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Abstract

Spikingneuronsarevery �e xible computationalmodules,which canim-
plementwith differentvaluesof theiradjustablesynapticparametersanenor-
mousvarietyof differenttransformations F from input spike trainsto output
spike trains. We examine in this article the questionto what extent a spik-
ing neuronwith biologically realisticmodelsfor dynamicsynapsescanbe
taughtvia spike-timing-dependentplasticity (STDP) to implementa given
transformationF . We considera supervisedlearningparadigmwheredur-
ing trainingtheoutputof theneuronis clampedto thetargetsignal(teacher
forcing). Thewell-known PerceptronConvergenceTheoremassertsthecon-
vergenceof a simplesupervisedlearningalgorithmfor drasticallysimpli�ed
neuronmodels(McCulloch-Pittsneurons).We show that in contrastto the
PerceptronConvergenceTheoremno theoreticalguaranteecanbe given for
theconvergenceof STDPwith teacherforcing thatholdsfor arbitraryinput
spike patterns.On theotherhandwe prove thataveragecaseversionsof the
PerceptronConvergenceTheoremhold for STDPin thecaseof uncorrelated
andcorrelatedPoissoninput spike trainsandsimplemodelsfor spikingneu-
rons.For a wide classof cross-correlationfunctionsof theinput spike trains
theresultingnecessaryandsuf�cient conditioncanbeformulatedin termsof
linearseparability, analogouslyasthewell-knownconditionof learnabilityby
perceptrons.However thelinearseparabilitycriterionhasto beappliedhere
to thecolumnsof thecorrelationmatrixof thePoissoninput. Wedemonstrate
throughextensive computersimulationsthat thetheoreticallypredictedcon-
vergenceof STDPwith teacherforcing alsoholdsfor morerealisticmodels
for neurons,for dynamicsynapses,andfor moregeneralinput distributions.
In addition we show throughcomputer simulationsthat thesepositive learn-
ing resultsnotonly holdfor thecommoninterpretationof STDPwhereSTDP
changesthe weightsof synapses,but alsofor a morerealisticinterpretation
suggestedby experimentaldatawhereSTDP modulatesthe initial release
probability of dynamicsynapses.

1 Intr oduction

Spike-timing-dependentplasticity(STDP)hasemergedin recentyearsastheexperimen-
tally moststudiedform of synaptic plasticity (see(Abbott andNelson,2000; Fregnac,
2002; Gerstnerand Kistler, 2002) for reviews). Numerousmodelingstudieshave re-
latedSTDPto variousimportantlearningrulesandlearningmechanismssuchasHebbian
learning,shorttermprediction(Mehta,2001;RaoandSejnowski, 2002),gainadaptation
(Songet al., 2000)andboosting of temporally correlatedinputs(Kempteret al., 1999;
Songet al., 2000;Gütig et al., 2003). Thequestionof how a neuroncanlearnto �re at
a prescribedtime, givensomepresynapticspike history, wasinvestigatedin the context
of sequencelearninge.g. in (Gerstneret al., 1993;Sennet al., 2002). Thesetwo papers
exploit tuning of synaptic delaysto achieve timing precision. In this article we address
the moregeneralquestionto what extentSTDPmight supporta moreuniversaltypeof
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learningwhereaneuronlearnsto implementan“arbitrarygiven” mapF from inputspike
trainsto outputspike trains. Obviously the goal to learn“arbitrary given” target trans-
formationsF is too ambitious, sincethereexist many mapsF from input spike trains
to outputspike trainsthatcannotberealizedby a neuronfor anysettingof its adjustable
parameters.For examplenovaluesof synapticef�caciesw couldenableagenericneuron
to produceahigh-rateoutputspiketrainin theabsenceof any inputspikes.Furthermorea
neuroncanonly learnto implementthosetransformationsF in astablemannerthatit can
implement with a parametersettingthat representsa equilibrium point for the learning
rule underconsideration(in this case:STDP).Sinceit is well-known that the common
versionof STDPalwaysproducesbimodal distribution of weights,whereeachweight
eitherassumesits minimal or its maximalpossible value,we will considerin this arti-
cle (with the exceptionof section6) only the learningof target transformations F that
canbe implementedwith suchbimodaldistribution of weights.Thuswe focuson those
transformationsF from input spike trainsto outputspike trains,thatcanin principlebe
implementedby theneuronin astablemannerfor somevaluesp of its adjustableparame-
ters,andaskwhichof thesetransformationsF canbelearntby suchneuron,startingfrom
someratherarbitraryvaluesp0 of theseadjustableparameters.

On thebasisof theexperimental literatureit is not at all clearwhich of themany pa-
rametersthatin�uence theinput/outputbehavior of abiologically realisticsynapseshould
beviewedasbeingadjustablefor aspeci�c protocolfor inducingsynapticplasticity (i.e.,
“learning”). For example, thereexistsstrongempiricalevidence(MarkramandTsodyks,
1996)thatthecommoninductionprotocolwith repeatedpairingsof pre-andpostsynaptic
spikesin a speci�c temporalrelationdoesnot changethescalingfactorsw of theampli-
tudesof EPSPs(commonly referred to as“weight” or “synapticef�cacy”), but ratherthe
synapticreleaseprobability U for the�rst spike in a trainof spikes.Whereasanincrease
of thisparameterU will increasetheamplitudeof theEPSPfor the�rst aftera long inac-
tive periodspike in a spike train, just asan increaseof thescalingfactorw would do, it
tendsto decreasetheamplitudesof shortly following EPSPs.We examinein this article
throughcomputersimulationsboththecasewherescalingfactorsw andthecasewhere
initial releaseprobabilitiesU areadjustedby STDP.

