s), where j istheKronecler deltafunction. In this case the
conditionfor Corollary 4.1 is satis ed for every responsekernel with (s) = 0 for
s 0. Furthermorethe positive window correlationsare given by ci’j' =1+ y for

suchentries,every weightvectorw 2 f0;1g" separateshe correspondindist. Thus,
with suitablevaluesof W andW., , ary targetweightvectorw 2 f0;1g" withw 6 0
canbelearnedfor the caseof uncorrelatedP?oissonnput spike trains:

Corollary 4.2 Atargetweightvectorw 2 fO0;1g" canbelearnedin the caseof uncor
relatedPoissoninput spike trains to a linear Poissonneuion with responsdernel sud
that (s) = Oforalls Oif andonlyif w 6 O.

Equations30 and 31 give necessaryonditionsfor the relationshipbetweenlong term
depressiorandlong term potentation for successfulearning. For uncorrelatedPoisson
input, Equation31 predictsthatW =W, hasto be largerthanl. By Equation30, this
fractionis boundedrom above by

Wi
<1+ P . (34)
+ =W
As describedn section4.1, an optimal fraction W =W, lies on the half way between
1 andthe upperextremeof this inequality For increasingn anda constantfraction of
nonzeroweights,thesumin thedenominatoof Equation34 becomesarger. Equation34

thereforepredictsthatthis ratio dropswith increasingn (seeexperimentl in sectionb).
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For uncorrelatedPoissoninput and with differentpowers . and , Equation27
which describeshe x edpointof asynapses reads

= 1+ — P . 35
1 wij)+ W roLw (35)

Notethatthis equatiomotonly holdsfor binarytargetvectorsw , but alsofor continuous
tagetvectorsw 2 [0; 1]". Thelearningrule thereforere ects the orderingof thetarget
weightsw in its equilibrium point (i.e. for two synapses; j with w; > w;, we get
w; > w; ). With appropriateparameters ., , W,, andW , oneshouldbe ableto

learnagoodapproximatimtow . Thisis con rmedwith computeisimulatonsin section
6.2. However, this orderingbreaksdown for correlatednputs, becauserosscorrelations
betweennputshaveastrongin uence ontheequilibrium pointsof thelearningdynamcs.

5 Computer simulations of superwised learning with
STDP: Weight modulations

We have shawvn throughcompuer simulatonsthatin spite of the negative resultfrom
section3 for the SNCCin a worstcaseinput scenariothe SNCCfor STDPis approxi-
matelysatis edfor Poissonnputspike trains,with andwithout correlationsamongthem.
This positive resultis not surprisirg in view of the theoreticalpredictionsof section4,
but it is notautomaticallyimplied by the precedingheory In orderto make a theoretical
analysisfeasible,we neededo malke in section4 a numberof simplifying assumpbns
on the neuronmodel(linear Poissomeuron)andthe synapseanodel(staticsynapses)in
additiona numberof approxinationshadto be usedin orderto simgdify the estimates;
for examplewe hadonly analyzedensembleerageanddrift andhadassumedhatthe
impactof stochasticuctuations couldbeignored.As a consequencee will seefor the
morerealisticmodelsof neuronsandsynapseshatthe weightvectordoesin generainot
convergeto thetamgetvector but rather uctuatesin theneighborhod of thetargetvector

We considerin this sectionandin sections6 and 7 the more realistic modelsfor
neuronsand synapsesliscussedn section2. We alsoshowv thatin somecasesa less
restrictve teacherforcing sufces, that toleratesundesiredring of the neuronduring
training. Detailsto the simulationscanbefoundin AppendixA.

Apart from the failure of comman rules for STDP to respondappropriately(by a
suitablereductionof weightsof excitatory synapseso “negative examples”,wherethe
neuronres althoughit shoutl not re, we hadidenti ed in section3 two otherstructural
differencesetweerthe perceptroriearningrule andSTDP:

i) STDPcannotchangethe“sign” of asynapse

iii) STDPkeepschangingsynapticparameters$or inputsthatarealreadyprocessedh
thedesiredway by the neuron.
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In all our simulatonswe apply STDPjustto excitatorysynapsegandthey remainexcita-
tory), whereaghe parametersf inhibitory synapsesemainunchangedlargely because
of a lack of commony acceptedexperimenal dataon STDP for “generic” inhibitory
synapses)We shawv thatthe resultingstructuraldifferencei) to the perceptrorlearning
rule causesho problemfor the cornvergenceof learningin the computerexperimentgis-
cussedn this article (note that no inhibitory inputs were consideredn the theoretical
analysisof sectiond).

Theproblemiii) certainlyhasanimpactinsofar asit causesiever-ending uctuations
aroundthe targetvector anddoesnot allow alocking ontothetargetvectorafter nitely
mary stepsasin the caseof perceptronearning. The theoreticalanalysisof section4
had assumedhat the neuronnever res during training exceptwhenit is supposedo
re. In the subsequentompuer simulatins the neuronreceved a strongdepolarizing
inputwhenit wassupposedo re, andanhyperpoérizinginput, which preventedmost
(but not all) undesiredring, whenit wasnot supposdto re. It turnsoutthattheuse
of suchhyperpoérizing teachetinput is not necessaryf one startsinsteadthe learning
with small (randomlyassignedjnitial weights. With large initial weightsand without
hyperpolarizingeachetinput, learningcapabilitiesareweak(resultsnot shavn).

Experiment 1 (uncorrelated input): In this experiment a leaky integrate-and- re
neuronreceved inputsfrom n = 100dynamt synapses90% of thesesynapsesvere
excitatory and 10% were inhibitory. For eachexcitatory synapsethe maximalef cacy
Wmax Waschosenfrom a Gaussiardistribution with mean54 and SD 10.8, boundedby
54 3SD!!. Tametweightvectorsw werechosenasfollows. We randomlyselected
one half of the excitatory synapsesnd settheir weightsto the correspondingnaximal
ef cacy wnax . Theweightsof theotherexcitatorysynapseweresetto zero. Theresultirg
tagetweightvectorw wasthenusedto de ne atransformatiorf, thatmaps100input
spike trainsto oneoutputspike train. Thethresholdof the neuronwassetsuchthatthe
rate of the outputspike train was approximately25 Hz for an input consistng of 100
uncorrelatedPoissonspike trainswith a rate of 20 Hz (this input rate was usedfor all
subsequergxperimens, exceptfor experiments).

We thenreplacedthe weightsof all excitatory synapsedy new randomlychosen
valuesaccordingo agammadistribution with mean9 andstandardlieviation 6:3. Weights
of inhibitory synapsesemainedx ed throughat the experiment(this alsoholdsfor all
otherexperimentsdiscussedn this article). We thenexaminedwhetherthe neuroncan
learnwith STDPto reproducethe previously de ned transformatiorF from input spike
trainsto outputspikesfor aninput consistingof 100 uncorrelatedPoissorspike trainsat
arateof 20 Hz. Informationaboutthe targettransformatiorF wasgivento the neuron
only in the form of shortcurrentinjections(1 A for 0.2 ms) at thosetimeswhenthis
transformationF (i.e., the neuronwith the weight vectorw ) would have produceda
spike. LearningwasimplementedasstandardSTDP (seerule 5) with parameters., =

= = 20ms, W, = 0:3,andW =W, = 1:.035

11).e.,valueslowerthan21:6 (greaterthan86.4) werereplacedy 21:6 (86.4).
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Thelearningsimulationwasperformedor 3600second®f simulatedbiological time
with onelong input sequencdi.e. without repetitionof identical spike trains). Longer
simulations (4 hourssimulated biological time) were performedto testthe stability of
results. No signi cant changesn the resultswereobsered for theseruns. Resultsof a
typicallearningtrial areshowvn in Fig. 3.
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Figure3: Learninganarbitrarytransformatio F on 100uncorrelatedPoissonnputs.A)
Outputspike train on testdataafter onehour of training (trained)comparedo the output
of thetargettransformatior (target). B) Evolution of the anglebetweenweightvector
w(t) andthevectorw thatimplemensF in radiant(angularerror, solidline), theweight
deviation (dashedine), andspike correlation(dottedline). C) 20 weightsfrom the vector
w (eachweighthasits maximalpossibé valueor value0). D) Correspondingveights
of thelearnedvectorw (t) afteronehourof training.

Threedifferentperformanceaneasuresvereusedfor analyzingthe learningprogress
(seethethreecurvesin panelB). The mostinformative one (“spike correlation”, plotted
in panelB with a dottedline) measuredor testinputsthat were not usedfor training
(but hadbeengeneratedby the sameprocessjhedeviation betweerthe outputspike train
producedy thetamgettransformatiort for thisinput,andtheoutputspiketrain produced
for the sameinput by the neuronwith the currentweightvectorw (t). For thatpurpose
eachspike in thesetwo outputspike trainswasreplacedoy a Gaussiarfunctionwith an
SD of 5 ms. The spike correlation betweenboth outputspike trainswasde ned asthe
correlationbetweertheresultingsmooh functionsof time (for segmens of length100s).
Thismeasurgenalizesnissingor super uousspikesproducedy thetrainedneuron but
alsoimprecisionin timing of spikeson the scaleof a few ms. The othertwo measures
areobtainedoy comparingdirectly the currentweightvectorw (t), with thetargetweight
vectorw . Theangularerror measuretheanglebetweerthesetwo vectors(solidline in
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panelB). Notethatthis measuraloesnotre ect differencesn the magniudeof vectors,
in contrasto thethird measureweightdeviation. Weightdeviation is the meanabsolute
Welghtdlfferencgnormallzedby the meantargetweight. Thus,theweightdeviation can
be compued as w with n. beingthe numberof excitatory weights. Note
thatthelattertwo measureareverydlrect but canbe deceptve, sincein generakeveral
differentweight vectorscan producegood approximatios to the target transformatio

F (especiallyif inputsare strongly correlated). PanelsC andD in Fig. 3 shawv for an
arbitrarysubsebf 20 of the 90 excitatory synapseshe valuesof weightsin w (panelC)

andw (t) (panelD) fort = 3600s. Theweightsinw have eithervalueO or therandomly
chosermaximalvaluew,, for thatweight. Theresultsshavnin Fig. 3 demonstratéhat
the spiking neuronwith dynamicsynapsesvasableto learnwith STDP after about30

minutesof trainingthetargettransformatio F quitewell, andfurtherlearningwith STDP
did not reducethe quality of the approximation.Although the chosenspike correlation
measureequalszerofor uncorrelated?oissonspike trainsof a comma rate, we tested
the spike correlationof randomlychosenweightvectors(insteadof the learnedvector).
Thespike correlationproducedoy 20 weightvectorsdravn from the samedistribution as
thetargetweightvectorw was0:24 0:04(mean SD).Hencethespike correlations
achievedarefar abore chancdevel.
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Figure4: Resultondifferentinputsizes.For eachinputsize,thesimulatonwasrepeated
20timesfor differenttargettransformatior differentinputs, anddifferentinitial condi-

tions. The meanand standarddeviation is shawn for spike correlation(A), andangular
error (B), after 1 hour of training. Panel C shaws training time neededuntil anangular
errorof lessthan10 degreeis achieved.

In orderto testwhetherthis positive resultis representatie, we carriedout 100 rep-
etitions of the sameexperimentwith differenttarget vectorsw , differentinitialization
w (0) of theweightvectorbeforelearning,anddifferentnumbersof inputs. 20 repetitions
of the experiment(alwayswith nev Poissorspike trains)werecarriedout for 5 different
dimensims (i.e., for 5 differentnumbersof simultaneosly injectedPoissorspike trains)
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betweer25and200. ThequotientW =W, wassetto1.12,1.05,1.035,1.025,1.0175for

25,50, 100,150,and200inputsrespectrely. Resultsareshowvn in Fig.4. PanelsA and
B shav thatrandomlychosertargettransformatios F arelearntquite well with STDR

with only slightdeterioratiorof performancevenfor biologically realisticlargenumbers
of input spike train. However, the requiredtraining time increasesoughly linearly with

the numberof inputs but stayswithin areasonableange.

Experiment 2 (noisy teacher): In arealisticscenarioof predictionlearningthe pre-
dictedinputsarelikely to have sometiming jitter. We thereforerepeatedexperimentl
with the timing of “teacherspikes” jitteredby Gaussiamoisewith zero meanand SD
4ms. In this caselearningtook considerablyonger(65 12 minutescorvergencetime
until anangularerrorof 10 degreeswasachiesed for the casel00 input spike trains,
for 20 repetitionsof the experiment. 500 minutessimulatedtraining time.), andyielded
thefollowing results:spike correlation0:67 0:1, angularerror7:5 1.9 degreesweight
deviation2:3  0:5%, for W, = 0:045 W =W, = 1:0055'2

Experiment 3 (correlated input): Thereexist mary correlationsamongspike trains
from differentneurondn a neuralsystemandthereforewe have alsocarriedout a varia-
tion of experimentl wheredifferentsubgroup®f input spike trainshaddifferentdegrees
of correlation.