In contrastto mostprecedingmodelingstudiesfor STDPwewill considerin thecom-
putersimulationsof this articleonly biologically realisticmodelsfor dynamicsynapses,
i.e., synapsesthat are subjectto short term plasticity suchaspaired-pulsedepressions
and/orpaired-pulsefacilitation,in additionto the long termplasticity inducedby STDP.
Weassumethatduringlearningtheneuronis taughtto �re atparticularpointsin timevia
extra input currents,thatcouldfor example representsynapticinputsfrom othercortical
or subcorticalareas.Suchlearningscenariois particularlycompelling in caseswherea
neuronlearnsto predictinput from othercorticalor subcorticalareas.This learningpro-
tocol is identicalwith the experimentalparadigminvestigatedby YvesFregnacandhis
collaborators(Fregnacetal.,1988;Fregnacetal.,1992;FregnacandShulz,1999),where
synapticplasticity is inducedthroughtheinjectionof currentsinto thepostsynapticneu-
ron at particularpointsin time (relative to thetime of thestimulus). We will refer to the
conjecturethatSTDPenablesneuronsto learn(startingwith arbitraryinitial valuesof its
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parametersp) underthisprotocolany input/outputtransformationF thattheneuroncould
in principleimplement in a stablemannerfor somevaluesp of its adjustableparameters
astheSpikingNeuronConvergenceConjecture(SNCC)for STDP. Obviously thisconjec-
ture is closelyrelatedto thewell-known PerceptronConvergenceTheorem(Rosenblatt,
1962;Haykin, 1999;Dudaet al., 2001),which assertsthat thecorrespondingstatement
is truefor themuchsimpler caseof perceptrons(i.e.,McCulloch-Pittsneuronsor thresh-
old gateswith staticsynapses,staticbatchinputs,andstaticbatchoutputs – insteadof
time-varying input-andoutputstreams).

We will specifythemodelsfor neuronsandsynapsesandtherule for STDPthatare
examinedin thisarticlein section2. In section3 wewill discusstherelationship between
STDPandtheperceptronlearningrule. Furthermorewe will prove in section3 that the
SNCCfor STDPdoesnothold in aworstcasescenariofor arbitrarydistributionsof input
spike trains.

In section4 we carry out an analyticalaveragecaseanalysisof supervisedlearning
with STDP for Poissoninput spike trains (for the caseof linear Poissonneuronsand
synapseswithoutshort-termsdynamics),andweprovethattheSNNCholdsin anaverage
casesensefor arbitraryuncorrelatedPoissoninputspiketrains.Wealsoderivein section4
acriterionwhichclari�es underwhichconditionstheSNNCholdsfor correlatedPoisson
input spike trains. In somesituations this criterion canbe formulatedin termsof linear
separability, like the well-known learningcriterion for perceptrons,but appliedto the
columnsof thecorrelationmatrix for thePoissoninput.

In sections5 and6 wewill demonstratethroughcomputersimulationsthattheSNCC
for STDPalsoholdsfor moregeneralensemblesof uncorrelatedandcorrelatedPoisson
spike trainsasinputs andfor morerealisticmodelsfor neuronsandsynapses:for leaky
integrate-and-�reneuronswith dynamic synapses.In section7 wewill show thatsuchap-
proximateconvergenceof learningalsooccurswheninsteadof weightstheinitial release
probabilitiesU of thesynapsesaremodulatedby STDP.

2 Models for neurons, synapsesand STDP

A standardleaky integrate-and-�reneuronmodelwasusedfor oursimulations.Themem-
branepotentialVm of suchneuronis givenby

� m
dVm

dt
= � (Vm � Vr esting ) + Rm � (I syn (t) + I backgr ound + I inj ect(t))

where� m = Cm � Rm is the membranetime constant,Rm is the membraneresistance,
I syn (t) is thecurrentsuppliedby thesynapses,I backgr ound is a constantbackgroundcur-
rent,andI inj ect(t) representscurrentsinducedby a“teacher”.If Vm exceedsthethreshold
voltageVthr esh it is resetto Vr eset andheldtherefor thelengthTr ef r act of theabsolutere-
fractoryperiod(seeAppendixfor details).

We modeledthe short-term-synaptic dynamicsaccordingto the modelproposedin
(Markram et al., 1998), with synapticparametersU, D, F . The model predictsthe
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amplitude Ak of the EPSCfor the kth spike in a spike train with interspike intervals
� 1; � 2; : : : ; � k� 1 throughtheequations

Ak = w � uk � Rk

uk = U + uk� 1(1 � U)exp(� � k� 1=F) (1)

Rk = 1 + (Rk� 1 � uk� 1Rk� 1 � 1)exp(� � k� 1=D)

with hiddendynamicvariablesu 2 [0; 1] andR 2 [0; 1] whoseinitial valuesfor the�rst
spike areu1 = U andR1 = 1 (see(MaassandMarkram,2002)for a justi�cation of this
versionof theequation,whichcorrectsasmallerrorin (Markrametal., 1998)).

TheparametersU, D, andF wererandomlychosenfrom Gaussiandistributionsthat
werebasedon empirically found datafor suchconnections.Dependingon whetherthe
inputwasexcitatory(E) or inhibitory (I), themeanvaluesof thesethreeparameters(with
D, F expressedin seconds)werechosento be0:5, 1:1, 0:05 (E), 0:25, 0:7, 0:02 (I). The
SD of eachparameterwaschosento be10%of its mean(with negative valuesreplaced
by valueschosenfrom anuniformdistributionbetween0 andtwo timesthemean).

Theeffect of STDPis commonlytestedby measuringin thepostsynaptic neuronthe
amplitudeA1 of theEPSP(or EPSC)for asinglespikefrom thepresynapticneuron(after
a longerrestingperiodsubsequentto the protocolfor inductionof STDP).SinceA 1 =
w � U � R1 onecaninterpretany change� A in theamplitudeof A1 (in comparisonwith
thevalueof A1 beforeapplyingtheprotocolfor STDP)asbeingcausedby aproportional
change� w of the parameterw (with U unchanged),by a proportionalchange� U of
theinitial releaseprobability u1 = U (with w unchanged),or by a changeof bothw and
U (andpossible evenfurthersynapticparameters).The �rst caseis theonethat is most
commonly assumedin modelingstudies(seee.g. (Abbott andNelson,2000; Fregnac,
2002; GerstnerandKistler, 2002)),and is analyzedin sections5 and6 of this article.
Thesecondcaseis stronglyfavoredby theexperimentaldataof (MarkramandTsodyks,
1996),andit is apparentlynot contradictedby any of theotherexperimentaldata(since
oneusuallymeasurestheef�cacy of thesynapseafter inductionof plasticity with just a
singletestspike). This caseis examinedin section7 of this article. Thethird caseis not
consideredbecauseof a lackof quantitativeexperimentaldata.

According to (Abbott and Nelson,2000) the change� A1 in the amplitude A1 of
EPSPs(for the�rst spike in a testspike train) thatresultsfrom (usuallyrepeated)pairing
of the �ring of thepresynapticneuronat sometime tpre anda �ring of thepostsynaptic
neuronat time tpost = tpre + � t canbe approximated for many cortical synapsesby
termsof theform

A(� t) =
�

W+ � e� � t=� + ; if � t > 0
� W� � e� t=� � ; if � t � 0

(2)

with constantsW+ ; W� ; � + ; � � > 0 (andwith anextra clausethatpreventstheamplitude
A1 from growing beyondsomemaximalvalueAmax or below 0).