In this setup,inputswith weight 0 in the generatiorof the tamget transformatiorare
correlatedwvith theoutput. Thereasorfor thisis thatsuchinputsarecorrelatedwith other
inputsthathave a posiive weightandcorrelationswith the output. Furthermorestronger
correlatedyroupshave a strongerin uence on the output. In the extremecase weighted
inputsof inputgroupswith smallcorrelationwithin thegroupmaybelesscorrelatedvith
the outputthannon-weightednputs within stronglycorrelatedgroups.Again, Equations
13 and 14 help to predict successfulearningandto determinea suitable quotientof
W =W,.

The experimentaketupwassimilar to thatof experimentl. The 90 excitatoryinputs
weredividedinto 9 groupsof 10 synapsepergroup. Spike trainswerecorrelatedwithin
groups,whereasthere were virtually no correlationsbetweenspike trains of different
groups.

Correlatedspike trainswith given correlationcoefcients cc andgivendecays . of
correlationdor time shiftedversionsof suchspike trainsweregenerate@ccordingo the
methodghatwereintroducedandanalyzedn (Gutig etal., 2003). More precisely spike
trainsS;; §; were generateduchthatthe correlationfunctionCj; ( t) = hS;(t)S;(t +

t)i, of Sy andS; is exponentialy decayingasafunctionofj tj, with somesmalltime
constant .. (seeAppendix). The correlationcoefcient cg within groupi consistng of
10 spike trainswassetto 0:1 (i 1) fori = 1;:::;9. Thetime constanif decay ¢
wassetto 10ms?!3

125omaevhat betterresultscan be achieved with addtional inhibitory input that reducs non-teaher
indueed ring (seeexperiment3 for details).Onegetsthena spike correlationof 0:73  0:16.
13The peakcorrelation of the cross-carelationfunctionis actuallysmaller The correlation factorcc is
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Target transformationd= whereall synapse$elongingto the samegroup of size
10 areall assignedhe weight0 or the maximal possilke value canbe learntaswell as
thetamgettransformatiorconsideredn experimentl. Thereforewe have focusedon the
moredif cult casewheretamgettransformation$ have to belearntthatrequiredifferent
weightsfor highly correlatednput spike trains. More preciselywe have choserthe most
dif cult case:tamgettransformation$- thatweregeneratedy assigningwithin eachof
the 9 groupsof the 10 excitatorysynapse$o 5 of themtheweightO andto 5 of themtheir
maximalweightvalue wnax (Which wasagainchosenrandomlyfor eachsynapseasin
experimentl).

PanelA in Fig. 5 shavsatypicalweightvectorthatresultsan thisway. Notethatlearn-
ing is notonly basedn teacherspikesbut alsoon nonteachetfinduced ring. Therefore,
in additionto the dif culties notedabove, strongly correlatedgroupsof inputstendto
causeautonomos (i.e., notteachetinduced) ring of the neuronwhich resultsin weight
increasedor all weightswithin the correspondingyroup of synapsesccordingto well-
known resultsfor STDP (Songet al., 2000; Gitig et al., 2003). Obvioudy this effect
makesit quitehardto learnatargettransformatiorf thatrequireghathalf of theweights
for eachcorrelatedyrouphave valueO.

However, spike correlationsof 0:79  0:09 could still be achieved (20 runs,angular
errorl41l 10degreesweightdeviation8:6 6:3 after1 hourof training,convergence
time 716 359s until an angularerror of 10 degreesin reached for W, = 0:45,
W =W, = 1:05).

The performancewas betterif additionalinhibitory input was given to the neuron
that reducedthe occurrenceof non-teachemduced ring of the neuron. We added30
inhibitory synapsesith weightsdravn from a gamna distribution with mean25 and
standarddeviation 7:5, that receved additioral 30 uncorrelatedPoissonspike trains at
20 Hz. The weightvectorw (t) resultingafter one hour of learningin the presenceof
suchadditioral inhibitory input is shavn in panelB of Fig. 5. One can seethat the
deviation from the target weight vectorw shawvn in panel A is very small, even for
highly correlatedyroupsof synapsesvith heterogeneousigetweights.

On 20 trials (eachwith a new randomdistribution of maximalweightsw,,x asin
experimentl, andhencewith a new targettransformatiorf ), the meanspike correlation
after 1 hourof trainingwas0:83 0:08, with anangularerrorof 6:8 4.7 degreesand
aweightdeviation of 4:25 2:2%. The spike correlationproducedoy 20 weightvectors
dravn from the samedistribution asthetargetweightvectorw was0:45 0:05.

Experiment 4 (dependenceof learning performanceon input correlation):

In orderto evaluatethe dependencef correlationamonginputswe proceededimi-
larly asin experiment3, but increasedndsharpenedhe correlationamonginputs Now
4 groupsconsistng eachof 10 input spike trains were constructedor which the cor
relationswithin eachgroup hadthe samevaluecc (the input spike train to the other50

obtainel in thelimit of . = 0. cg canbeinterpetedasthe correlationpresenin a large time window.
Sincethe time constantfor STDP usedis 20 milliseconds this de nition is reasonale andmorerealistic
thancorrelationswith .. = 0 (i.e. exactcoincicenceof spikes).
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Figure5: Effectsof correlatednputs. A typicaltagetweightvectorw for experiment3
is shavn in panelA (eachweighthasits maximalpossibé valueor value0), andatypical
learnedweightvectorin panelB. No signi cant lossof accurag canbe seenfor weights
of synapseshatreceve highly correlatednput spike trains(cc = 0:8 for synapse$1to

90) in comparisorwith synapseshatreceve weakly correlated(cc= 0:1 (i 1) for

thei™ group)or uncorrelatednputs(e.g. synapsed to 10). PanelC shows theresultof

experiment4 with sharpercorrelation( .. = 6 ms,insteadof 10 ms)and4 groupswith

the correlationcc plottedon the x-axis (solid line). It alsoshaovs asdashedine the spike
correlationachiezed by randomlydravn weightvectors(wherehalf of the weightswere
setto Wnax andtheotherweightsweresetto 0).

excitatorysynapsewereuncorrelatedasweretheinputsto 10inhibitory synapses30 ex-
trauncorrelatednhibitory inputswereaddedduringtrainingasin experiment3 to reduce
undesiredring). In orderto make theeffectsof thesecorrelatednputs morepronounced,
thetime constant .. for thetemporaldecayof input correlationsvasreducedrom 10to
6 ms. Tagettransformation$ werechoserasin experiment3 in the mostadwerseway:
half of the weightsof w within eachcorrelatedgroupwassetto 0, the otherhalf to a
randomlychosenmaximalvalue. The learningperformanceafter 1 hour of training for
20trialsis plottedin Fig. 5 C for 7 differentvaluesof the correlationccthatis appliedin
4 of the input groups(solid line). The quotientW =W, wassetto 1:05; 1:055 1:06 for
correlationf 0:3; 0:4, andhighercorrelationgespectrely. Notethathighercorrelations
inducemore correlationof unweightednputswith the output. Due to Equationl3, this
implieslargerW =W, for largercorrelationsW. wassetto 0:45. Oneseeghathighly
correlatedinputs do indeedreducethe performanceof learning“dif cult” targettrans-
formationF with STDPR The resultingcorrelationbetweenthe target outputspike train
producedy F andtheoutputspike train producedyy theneuronwith weightvectorw (t)
aftertrainingis nottoo bad,evenfor highly correlatednputs(0:64 0:05for cc= 0:9),
althoughthe learnedweightvectorw (t) is far off the tagetvectorw (angularerror of
40 3:4degreesfor cc= 0:9). In this casemary differentweightvectorsproducequite
similar outputspike trainssincethe majority of outpu spikesof F is causedy correlated
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actiity in oneof the4 correlatednput groups,andredistritution of weightswithin each
correlatedgrouponly causeslight changesn the outputspike trains(seedashedine in
Fig. 5C). FurthermoreéSTDPis notwell-suitedfor selectingtheright oneswithin these
correlatedgroupfor weight-ampi cation.
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Figure6: Comparisorbetweertheoryandsimulationresultsfor aleaky integrate-and- re
neuronfor input correlationsbetweerD:1 and0:5 ( .. = 6ms). Eachcrossmarksa trial

wherethetargetvectorwaslearnableaccordingto Theoremd.2. Eachopencircle marks
atrial which s notlearnableaccordingto Theoremé.2. The actuallearningperformanc
of STDPs plottedfor eachtrial in termsof the weight error (x-axis) and 1 minusthe

spike correlation(y-axis).

In orderto testthe approximatevalidity of Theorem4.2 for leaky integrate-and- re
neuronsanddynamicsynapsesye repeatedhe above experimentfor input correlations
cc= 0:1;0:2; 0:3; 0:4, and0:5. For eachcorrelationvalue,20 learningtrials (with differ-
enttargetvectors)weresimulated.65% of the 100learningtrials wereclassi edasbeing
learnable.The normalizedcrosscorrelationbetweeninputsi andj (seeEquation21)is
approximatelygiven by Ci? (s) = %ej si= e for ameaninputrateof r = 20Hz anda
correlationdecayconstanbf .. = 6ms. We hadto choosearesponséernel suchthat

(s) re ects the probability of spiking of the integrate-and- reneuronas a function of
time s sinceaninput spike. This is experimentallymeasuredvith the peristimulis time
histogram(PSTH).For anintegrate-and- reneuronwithout synapticnoise,the PSTHis
not proportioral to the shapeof the EPSRbut to its derivatve, see(HerrmannandGerst-
ner, 2001). Sincethe derivative of the EPSPassumeslsonegjative valuesandits integral
from O to in nity is vanishing, we could not useit for the analysis(we assumedn the
analysisthat the responsekernelis positve andthatits integral equalsl). Instead,we
determinedhe PSTHof the neuronin simuationsand tted a doubleexponentialto its
positive part. Thisresultedn aresponsdernelof theform (s) = ﬁ(e 1 g 572)
with ; = 2ms and , = 1ms (leastmeansquarest).
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For this model, we calculatedthe window correlationsc; andc; numerically For
eachtrial we rst checledwetherthe (randomlychosen}targetvectorw waslearnable
accordingto the conditiongivenin Theorem4:2 (note that any rescalingof the target
weightvectordoesnot changeheresult). Theactualperformancef learningwith STDP
wasevaluakdafter50 minutesof training. To guarante¢hebestpossble performancdor
eachlearningtrial, training was performedon 27 differentvaluesfor W =W, between
1:.02and1:15. In eachtrial, the bestperformancenvaschoseno evaluate the quality of
convergence.Theresultis shavnin Fig. 6. Fig. 6 shavsthatthetheoreticalpredictionof
learnabilityor non-learnabiliy for the caseof simpler neuronmodelsandsynapsefrom
Theorem4.2 (which wasin additionderived undersomesimplifying statisticalassump-
tions)translatesn a biologically morerealisticscenarianto a quantitatve gradingof the
learningperformancehatcanultimately beachiezedwith STDP

Experiment 5 (time-varying input rates): Goodlearningresultswerealsoobtained
usingspike trainswith time-varying correlatedring ratesasinputs. The algorithmwe
usedto producesuchinputshadbeenintroducedin (Songetal., 2000). This algorithm
generatedime varying ring ratesthat have a cross-correlatiofunction which decays
exponentally with atime constant . andanampliudegivenby parametersalledcorre-
lation parametergseeAppendi®. Speci cally, the correlationbetweenthe ratesof two
inputsi andj is ¢, wherec andg arethecorrelationparametersf theseinputs. We
assignedo then = 90 excitatory inputscorrelationparametershat varied between0:2
and0:9 (speci cally, ¢ of inputi wassetto 0:2+ 0:7(i 1)=(n 1). Thetime constant

< wassetto 20 ms. In 20learningtrials, spike correlationwas0:89 0:07, angularerror

was4.7 3.2 deggreesandweightdeviationwas2:7 1% (after100 minutesof training,

+ = 024 W =W, = 1:.022. No additionalinhibitory input duringlearningwasused
for this experiment.

6 Variationsof STDP-rules for modulation of weights

6.1 Learning rule for spiketrains suggestedy Froemke and Dan

In modeling studiesfor STDP one usuallyappliesthe STDP rule uniformly to all pairs
of pre- and postsymptic spikes. In onerecentexperimentalstudy (Froemle and Dan,
2002) plasticity was not inducedby repeatedparingsof isolatedpre- and postsynapt

spikes,but by longerpre-andpostsynapt spike trainsof atype asthey occurin vivo. It

wasfoundthata correctiontermto the STDP-rulethat wealensthe impactof pre-and
postsymptic spikeswhich occurshortly after anotherspike within the sameneuron(see
Appendix) ts theseexperimentaldatabetter We examinedthe impactof this modi ed