For the theoreticalanalysisin section4 spike trainsS(t) arerepresentedby sumsof
Dirac-� functionsS(t) =

P
k � (t � tk), wheretk is thekth spike time of thespike train.
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Theleaky integrate-and-�reneuronis replacedhereby a linearPoissonneuronmodelas
in (Kempteretal.,2001)and(Gütig etal.,2003).Thisneuronmodeloutputsaspiketrain
Spost(t) which is a realizationof a Poissonprocesswith the underlyinginstantaneous
�ring rateRpost(t). The effect of an input spike at input i at time t0 is modeledby an
increasein theinstantaneous�ring rateof anamountwi (t0)� (t � t0), where� is aresponse
kernelandwi (t0) is thesynapticef�cacy of synapsei at timet0. Thus,theresponsekernel
� modelsthe time courseof a postsynaptic potentialelictedby aninput spike. Sincethe
neuronmodelis causal,we have the requirement� (s) = 0 for s < 0. We will consider
plasticityonly for excitatory connectionsso thatwi � 0 for all i and� (s) � 0 for all s.
In addition, theresponsekernelis normalizedto

R1
0 ds � (s) = 1. In thelinearmodel,the

contributionsof all inputsaresummedup linearly:

Rpost(t) =
nX

j =1

Z 1

0
ds wj (t � s) � (s) Sj (t � s) , (3)

whereS1; : : : ; Sn are the n presynapticspike trains. Note that in this spike generation
process,thegenerationof anoutput spike is independentof previousoutputspikes.

3 The Perceptron Convergence Theorem and a coun-
terexample to the Spiking Neuron ConvergenceCon-
jecture for STDP

If oneassumesthatSTDPonly affectstheparameterw, thenthechange� w of theweight
(or ef�cacy) of thesynapseis accordingto (2) proportionalto:

�
W+ � e� � t=� + ; if � t > 0
� W� � e� t=� � ; if � t � 0 ;

(4)

with an extra clausethat preventsw from becominglarger than somemaximal value
wmax or smallerthan0. HenceSTDPchangesthe valuewold of the synapticweight to
wnew = wold + � w accordingto therule

wnew =
�

minf wmax ; wold + W+ � e� � t=� + g ; if � t > 0
maxf 0; wold � W� � e� t=� � g ; if � t � 0 ;

(5)

with someparametersW+ ; W� > 0.
Thereexistssomeanalogybetweenthis STDP-ruleandcommonlearningrulessuch

as the Hebb rule, the perceptronlearningrule and the least-mean-squarelearningrule
for strongly simpli�ed neuronmodels that are used in the context of arti�cial neu-
ral networks. Thesesimpli�ed neuronmodelsdo not “�re” . Insteadtheir inputsand
outputsconsistof real numbers,which may changetheir value at eachdiscretetime
step. If x = hx0; : : : ; xn i 2 Rn+1 denotesthe input vector to an arti�cial neuron,and
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y 2 R theresulting output, thenthebasicHebbianlearningrule for changingtheweights
w = hw0; : : : ; wn i 2 Rn+1 of a linearneuronwith y = w � x is

� w = � � x � y ; (6)

where� � 0 is thelearningrate.
For supervisedlearningin arti�cial neuralnetworks thereexists in additiona target

value yteacher for the output of a neuron,and by replacingy in the Hebb rule (6) by
yteacher � y onegetstherule

� w = � � x � (yteacher � y) ; (7)

which is for a linear neuronmodely = w � x the least-mean-squareor Widrow-Hoff
rule (seesection2.2in (Rosenblatt,1962;Haykin,1999)).This learningrule implements
gradientdescentin weightspacefor themeanof squarederrors(yteacher � y)2 if applied
to a list of trainingexamples.

In thecontext of McCulloch-Pittsneurons,alsocalledperceptronsor thresholdgates,
whoseoutputy assumesonly values0 or 1, this rule (7) is the well-known perceptron
learningrule (see(Haykin, 1999)and(Dudaet al., 2001))1. For this caseonecanwrite
rule (7) equivalently in theform

� w =

8
<

:

� � x ; if yteacher = 1 andy = 0
� � (� x) ; if yteacher = 0 andy = 1
0 ; otherwise:

(8)

The�rst line of thisperceptronlearningruleimplementslearningfrom apositiveexample
x (whichis in thiscaseapositivecounterexamplehypothesisde�nedby thecurrentweight
vectorw, sinceyteacher = 1 but y = sign(w � x) = 0). The secondline implements
learningfrom a negative examplex (i.e., from a negativecounterexampleto thecurrent
hypothesisde�ned by w). Theseemingly trivial third line of therulemakessurethatw is
not changedfor thecurrentexample x if it is correctlyclassi�edwith thecurrentweight
vectorw (i.e.,yteacher = sign(w � x)).

The main result aboutthis perceptronlearningrule is the PerceptronConvergence
Theorem(see(Rosenblatt,1962;Haykin,1999;Dudaetal.,2001)).It statesthatlearning
with theperceptronlearningrule convergesfor a given list L of examplesif andonly if
thelist L is linearly separable.If L is linearly separable,thentheweightvectorto which
thislearningruleconvergesisautonomicallyasolution of thecorrespondingclassi�cation

1If onede�nessignz = 1 if z � 0, elsesignz = 0 (aswe do throughout this article), thentheoutput
y of a perceptron canbede�ned in compactform asy = sign(w � x). Onecommonly usestheconvention
that in the context of perceptronsthe �rst componentx 0 of any input vector x hasa �x edvaluex 0 = 1.
This impliesthat

sign(w � x) =
�

1 ; if
P n

i =1 wi x i � � w0

0 ; otherwise ;

and hence the weight w0 for this dummy componentx 0 of the input, multiplied with -1, assumesthe
effective roleof anadaptive thresholdfor theperceptron.
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problem.Obviously linearseparabilityof L is a necessaryconditionfor theconvergence
of perceptronlearning.But this simpleconditionfrom linearalgebrais alsosuf�cient: if
thereexistsaweightvectorw � thatcanclassifythelist L = hhx(1); y1i ; : : : ; hx(m); ym ii
of examplesfrom Rn+1 � f 0; 1g without error, (i.e., sign(w � � x(k)) = yk for k =
1; : : : ; m), thentheperceptronlearningrule (8) will converge to someweightvectorw 0

with thesameproperty(i.e., sign(w 0 � x(k)) = yk for k = 1; : : : ; m) aftercycling some
�nite numberof timesthroughthe list L of training examples(startingfrom any initial
weightsw 2 Rn+1 ). ThePerceptronConvergenceTheoremcanbeinterpretedasa very
positive resulton learnability, sinceit impliesthat theperceptronlearningrule enablesa
perceptronto learn any mapfrom inputsx to outputsy that it couldpossiblyimplement
in a stablemanner.