STDP-ruleon teachefinducedlearning,andfoundthatit reducessomevhatthelearning
accuray in thepresencef highly correlatednputs, but hasno or evenaslighty positve
effectfor otherinputdistributions(seeTablel).
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STDP | max.input spike angular weight
rule correlation| correlation| error[ ] | deviation [%]
basic 0:8 0:83 008| 68 47 | 425 22
modied 0:8 0:73 009|172 61 84 38
basic 0:54 083 011 45 15 32 06
modied 0:54 091 005| 37 16 2 06
basic 0 0:84 008 32 13 19 04
modied 0 09 007 | 27 24| 093 06

Table 1: Comparisonof learning performancebetweenthe usual STDP-rule(“basic”)
andthe modi cation (“modi ed”) suggestedy (Froemle and Dan, 2002). The last 3
columnsshav how well randomlydravn tarmgettransformationg werelearnedin each
case.The rst two linesreportlearningresultsachieved for the sameinput distribution
asin experiment3, with 9 groupsof inputswherethe correlationwithin groupi is 0.1
(i 1. Linesthreeandfour reportresultsfor inputswith slighty wealer correlations
(0:07 (i 1)ingroupi,i = 1;:::;9). Thelasttwo linesreportresultsfor uncorrelated
inputs. Trainingtime was60 minutesfor the basicupdateand90for themodi ed update,
with 20 repetitionsfor differenttargettransformatiosF anddifferentinitial parameters.
Learningparametersisedfor the modi ed updaterule wereW, = 1:34, 1:34, 0:59, and
W = 0:66, 0:625 0:265for a maximum correlationof 0:8, 0:54, 0 respectiely.

6.2 Learning intermediate valuesof weights

The STDP-rule(5) avoidsthe growth of weightsbeyond bounds0 andw,,,x by simgde
clipping. Alternatvely one can also make the weight updatedependenbn the actual
weight value as discussedn section4.2. With the updaterule given in Equationl15,
intermediatevaluesof weightsbetweer0 andw,,x becomestable(aslong astheinput
distribution doesnotchange) However, it wasshavn in (Gutig etal., 2003)thatthis effect
is highly sensitve with regardto the valuesof . and , andthattheseparameters
require differentvaluesfor differentinput distributions. In a parameterregime where
stableintermediateveightvaluescanbe producedoy STDR moretamgettransformations
F frominputspiketrainsto outputspike trainscanbeimplementedy aneuronn astable
manneyandhencecanpotentialy belearnt.

Our computersimulatonsshaw thatthisis in factthe case(at leastfor uncorrelated
Poissoninputy. A typical learningresultis shavn in Fig. 7, for atagettransformatio
F with intermediatenveightsbetween) and 144 for 90 excitatory synapsessshawn in
panelA (Wnax = 216). Thetemporalevolution of 9 selectedveightsduringlearningis
showvn in panelC, andthe resultingweightvectorw (t) after 100 minutesof learningin
panelB. In 20 trials of 100 minutesduration(eachwith differentinitial weightsdravn
from a uniform distribution over [0,108],and100uncorrelatedPoissonnput spike trains
at 20 Hz), a spike correlationof 0:77  0:01, angularerror of 202 0:07 degreesand
aweightdeviationof 8:3 0:07% wasreached.In this experiment learningparameters
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wereW, = 0:12 W =W, = 1.03 , = 0:01, and = 0:03 Resultsare highly
sensitve to theseparameters.

A 150 target
100

z
50

0
20 40 60 80

Synapse
B 150 trained
100
2
50
0 0
20 40 60 80 0 2000 4000 6000
Synapse time [s]

Figure7: Learningwith a multiplicative variationof STDPthatis ableto producestable
intermediateveightvalues.A) Weightvectorw of thetargettransformationB) Learned
weightvectorw (t) after L00 minutesof training. C) Temporalevolution of weightsdur-

ing training(eachweightcanvary betweerD andwax = 216. Thenumbersontheright

handsidegive the valuesof theseweightsthatwere usedto generatehe target transfor

mationF .

7 Modulation of initial relea probabilitiesby STDP

Experimentaldatafrom slice (Markramand Tsodyks,1996) suggesthat synapticplas-
ticity may not changethe uniform scalingof the amplitudes of EPSPsesultingfrom a
presynapticspike train (i.e., the parametemw), but ratherredistribute the sum of their
amplitdesin a differentway to individual EPSPs.If oneassumeshat STDP changes
the parametetJ thatdetermineshe synaptc releaseprobability'# for the rst spikein a
spike train, whereaghe weightw remainsunchangedseethe synapsanodeldiscussed
in section2), thenthe sameexperimentaldatathatsupportrule (2) for STDR supporithe
following rule for changingu:

MiNfUnax;Uog+ Ux € B+g ; if t>0

maxfO,Ugg U e % g cif t 0 ; (36)

Unew =
with suitablenon-ngaive parameter&na; U+ ;U ;&
Onecaneasilyprove thatthe classof transformatiasF thataneuroncanimplement

for differentvectorsU of initial releasgorobabilitiegwith genericvaluesof w) is adiffer-
entonethanthe classof transformation# canimplementfor differentvectorsw. Hence

11f one assumeshat neurms are conrectedby a sufciently large nurrber of synapticreleasesites,
releaseprobability canbe approxmatedin a deterninistic mode by theamplitudeof EPSPs.
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not only the learningrule changedrom (5) to (36), but alsothe classof potentialtar-
getsF for learningchangesAnalogousy asbefore,we rst assignedo eachexcitatory
synapsea value Up,ox drawvn from a Gaussiardistribution with mean0.25andSD 0.02
(boundedby 0:25 3SD), aswell asa valuew dravn from a gammadistribution with
meanl2 andstandardieviation 8:4. Thesynapticparameter® andF werechoserfrom
Gaussiaristributionswith mean0:7; 0:021 The SD of eachparametewaschoserto be
10% of its mean(with negaive valuesreplacedby valuesfrom an uniform distribution
betweerzeroandtwo timesthe mean). Thentargettransformation$ for learningwere
constructedy randomlychoosingfor eachexcitatay synapseeitherO or U,,ax asvalue
for U (with randomlydranvn w-valuesfrom a gammadistribution with meanl12 and SD
8.4).PanelA of Fig. 8 comparestypicaltargetspike trainusedn thissectionto atypical
target spike train usedin section5. It shavs thattransformatios F usedheretypically
produceotheroutputspike trainsthanthe correspondin@ssignmentf valuesw,,, = 0

A weiont [T TICEEE FOTITAAEAE L AT
aaizacior [l M1 [ TI0 101 D OOIED 110
0 0.5 1 1.5 2
time [sec]
B 1 C target
LN LNy 0.2
0.8 ro >
r — angular error [rad] 0.1
¢ = = weight deviation 0
0.6r\* = spike correlation 5 10 15 20
A Poocran Synapse
1
04 \ D trained
A Y
\, 0.2
0.2 s )
et .00 s eeSwMR RS @ 01
0 0
0 1000 2000 5 10 15 20
time [sec] Svnapse

Figure8: Resultsof modulaton of initial releaserobabilitesaccordingo STDR (A) To
demonstratéypical differencedetweertamgettransformatiosF resultingfrom synapse-
speci ¢ valuesof U ratherthansynapse-speci ovaluesof w, we plotted the output of
two suchtransformations$- for the sameinput (100 uncorrelatedPoissorspike trainsat
20 Hz.) For the uppertraceF,, wasconstructedy randomassignmerstof minimal or
maximalvaluesof w to individual synapsesFor the lower traceF wasconstructedy
choosingUnax (Unmin = 0) for asynapsevhen&er Wiax (Wmin = 0) waschoserfor the
samesynapsen the constructiorof F,,. (B) Performancef U-learning,analogousf to
Fig. 3 B for experimentl. (C), (D) Sameplotsasin Fig. 3 C, D, but for valuesof U
(ratherthanw) of the targettransformatiorf, andafter training (with randomlychosen
initial values).
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andwnax tothesesynapse$with U-valueschoserasdescribedn section2: dravn from
a Gaussiardistribution with mean0.5andSD 0.05; w,,x randomlychosenasin exper
imentl). Subsequentljearningaccordingto rule (36) wasstartedwith teachefinduced
pulsesaccordingto F, andinitial valuesof U randomlychosenfrom a uniform distri-
bution in theintenal [0; 0:1] (30 extra uncorrelatednhibitory inputswere addedduring
trainingasin experiment3 to reduceundesiredring). Fig. 8 shavs resultsof repeating
experimentl (which wasfor uncorrelatedPoissorinputs)in this new setting. 20 repeti-
tionsof thisexperiment(with differentrandomchoicesof learningtargetsF anddifferent
initial conditiong yielded after 42 minutesof training the following results: spike cor
relation0:88 0:036 angularerror27:9 3.7 degreesU deviation 146 2:6%, for
U, = 0:0012 U =U, = 1.055 Thespike correlationproducedby 20 U vectorsdravn
from the samedistribution asthe target U vector (which correspond$o somebaseline
valueof correlation)was0:55 0:09 (mean SD). Again, achieved spike correlations
arefarabove chancdevel.

We also repeatedexperiment3 with correlatedPoissoninputs (more precisely: 9
groupsof 10 inputswith correlation0:1 (i 1) amongthe inputsin groupi) for the
settingof U-learning.A typicalresultis plottedin Fig. 9. Althoughthedeviationbetween

Aceered I 1 AEWD PO LTI
] 111 O o LTI

0 0.5 1 1.5 2
time [sec]
B o3 target C o3 trained
0.2 0.2
D D
0.1 0.1
0 0
20 40 60 80 20 40 60 80
Synapse Synapse

Figure9: U-learningwith correlatednputs (sameinput asin experiment3, seeFig. 5).

A) Typicallyagood t is achievedbetweertheoutputproduceddy thetamgettransforma-
tion F (“target”) andthe output(“trained”) producedby a neuronwhoseU-valueswere
modulatedaccordingo STDP-rule(36). B): VectorU usedto generateéhetamgetF. C):

VectorU (t) producedafter 35 minutesof training.

thevectorU thatwasusedto generatéd= andthelastvectorU (t) (after 35 minutes of

training)is ratherlarge (seepanelsB, C), the outpu spike train producedby the trained
neuronmatcheghatproducedor thesameanputby thetargettransformatio F quitewell

(seepanelA). Apparentlythe outputspike train is lesssensitve to changesn thevalues
of U thanto changesn w. Thiswascon rmed by testirg spike correlationsdbetweerout-
put spike trainsproducedby randomU vectorsand outputspike trains producedby the
targetU vector SuchU vectorsdravn from thesamedistribution asthetargetU vectors,
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alreadyachieveda spike correlationof 0:69 0.6 (mean SD, 20trials). Consequently
sinceonly the “behavior of F” but not the vectorU is madeavailableto the neuron
duringtraining, the resultingcorrelationbetweenarget- andactualoutputspike trainsis
quitehigh, whereasangularerrorbetweenJ andU (t), aswell asthe averagedeviation
in U, remainratherlarge. Thisfactis supportedy 20 repetitionsof this experimentwith
differenttargetsF anddifferentinitial conditions whichyieldedafter35minutesof train-
ing thefollowing results:spike correlation0:75 0:08, angularerror39:3 4.8 degrees,
U deviation259 4:9%,forU, = 8 10 4 U =U, = 1.09.

Thesepositive resultsfor U-learningwith STDP are someavhat surprising,sincein-
creasindJ for asynapsdrom aneuronthat red atsometimet; shortlybeforeadesired
ring attimet, of the postsyaptic neurondoesin generalnot increasethe probability
thatthe postsymptic neuronwill re onits own attimet, if the sameinput spike trains
would berepeatedThereasons, thatthe presynapticspike attime t;, maybe preceded
by otherspikesfrom the samepresynaptineuron,so that an increaseof the initial re-
leaseprobability U of the correspondingynapsas likely to depletesynapticresources
at afasterrate,andmay actuallyresultin anEPSPof a smalleramplituce in responséo
the presynapticspike attime t;. The positive resultsfor U-learningwith STDPreported
in this sectionpoint to a possble bene t of relatively small valuesof the initial release
probability U, sincein this casethe previously describedadversescenarids lesslikely to
occurfor realisticpresynapticring rates(in our simulatonsU wasnot allowedto grow
beyondarandomlychosenvalueU,,,x thathada meanof 0.25;increasingJmnax reduced
theeffectivity of U-learningwith STDP).

8 Discusson

We have examinedin this article the question“What can a spiking neuronlearn with
STDP?". Theansweratwhichwe have arrivedis: A spiking neuroncanlearnwith STDP
basicallyany mapF from inputto outputspike trainsthatit could possiblyimplementin
a stablemanner This holdsat leastfor uncorrelatecand correlatedPoissoninput spike
trains. In otherwords: the Spiking NeuronsCorvergenceConjecture(SNCQ for STDP
is approximatelysatis ed for suchinputsin an averagecasesense.One could interpret
this assayingthat STDP endavs spiking neuronswith “universallearningcapabilities”
for Poissoninputs (sinceno neuroncould possbly learna transformatiorthatit cannot
implement with ary settingof its adjustableparameters).In particulay STDP enables
spikingneurongo learnto predictevenvery complex temporalpatternsof input currents
thatareprovidedto the neuronduringtraining.