Notethatany weightvectorthatallows a perceptronto becomeconsistentwith a list
L of trainingexamplesyieldsa equilibriumpoint for theperceptronlearningrule, since
in contrastto STDPthis learningruleautomaticallybecomesinactivewhennolongerany
errorsoccurfor the trainingexamples. Henceany setting of w thatallows a perceptron
to solve a given classi�cationtaskis automatically stable with regardto the perceptron
learningrule. Suchautomatic stability is not provided by STDP. Therefore,in orderto
maketheSpikingNeuronConvergenceConjecturemoremeaningful(by giving it a larger
chanceto betrue)wewill considerin thissectiononly learningtasksfor spikingneurons
for whicha solution existsthatis stablewith regardto STDP. In otherwords:we wantto
clarify whetherin asupervisedparadigmwheretheoutputis clampedto theteachersignal
STDPenablesa spikingneuron,startingfrom any initial weights,to learnany transfor-
mationF from input spike trainsto outputspike trainsthat it canpossibly implementin
a stablemanner(this is theSpikingNeuronConvergenceConjecture, abbreviatedSNCC,
seesection1).

OnesalientdifferencebetweentheperceptronlearningruleandSTDPis causedby the
differentstructureof inputsandoutputsof perceptronsandspikingneurons:inputs and
outputsto aperceptronare(static)vectorsof numbers,whereasthey arefunctionsof time
(spike trains)in thecaseof a spikingneuron.ThusmathematicallythetransformationF
from inputsto outputscomputedby aspikingneuronwith n inputchannelsis a �lter that
mapsn functionsSi thatrepresentn inputspike trainsS1; : : : ; Sn ontosomeoutputspike
train S of thesameform.2 Apart from this basicdifferenceregardingthetypesof inputs
andoutputs, theperceptronlearningruleandSTDPalsodiffer in thefollowingstructural
aspects:

i) Thesignof any weightwi of aperceptroncanbechangedby theperceptronlearning
rule,whereasoneusuallydoesnotassumethatSTDPcanturnanexcitatorysynapse
into aninhibitory synapse,or viceversa.

ii) In the casewherean examplex thatshouldbe classi�ed negatively is incorrectly
classi�ed throughthe currentweight vector w (i.e., y = sign(w � x) = 1 but

2Obviously aspikingneuroncanonly implement causal�lters F , wherefor any timet thevalueof S(t)
only depends on theinitial segments of S1; : : : ; Sn upto time t.
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yteacher = 0), theperceptronrulechangesw in a way thatmakesa reoccurrenceof
thismistakelesslikely. Somethingquitedifferenthappensin theanalogousscenario
for STDPif theneuron�res in responseto aninput for which it is not supposedto
�re. In our trainingparadigmwherehyperpolarizingteachercurrentssuppressall
undesired�ring duringtraining,nochangesof synapticparametersaretriggeredby
suchmistakeduringtraining. Hencethis mistake is likely to show up againduring
testing(wherethereareno teachercurrentsanymore). For thealternative training
paradigmwheretheteacherdoesnotsuppressthisundesired�ring duringtraining,
the rules (2) - (5) for STDP changethe synapticparametersin a way that even
positively reinforcefuturereoccurrencesof thismistake.3

iii) Theperceptronlearningrule leavestheweightsof theperceptronunchangedwhen
it doesnot make a mistake (i.e., yteacher = y; seethe third line of (8)), whereas
STDPwill continueto changesynapticparametersevenif theneuron�res already
exactlyat thedesiredtimest (evenif this �ring occurswithout thehelpof anextra
“teachingcurrent”).

It hadbeenshown in (Amit et al., 1989)that the �rst apparentdifferencei) between
perceptronlearningandSTDPis notcrucialfor theconvergenceof learning,sincetheper-
ceptronconvergencetheoremalsoholdsfor a sign-constrainedversionof theperceptron
learningrule.4 Wewill show in theremainderof thissectionthatthestructuraldifference
ii) (evenwithoutdifferenceiii)) is quiteserious,andentailsafalsi�cation of theSNCCfor
STDPin some“worstcase”learningscenarios.To elucidatethisfact,we�rst demonstrate
in Fig. 1 thatalsothePerceptronConvergenceTheoremwouldno longerhold for certain
learningscenariosif thesecondline of theperceptronlearningrule (8) (which speci�es
its responseto negativecounterexamples)is deleted,evenif onestartswith initial weights
of value0. The reasonis that in this casethe resultingdecisionboundarydependson
accidentaldetailsof the positive examplesin the training setL, andnegative examples
cannothaveany impacton learning.

Onecan transferthe main ideaof the counterexampleillustratedin Fig. 1 into the
domainof spike trains,andprove in this way that the SNCCfor STDPis false,at least
for certainlearningscenarios(seeFig. 2). If thesetof possible spike inputsonly consists
of thetwo patternsshown in Fig. 2, thenSTDPdoesnot convergefrom all initial weight

3This may just be a de�cit of current formalizationsof STDP, not of the biological reality of synap-
tic plasticity. (Debanne et al., 1998) and(Fregnac, 2002) have provided evidence for synapticplasticity
resultingfrom teacher-inducedsuppressionof �ring (Fig. 2D in (Markram et al., 1997) alsoshows this
effect).

4(SennandFusi,2005) haverecentlyshown thattheperceptronconvergencetheoremalsoremainsvalid
for a learningrule thatin additionkeepsthesizesof positiveweightsbounded.

6Formally theperceptron learningrule is appliedin this example to a list L consistingof the positive
exampleh1; 1:5; 1:5i andthenegativeexampleh1; 4; 0i . i.e.,L = hh1; 1:5; 1:5; 1i ; h1; 4; 0ii . Thusthepoints
h1:5; 1:5i , h4; 0i have to beexpandedby anadditional dummy coordinatewith value1, whoseassociated
weight representsthe (adjustable)constantterm in the resultinghyperplaneH , seefootnote1. But this
formal detaildoesnotaffect thevalidity of theargument.
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Figure1: Demonstrationthat the PerceptronConvergenceTheoremfails if the second
line of the perceptronlearningrule (8) is deleted,even if one startswith small initial
weights. Assumethat the hyperplaneH � generatedby weight vectorw � is the target
decisionboundary(positive examplesabove H � , negative examplesbelow H � ), andthat
thelist L of examplesthatoccursin thePerceptronConvergenceTheoremconsistsof just
two examples: the positive exampleh1:5; 1:5i and the negative exampleh4; 0i .6 If one
startsfor examplewith theinitial weightvectorw = h0; 0i , a decisionboundaryparallel
to H will arise,no matterhow long the training is continued,if the secondline of the
perceptronlearningrule (8) is deleted.Any suchdecisionboundarywill missclassifyone
of thetwo examplesin thelist L .

settingsto a stablesolution, althougha stablesolution exists. Detailsof theveri�cation
canbefoundin partB of theAppendix.

S2

S3

t2

S1

t1 time time

A

t3

B

S1

S2

S3

t'2 t'3t'1t4

Figure2: Constructionof a counterexample to ananalogousversion(SNCC) of thePer-
ceptronConvergenceTheoremfor STDP. S1; S2; S3 denotethreeinputspiketrainsto three
synapsesof aneuron.PanelA depictsapositiveexamplewhere�ring of thepostsynaptic
neuronat time t3 is desired,whereaspanelB depictsa negative examplewhereno �ring
of thepostsynapticneuronis desired.SeeAppendixB for details.

Sincewe considerin Fig. 2 only inputswhereeachpresynapticneuron�res at most
oncebeforethe target �ring time t3 of the postsynaptic neuron,the sameexamplealso
provesthattheSNCCfor STDPfails if oneassumesthatSTDPchangestheinitial release
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probabilitiesU insteadof thescalingfactorsw (seethesynapsemodeldiscussedin sec-
tion 2, with a rule for � U that is analogousto thepreviously discussedrule (4) for � w;
this rulewill bediscussedasrule (36) in section7). Thuswehaveproven:

Fact: TheSpikingNeuron ConvergenceConjecture (SNCC) for STDPis not generally
valid, neitherfor thecasewheresynapticef�caciesw aremodulatedbySTDP, nor for the
casewhere initial releaseprobabilitiesU aremodulatedbySTDP.

4 Theoretical results on STDP in the context of super-
visedlearning: averagecaseanalysis

We have shown in theprecedingsectionthat it is not possible to derive for STDPa con-
vergenceresultthathasthesamemathematicalstructureasthePerceptronConvergence
Theorem(yieldingaguaranteeof convergencefor anysetof inputsjustundertheassump-
tion thata suitable weightvectorexists). Thereforewe turn in this sectionto anaverage
caseanalysisof STDPfor Poissoninputspike trains.

The reasonwhy the validity of the SNCCfor STDPdependson the distribution of
inputscanalreadybe readoff from the analogousscenariofor the perceptronlearning
rule without line 2 of (8) that is shown in Fig. 1. If thelist L of trainingexampleswould
not containjust a single positive example(i.e., oneexampleof a point that lies above
the targetdecisionboundaryH � ), but rathera largersetof positive examplesthatcover
theareaabove H � , thenL would containmorepositive exampleshx1; x2i with x2 > x1

than positive exampleswith x2 < x1. This asymmetryin the coordinatesof positive
examplesis likely to causeaweightvectorw with w2 > w1, sincetheperceptronlearning
rule(8) without line 2 createsaweightvectorw thatis proportional to thesumof positive
counterexamplesthatoccurduringlearning.Hencetheanglebetweentheresulting vector
w andthetargetvectorw � is likely to getsmallerfor suchmoreuniform distribution of
inputs(comparedwith theworstcasescenariodiscussedin Fig. 1). Analogously, if one
generatespositivetrainingexamplesfor aspiking neuronby injectingPoissoninputspike
trains,ratherthanconstructingparticularexamplesof spatio-temporalinput patternsas
in Fig. 2, onecreatesa moreuniform distribution of spatio-temporalinput patternsfor
which the neuronis supposedto �re. In this way the learningprocessvia STDP gets
implicitly also information about the distribution of “negative examples”, i.e., spatio-
temporalinput patternsfor which theneuronis not supposedto �re, andhencethey can
indirectly in�uence the learningprocesseven without any explicit provision in the rule
for STDPthatdiscouragesthe�ring of theneuronfor suchinputpatterns.

It turnsout that for the averagecasea form of the SNCC doesin fact hold (Theo-
rem4.1) if theoutput of theneuronis clampedto theteachersignal,henceneitherfalse
positivesnor falsenegativesariseduringtraining. Furthermorewe show in Theorem4.2
thatageneralcriterionfor learnabilitycanbegiven whichhastheform of aconditionon
the correlationmatrix of Poissoninputs. Curiouslyenough,this conditionhasthe form
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of a linear separabilitycondition, just as the conditionon learnability for perceptrons,
althoughit arisesherein a quite differentcontext. In generalit turnsout that all these
provable convergenceresultsfor STDPrequirea suitablechoiceof the relationship be-
tweentheparametersW+ andW� whichscaletherelative impactof synaptic facilitation
anddepressionin STDP.

As a preparationfor thesubsequentaveragecaseanalysiswe needto expressweight
changesresulting from STDPby suitableintegrals. STDPexploits correlationsbetween
input andoutputspike trainson the timescaleof the positive learningwindow. Inputs
which arestronglycorrelatedwith the outputspike train are reinforced. If the integral
over the whole learningwindow is negative, inputswith correlationson chancelevel or
slightly aboveareweakened.More formally, let Si bethespike trainof input i andlet S�

betheoutputspike train. Both arerepresentedin this sectionassumsof � -functions(see
the de�nitions at the endof section2). We considerthe total weight change� wi (t) =
wi (t + T) � wi (t) resultingfrom pre-andpostsynapticspikeswithin agiventimeinterval
of lengthT. Ignoringtheeffectof weightclipping,thetotalweightchangeis theintegral
overall individualweightchangesresultingfrom learningrule (4):

� wi (t) =
Z t+ T

t
dt0

Z t+ T

t
dt00A(t0 � t00)S� (t00)Si (t0) . (9)

By substitutings = t00� t0weget

� wi (t) =
Z t+ T

t
dt0

Z t+ T � t0

t � t0
ds A(s)S� (t0+ s)Si (t0) . (10)

But weightchangesduring the time interval [t; t + T] canpotentially alsobecausedby
pre- or postsynaptic spikes that do not fall into this interval (especiallyif T is small).
This canbetakeninto accountby extendingthe integrationrangeof thesecondinterval
to (�1 ; 1 ), sothatonearrivesat

� wi (t) =
Z t+ T

t
dt0

Z 1

�1
ds A(s)S� (t0+ s)Si (t0) . (11)

This formulaassumesfor simplicity thatall weightupdatesresultingfrom pre-andpost-
synaptic�ring arealwayscreditedto thetimepoint t0 of thepresynaptic�ring. Theerror
causedby this approximation is small if the learningratesde�ned by W+ ; W� (i.e., the
sizeof eachsingleweightupdate)is suf�ciently smallandthe�ring ratesaresuf�ciently
small so that the valueof a weight cannotchangetoo muchover the lengthof a single
“learning window” of STDP(i.e., during a singletime interval of a lengths for which
A(s) is still relatively large).