On the otherhandwe have shavn thatthis resultis quite sensitve to the distribution
of inputsfor which learningtakesplace,sincewe have alsoshownn in section3 thatthe
SNCCfor STDPis provably falsefor someworst caseinput scenarios.We have high-
lightedin section3 threestructuraldifferencesetweenthe perceptroriearningrule for
McCulloch-PittsneuronsandSTDPfor spiking neurons Oneof theseadifferencegfailure
of comman rulesfor STDPto discouragering for inputsfor which ring is notdesired)
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wasusedin section3 to explain why the perceptronearningrule is guaranteedby the
PerceptronCornvergenceTheoremto corverge from arbitrary initial valuesto an error
free soluion (provided that suchsolution exists), whereasno correspondingyuarantee
canbegivenfor STDPin theworstcase.Onthe otherhandour theoreticalaveragecase
analysisin sectiond4 andour computersimulationshave shovn that Poissoninput spike
trainsprovide a sufciently rich setof “positive examples”(i.e., of input spike patterns
for which the neuronis supposedo re in orderto approximatea given tamget map F
from input spike trainsto outputspike trains)sothata lack of adjustnent of parameters
in responsdo negative examplesis lesssevere. But our theoreticalanalysisshows that
convergenceof learningwith STDPrequiresa properchoiceof therelationshp between
theparameter¥V, andW (seee.g.(4)) which determinghebalancebetweernongterm
synapticfacilitation andlongtermsynapticdepressionn STDP In the alternatve inter-
pretationof STDP wherethe initial releaseprobabiliy U is adjusted(seesection7) a
suitablebalanceof the parameters), andU in (36)is neededor corvergenceof learn-
ing. But nevertheless our resultssuggesthatit would be quite importantto studymore
systematially the changef synapticparametersesultingfrom presynapticspikesthat
do not causepostsynapt spikes. Someevidencefor the existenceof suchbiologcal
mechanismsvasalreadyprovidedin the previously citedwork by YvesFregnacandhis
collaboratorsaswell asin (Markrametal., 1997).

It had alreadybeenshownn in previous modelingstudies(seee.g. (Kempteret al.,
1999;Songetal., 2000))that STDP enableghe mostdominatingoneamongseveralin-
put sourcedo controlthe outputof a neuron.In onesensehis resultis closelyrelatedto
theexperimentakresultsby Fregnacetal. andto the modelingresultsof this article,since
therethe extrainput currentsnducedby a “teacher’representhe mostdomnatinginput
source.But thereis oneessentiatlifference:The control of the outputspike train by the
mostdominatinginput sourceis achiezedin thelattertwo caseshot by strengtheninghe
synapsegrom this dominatng input source;in factthis dominatirg input sourcedisap-
pears aftertraining andthe neuronstill res attimeswhenthe dominatng input source
wouldhavebeenvery high.

We have shavn in section4 that a mathematicabveragecaseanalysiscan be car
ried outfor supervisedearningwith STDP This theoreticabnalysisalsosupportunder
somesimplfying assumpons)the validity of the SNCCfor Poissonnputs. In additian
this theoreticalanalysisproduceghe rst criterionthatallows usto predictwhethersu-
pervisedlearningwith STDP will succeedor equivalenty: whethera weightvectoris
stableunderSTDP)in spite of correlationsamongPoissoninput spike trains. For the
specialcaseof “sharpcorrelations’(i.e. whenthe crosscorrelationsanbe approximated
by a -function)thiscriterioncanbeformulatedn termsof linearseparabilityof therows
of thecorrelationmatrix for theinput,andits mathematal form is thereforereminiscent
of the well-known conditionfor learnabilityin the caseof perceptroriearning. In this
senseCorollary 4.1 canbe viewed asan analogorof the PerceptrorCorvergenceTheo-
remfor spikingneuronswvith STDR. Our computersimulationsshaw thatthe analytically
derived criteria predictquite well whetherSTDP convergesfor correlatedPoissonnput
spiketrainsevenfor thecaseof morerealisticmodelsof neuronsandsynapseandfor the
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casewherea numberof simplifying statisical assumptnsregardingthe input statistcs
arenotsatis ed.

In contrastto previous modelirg studiesfor STDP we have basedall computersim-
ulationsdiscused in this article on biologically realistic modelsfor dynamicsynapses.
Furthermoreve have shavn in section7 thatanalternatve interpretatiorof STDPwhere
one assumedhat it modulatesthe initial releaseprobabiliies U of dynamicsynapses,
ratherthantheir scalingfactorsw, gives riseto very satishctorycorvergenceresultsfor
learning.Thisalternatve interpretatiorof STDPis stronglysuggestely datafrom exper
imentswherethe effect of STDPwastestedwith morethana singletestspike (Markram
andTsodyks,1996),but its possibé impacton learninghassofar beenstudiedvery little.
The simulatian resultsfor modulatonsof initial releaseprobabiliies U by STDP (with
relatively small valuesof U) are surprisingy positive if onetakesinto accountthatan
increaseof U hasa quitedifferentimpacton theamplitude of an EPSPcausedy a spike
within alongerspiketrainthanacorrespondingncreasef thesynaptc ef cacy w. Those
positive learningresultsmaypointto functionalbene tsof smallreleasegrobabiliiesfor
synapseshatarerelevantfor precisetimingof ring in neuralcircuits.

Acknowledgment We would like to thankYvesFregnac,Wulfram Gerstnerandespe-
cially Henry Markramfor inspiringdiscussons,andtwo anorymaus referee for helpful
comments.

Appendix

A: Detailsto computer simulations
Neuron parameters:

Membrandime constant ,, = 30ms, absoluterefractoryperiodT,efract = 3MS, resting
potential Vyesing = OV, resetvoltageViesetr = 142mV, membraneesistanceR, =
1M , constantbackgroundcurrentl packgrouna Fandomlychosenfor eachtrial from the
intenal [135nA; 145nA]. Thresholdvoltagewassetsuchthateachneuronspiked ata
rateof about25 Hz. Thisresultedn thresholdvoltagesslightly above 15mV.