4.1 A necessarycondition on input spike trains

If weassumethatthestatisticsof inputandoutputspiketrainsareconstantovera learning
trial, the total weight changeover a suf�ciently long time interval T providesa good
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predictorfor theendresultof a learningprocess.Consideraneuronwith n synapsesand
a setM � f 1; : : : ; ng. SupposethattheneuroncomputesthetargettransformationF � if
andonly if wi = wmax

i for all i 2 M andwi = 0 for all i 62M . Thenfor learningF � the
learningwindow shouldbesuchthatall weightswi with i 2 M havepositivetotalweight
change.On the otherhand,all weightswi with i 62M will needto have negative total
weightchange(if it is allowedthattheinitial weightscanbenon-zero).If oneassumesa
simple learningwindow with exponentially decayingpositiveandnegativepartsasgiven
in rule (4), onecandeterminethepossiblerangeof W� =W+ by this criterion. For every
i 2 M , thetotal changeof wi hasto bepositive:

Z t+ T

t
dt0

Z 1

0
ds W+ S� (t0+ s)Si (t0) e� s=� +

�
Z t+ T

t
dt0

Z 0

�1
ds W� S� (t0+ s)Si (t0) es=� � > 0. (12)

Therefore,W� =W+ mustsatisfy

W�

W+
<

Rt+ T
t dt0

R1
0 ds S� (t0+ s)Si (t0) e� s=� +

Rt+ T
t dt0

R0
�1 ds S� (t0+ s)Si (t0) es=� �

(13)

for all i 2 M . Furthermorefor every i 62M , the total changeof wi hasto benegative,
i.e.,W� =W+ mustsatisfy

W�

W+
>

Rt+ T
t dt0

R1
0 ds S� (t0+ s)Si (t0) e� s=� +

Rt+ T
t dt0

R0
�1 ds S� (t0+ s)Si (t0) es=� �

(14)

for all i 62M . A valuein themiddlebetweenthesemaximumandminimum valuesfor
W� =W+ seemsdesirableto minimizetheeffectsof noisein thelearningprocess.

4.2 Corr elatedand uncorrelatedPoissoninput

In generalthespike trainsS1; : : : ; Sn ; S� maynotbeknown, only theprocesswhichgen-
eratedthem.For example,onemayonly know thestatisticsof theinputs(e.g.correlated
Poissonspike trains),but not theactualrealizations.Furthermoreif we assumethat the
targetspike train S� is generatedby someneuronwith a certaintargetweightvector, the
spikegenerationprocessmight bestochastic andS� is thereforenot known explicitly. In
thesecases,thechange� wi isarandomvariablewith ameandrift and�uctuationsaround
it. Wewill in thefollowing focusonthedrift by assumingthatindividualweightchanges
arevery small andonly averagedquantities enterthe learningdynamics,see(Kempter
etal., 1999).

TheSTDP-rule(5) avoidsthegrowth of weightsbeyondbounds0 andwmax by simple
clipping. This leadsto weightsthattendto assumeeitherof theclippingvalues0 or wmax .
Alternatively onecanmake theweightupdatedependenton theactualweightvalue

� w =
�

W+ � f + (w) � e� � t=� + ; if � t > 0
� W� � f � (w) � e� t=� � ; if � t � 0

(15)
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with suitable functions f + (w) and f � (w) (see(Kistler and van Hemmen,2000; van
Rossumetal.,2000;Rubinetal.,2001)).In (Gütigetal.,2003)ageneralruleissuggested
wheretheweightdependencehastheform of a power law with a non-negative exponent
� : f + (w) = ((wmax � w)=wmax )� + and f � (w) = (w=wmax )� � . For � + = � � = 0
this rule recoversthe basicadditive update. The case� + = � � = 1 correspondsto a
multiplicativemodelwheretheupdateis linearlydependenton thecurrentweightvalue.

In the remainderof this section,we assumefor simplicity thatwmax = 1 and� + =
� � = � . Then,theweightdependentupdatefactorssimplify to f �

+ (w) := (1 � w) � and
f �

� (w) := w� . Thusrule (15)becomes

� w =
�

W+ � (1 � w) � � e� � t=� + ; if � t > 0
� W� � w� � e� t=� � ; if � t � 0 .

(16)

With thissynapticupdaterule, thetotalweightchangecanbeapproximatedby

� wi (t) =
Z t+ T

t
dt0

� Z 1

0
ds W+ f �

+ (wi (t))e� s=� S� (t0+ s)Si (t0)

�
Z 0

�1
ds W� f �

� (wi (t))es=� S� (t0+ s)Si (t0)
�

, (17)

wherewe have set� + = � � = � for convenience,andreplacedf + (wi (t0)) by f + (wi (t)) ,
aswell asf � (wi (t0)) by f � (wi (t)) (assumingthatlearningproceedsona timescalelarger
thanT, i.e. thatwi (t) changesnot toomuchduringa time interval of lengthT).

Considerthe ensembleof all possible realizationsof input and output spike trains
given by some�x ed spike generationprocessesfor input andoutput spike trains. The
averageover thisensembleis in thefollowing denotedby h:i E andcalledensembleaver-
age. Takingtheensembleaverageover theweightchangein Equation17anddividingby
T yields

h� wi i E (t)
T

=
1
T

Z t+ T

t
dt0

�
f �

+ (wi (t))
Z 1

0
ds W+ e� s=� hS� (t0+ s)Si (t0)i E

� f �
� (wi (t))

Z 0

�1
ds W� es=� hS� (t0+ s)Si (t0)i E

�
, (18)

wherethe functionhSi (t0)S� (t0 + s)i E , which measuresthe correlationbetweenSi and
S� , is de�ned asthe joint probability densityfor observingan input spike at synapsei
at time t0 andan outputspike at time t0 + s. A real neurondoesnot integrateover the
whole ensemble,insteadlearningis driven by just a singlerealizationof the stochastic
process.But insteadof averagingover several trials, we may alsoconsideronesingle
long trial duringwhich inputandoutputcharacteristicsremainconstant.In thefollowing
analysis,inputandoutputspike trainswill alwaysbeassumedto resultfrom Poissonpro-
cesses.Becausein aPoissonprocess,disjoint time intervalsareindependent,theintegral
in Equation17 decomposesinto many independentevents. Thus,for suf�ciently small
individual weight updates,learningis self averaging(seealso (Kempteret al., 1999)).
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This meansthat insteadof learningon differentexamples from the ensemble,onecan
alsolearnfrom a longsingleexampleto achieve themeandrift in Equation18.

We canexchangethe integrals in Equation18 and introducea temporallyaveraged
correlationfunctionCi (s; t) := 1

T

Rt+ T
t dt0hSi (t0)S� (t0+ s)i E . Sincewewill in thefollow-

ing assumethatspike trainsarehomogeneousPoissonspike trains,thetemporalaverage
canbeskippedandweget

Ci (s; t) = hSi (t)S� (t + s)i E (19)

for the temporalaveragedcorrelationfunction. We approximatethe left handside of
Equation18by dwi (t)=dt � _wi (t), andtherebyobtain

_wi (t) = W+ f �
+ (wi (t))

Z 1

0
dse� s=� Ci (s; t) � W� f �

� (wi (t))
Z 0

�1
dses=� Ci (s; t) . (20)

Wecall _wi (t) thesynaptic drift of synapsei .
We now return to the previously discussedlearningtask. Consideran arbitraryset

M � f 1; : : : ; ng andassumethat thetargetweightvectorw � satis�esw�
i = 1 if i 2 M

andw�
i = 0 otherwise. The target outputspike train S� is producedby a neuronwith

synapticef�cacies w � andinputspike trainsS1; : : : Sn . Thequestionis, whetheraneuron
with someratherarbitrary initial weight vector can learn the target transformation F �

which mapsinputsS1; : : : ; Sn to the target outputS� , de�ned by S1; : : : ; Sn ; w � . We
assumethat theneuronreceivesS1; : : : ; Sn asinputs andis forcedto spike only at times
given by S� during training. Note that for homogeneousPoissonspike trainsasinputs
anda stationarygenerationprocessof thetargetoutputS� , Ci (s; t) is constantover time.
Wewill skip thedependenceon t in thenotation to emphasizethis.

A precisemathematicalcharacterizationof thosetarget transformationsF � (de�ned
by someweight vectorw � ) which canbe learnedby STDP turnsout to be a bit com-
plicated.Onecomplication arisesfrom the fact thata directanalysisof convergencefor
theSTDPrules(4) and(5) is very dif�cult becausetheresulting�uctuations aroundthe
barriers0 andwmax arehard to analyze. It turnsout that rule (16), i.e., rule (15) with
f + (w) = f �

+ (w) = (1 � w) � andf � (w) = f �
� (w) = w� , is easierto analyze.But this

ruleyieldsno longerconvergenceto thetargetvectorw � (in thecaseof supervisedtrain-
ing with teacher-enforcedoutputspike train S� ), but yieldsinsteadconvergenceto some
otherweightvectorwhich is now dependenton � . For exampleequation28 in theproof
of Theorem4.2 will show thatSTDPwith multiplicative updatesaccordingto rule (16)
convergesto a weight vector in (0; 1)n even if w � 2 f 0; 1gn . We expressthis weight
vector througha function W : R+ ! (0; 1)n which mapseach� > 0 onto a weight
vectorW(� ) (we setR+ := f x 2 R : x > 0g in this article). For � ! 0 this rule (16)
approximatestheoriginal STDP-rule(4), andaccordinglythe functionW(� ) converges
to thetargetvectorw � . Thuswe have to replacea directanalysisof supervisedlearning
with rule (4) by theanalysisof thelimit of supervisedlearningwith rule (16) for � ! 0.
Thismotivatesthefollowingde�nition of learnability:
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De�nition 4.1 We say that a target weightvectorw � 2 f 0; 1gn can approximatelybe
learnedin a supervisedparadigm where the output is clampedto the teaching signal
by STDPwith soft weight boundson homogeneousPoisson input spike trains (short:
“ w � can be learned”) if and only if there exists a function W : R+ ! (0; 1)n with
lim � ! 0 W(� ) = w � andthere exist W+ ; W� > 0, such that for all � > 0 theensemble
averagedweightvectorhw(t)i E with learningdynamicsgivenbyEquation20converges
to W(� ) for anyinitial weightvectorw(0) 2 [0; 1]n .

Thefollowing theoremassertsthatstability of targetweightvectorsunderSTDPimplies
alreadythatthey canbelearned.This impliesthateachlocally stableequilibrium pointof
theweightdynamicsis aglobalattractorfor thedynamicalsystemde�nedby thelearning
equations7.

Theorem 4.1 A target weightvectorw � 2 f 0; 1gn can be learnedif and only if there
existsa function W : R+ ! (0; 1)n with lim � ! 0 W(� ) = w � andthere exist W+ ; W� >
0, such that for all � > 0, W(� ) is a stableequilibrium point of theensembleaveraged
weightvectorhw(t)i E with learning dynamicsgivenbyEquation20.

Proof: Dueto teacherforcing, the integralsover thepositive andnegative learningwin-
dow in Equation20donotdependonw(t) andarethereforeconstant.Weusetheabbre-
viationCpos

i for
R1

0 dse� s=� Ci (s) andCneg
i for

R0
�1 dses=� Ci (s). Thelearningdynamics

canthereforebeseparatedinto n independentone-dimensionaldynamicalsystems.
To show the “if ” -part of Theorem4.1, we show that for any � > 0, the stable

equilibrium point W(� ) = hw� 1; : : : ; w�n i is the only equilibrium point of the sys-
tem. Consideran arbitrary � > 0 and a arbitrary synapsei . Since w�i is a stable
equilibrium point, the synapticdrift for small perturbationsfrom w �i is such that wi

convergesto w�i . We show that the synapticdrift hasthis propertyfor all initial val-
ueswi (0) 2 [0; 1] (sincethe systemis time invariant, it suf�ces to considerperturba-
tions at t = 0). For all wi (0) < w�i with wi (0) suf�ciently closeto w�i , we know
that the synapticdrift is positive, becausethe equilibrium point is stable. From Equa-
tion 20 we get 0 < _wi (0) = W+ Cpos

i (1 � wi (0)) � � W� Cneg
i wi (0)� . By de�nition

we have Cpos
i ; Cneg

i � 0, andCpos
i = Cneg

i = 0 is impossiblesincethis would imply
_wi (0) = 0 for all valuesof wi (0). Therefore,it holdsfor all w0