Synaptic parameters:

The synapticcurrentx(t) of a synapsds increasedy A, -+ eachtime a presynaptic
spike arrives,with x(0) = 0. Here,g = 3pC (q= 6pC) |sthetotalcha|gethat|s|njected
into the postynapticneuronby the excitatory (inhibitory) synapsey a singlespike with
amplitide A = 1. Otherwise the synapticcurrentdecreasesxponentally, s‘é—f = X
with s = 3ms( s = 6ms) for excitatory(inhibitory) synapsesee(GerstneandKistler,

2002)).
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Corr elated spike trains:

To producen spike trainswith correlationfactorccandfrequeng f , we proceededsin
(Gutig et al., 2003) with time bin of size t = 0:2ms bins. We constructedh Poisson
spiketrain S; with frequeng f by assigning aspiketo eachbin with probabilityf t. The
spike train S; Ie{vas us%dasatemplatefor theé:onstructionof the input spike trains. Let
=f t(1 co+ ccand =f t(1 cc). Eachinput spike trainwasgenerated
by assigninga spike to a bin notin S, with probabiliy andassigninga spike to a bin
in S, with probability (see(Gitig etal., 2003)). To modelan exponental decaywith
time constant . in the cross-correlatioriunction, we addedtiming jitter dravn from a
Laplaciandistribution with time constant ..=2 to all spikesin thesespike trains.

To generatecorrelatedratesin experiment5, we usedan algorithm that hasbeen
introducedin (Songet al., 2000). The ratesof two differentinputsi andj with corre-
lation parameters; and¢ have the cross-correlatiofunction hri(t)r; (t9i, = r?(1 +
acexp(j t  t9=¢)), wherehi, representan averageover the ensemblef rates,and
theaveragering rater is choserno be 20 Hz. The cross-correlatiofunction of therate
of agiveninputis hr (1)r(t%i, = r?(L+ exp(j t tY=.)). To generatesuchratesfor
n inputs, we choseintervals of time from an exponentialdistribution with meaninterval

. For everyintenval, we generatech + 1 randomnumbersy andx, fora= 1;2;:::;n,
from Gaussiardistributionswith zero meanand standarddeviation oneand , respec-
tively, where 2= 1 c2. At thestartof eachinterval, the ring ratefor inputa wasset

a
tor, = r(1+ X5 + cuy), andheldatthis valueuntil the startof the next interval.

Modi ed synaptic update rule:

The modi ed updaterule usedin section6 wassuggestedn (Froemle andDan, 2002)
andassigndo eachpre-and postsynapt spike an ef cacy, which dependsn thetime
differenceto the precedingspike in the sameneuron. The ef cacy of the ith spike is
givenby ; =1 exp( (ti t 1)=s),wheret; andt; ; arethetimings of theith and
(i 1)th spike respectrely, and  is the suppressionime constant.The actualchange
in the ampliude of the EPSPfor pre-spilei andpost-spkej is ' [ A where

A is given by (2) for t = tjp°St t?'®. The contritutions of different spike pairs
werecombinedadditively. The parametersverechosenasin (Froemle andDan,2002):
pre=28ms, Pt = 88ms, . = 148ms, = 338ms.

B: Details to the counterexamplein section3

The two panelsof Fig. 2 denotetwo differentinput scenarioswith input spike trains
hS;; S,; Ssi, onewheretheneuronis supposedo re attimet; (panelA), andonewhere
the neuronis not supposedo re at all (panelB). The maximal weight w5« Of the
threesynapsegwhich is hereassumedo be the samefor all threesynapsesshouldbe
scaledin sucha way that a single spike cannotbring the neuronto its ring threshold
but two spikesat time t, with synapticweightswax Will malke it re attimets in the
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scenarioof panelA, anda spike at time t$ with weightwi,.x =4 togethemwith a spike at
tJ with weightwy,ax Will makeit re attimet$ in the scenaricof panelB (but no single
spike on its own). Furthermorehe secondspike of S, in scenaricA shouldbetimedin
sucha way that postsymaptic ring attime t; cannotcausean increaseof w, (because
W, e (8 W=+ =W ¢t W= jnryle (5)). Theninitial valuesw; = Wz = Wmax
andw, = 0 provide a solutionto bothconstraintof Fig. 2 whichis stablew. r. t. STDR
But if learningstartsfor examplewith initial valuesw; = W3 = Wyax andw, = Wpax =4,
thenthe neuronwill re initially in both scenarioA andB. Furthermoreno application
of STDPfor ary sequenc®f scenariosA and/orB (evenwith teachefinduced ring at
time t3 in scenarioA, or even with teachetinducedprevention of ring in scenarioB)
candecreaseary of the weights. Learningwith STDPalsofails if onestartswith small
initial weights(e.g.w; = w3 = 0, W, = Wpax =4) andteachetinducedhyperpolarizatia
preventsall undesiredring (i.e.,all ring exceptattimetsin scenaridd). If sufciently
mary instance®f scenaricA occurduringtraining(in additionto anarbitrarynumberof
scenarioB) thenlearningwill in this casealsoconvergeto w; = Wz = Wpax andw, =
Wmax =4, Sothatthe neuronwill also re in scenarioB. Hencelearningwith STDP does
not corverge from theseinitial weightsto a solutionof this learningproblem,althoudn
a stablesolutionexists Notethatsuchcountergamge canbe constructedor any given
positive valuesof the parameter§V, ;W .

This countereampk shows that no corvergencetheoremcan exist for STDP that
holds— like the PerceptrorCornvergenceTheorem- for ary given setof inputs. But this
countergampledoesnot yet demongtate failure of corvergenceof STDP for realistic
conditiors with noise,sincetheassumptiotw, e (8 W=+ =W e (s W= Wil no
longerremainvalid if thereis jitter onthe ring times.

C: A simple result on linear separability (neededfor the proof of
Proposition4.1)

¢ = a+ bg for arbitraryconstantsa 2 R andb > 0. We shaw thatavectorw 2 R"
linearly separatethelist hit; yii;:::; hcy; ymil if andonlyif w 2 R" linearly separates
thelist hh:‘{;yli;o: el ymii
Sincec; = % 2 = a™ b witha®2 Rand> 0, weneedo shav only onedirec-
tion. Supposehatw 2 R" linearly separatethelist hity; yii;:::; h:m;ymiiP FromDe -
nition4.2,it followsthatthereexistsathreshold 2 R suchthaty; = sign( j”:1 Cij W,
) fori= 1;:::;m. Thereforefor thethreshold °= + 2 j”=1 w; , we have
|
X a '
yi = sign (B+q,-)w,- O foralli= 1;:::;m.
j=1
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Sincefor everyx 2 Rand > 0, it holdsthatsign(x) = sign( x), we have
|
" !

yi = sign (@+ bg)w; b ° foralli=1:::;m
j=1
Hence thereexistsathreshold %suchthat
|
" !
yi = sign q?wj 0 foralli= 1;:::;m.

j=1

Thisshavsthatw 2 R" linearly separatethelist hte?; yqi;:::;hcl; ynii .
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