i (0) with 0 � w0
i (0) < wi (0)

that W+ Cpos
i (1 � wi (0)) � � W� Cneg

i wi (0)� < W+ Cpos
i (1 � w0

i (0)) � � W� Cneg
i w0

i (0)� .
Hencethe synaptic drift is positive for all weight valuessmaller than w�i . A simi-
lar argumentshows that the synapticdrift is negative for all weight valueswi (0) with
w�i < wi (0) � 1. Togetherthis implies thatw � is theonly globally stableequilibrium
point of the learningdynamics. Hence,the ensembleaveragedweight vectorhw(t)i E

convergesto W(� ) for any initial weightvectorw(0) 2 [0; 1]n .
We now show the“only if ” -partof Theorem4.1. If thetargetvectorcanbelearned,

thenfor someW+ ; W� > 0, we know thatfor any � > 0, theensembleaveragedweight
7A point x � in thestatespaceof a dynamical systemis calleda equilibrium point if it hastheproperty

thatwhenever thestateof thesystemstartsat x � , it remains at x � for all futuretimes.A equilibrium point
x � is saidto bestable,if thestateof thesystemconvergesto x � for all suf�ciently smalldisturbancesaway
from it.
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vectorhw(t)i E convergesto W(� ) for any initial weight vectorw(0) 2 [0; 1]n . Since
W(� ) 2 (0; 1)n , we can draw w(0) from a small surrounding of W(� ) which is still
in [0; 1]n . This implies that W(� ) is a stableequilibrium point of hw(t)i E underthe
learningdynamics.Hence,for thesevaluesof W+ andW� it holdsfor all � > 0 that
W(� ) is astableequilibriumpointof hw(t)i E underthelearningdynamics.This implies
the“only if ” -partof Theorem4.1.

For a morethoroughanalysisof the learningequation,we will have to incorporatea
speci�c neuronmodel. For the integrate-and-�reneuron,no closedformula exists that
relatesthecorrelationbetweeninputsandoutputsto theneuronparameters.Wetherefore
give an analysisfor the linear Poissonneuronmodel(seesection2; seealso(Gerstner
andKistler, 2002)). The next theoremis the main resultof this section. We de�ne the
normalizedcrosscorrelationbetweeninput spike trainsSi andSj with a commonrate
r > 0 as

C0
ij (s) =

hSi (t) Sj (t + s)i E

r 2
� 1 , (21)

which assumesvalue0 for uncorrelatedPoissonspike trains. In our neuronmodel,cor-
relationsareshapedby theresponsekernel� (s) andthey enterthelearningequation(20)
with respectto thelearningwindow. Thismotivatesthede�nition of windowcorrelations

c+
ij = 1 +

1
�

Z 1

0
ds e� s=�

Z 1

0
ds0 � (s0)C0

ij (s � s0) (22)

for thepositive learningwindow, and

c�
ij = 1 +

1
�

Z 0

�1
ds es=�

Z 1

0
ds0 � (s0)C0

ij (s � s0) (23)

for the negative learningwindow. In thesede�nitions, the secondintegral expressesa
�ltering of the correlationfunction with the responsekernel � . We call the matrices
C � = f c�

ij gi;j =1 ;:::;n thewindow correlationmatrices.Notethatwindow correlationsare
non-negativeandthatfor homogeneousPoissoninputspike trainsandfor anon-negative
responsekernel,they arepositive.8 Wearenow readyto formulateananalyticalcriterion
for learnability:

Theorem 4.2 A weightvectorw � can be learnedfor homogeneousPoissoninput spike
trains with window correlation matricesC+ and C � to a linear Poisson neuron with
non-negativeresponsekernelif andonly if w � 6= 0 and

P n
k=1 w�

kc+
ikP n

k=1 w�
kc�

ik

>

P n
k=1 w�

kc+
j kP n

k=1 w�
kc�

j k

for all pairshi; j i 2 f 1; : : : ; ng2 with w�
i = 1 andw�

j = 0.

8FromEquation 22 it follows thatc+
ij = 0 only if

R1
0 ds hSi (t) Sj (t + s)i E = 0. According to Bayes'

theorem, this equalitycanbe rewritten ashSi (t)i E
R1

0 ds hSj (t + s)jspike in Si at time ti E = 0. This
impliesthateithertherateof Si or therateof Sj is zerowhich contradictsourassumptionof positive rate.
A similarargumentcanbeappliedfor c�

ij .
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ThisTheoremcanbeinterpretedin thefollowingway. Theamountof correlationbetween
input i andtheoutputalsodependsonotherinputsk whicharecorrelatedwith this input.
Furthermore,the impactof sucha correlatedinput dependson its weight. In the linear
model,theseeffectsaresummed up. Theorem4.2 assertsa criterion on the fraction of
suchsummedcorrelationsin the positive andnegative learningwindow. This fraction
needsto belargerfor synapsesthatshouldbepotentiatedthanfor synapsesthatshouldbe
depressed.

Proof: Wewill proveTheorem4.2with thehelpof Theorem4.1.Wewill thereforeat
�rst analyzetheequilibriumpointsof Equation20 for the linearPoissonneuronmodel.
Considera linear Poissonneuronwith the constanttarget weight vectorw � . We obtain
the correlationfunction hSi (t) S� (t + s)i E of input i with the output by insertingthe
instantaneousrateof the linear Poissonneuronwith given input spike trainsS1; : : : ; Sn

(Equation3) into Equation19:9

Ci (s) = hSi (t) S� (t + s)i E =
nX

j =1

w�
j

Z 1

0
ds0 � (s0) hSi (t) Sj (t + s � s0)i E .

With theuseof simplemathematics,we canrewrite thisequationas

Ci (s) = r 2
nX

j =1

w�
j

�
1 +

Z 1

0
ds0 � (s0) C0

ij (s � s0)
�

. (24)

Equation24 describesthe input-output correlationsof a neuronwith targetweightsw � .
Sincetheoutputof the teachedneuronin our setupis clampedto S� , thesecorrelations
drivelearningin thesynapsesof theteachedneuron.Substituting Equation24into 20and
usingEquation21,wecancalculatethesynapticdrift as

_wi = r 2W+ f �
+ (wi )

nX

j =1

w�
j

Z 1

0
ds e� s=�

�
1 +

Z 1

0
ds0� (s0) C0

ij (s � s0)
�

� r 2W� f �
� (wi )

nX

j =1

w�
j

Z 0

�1
ds es=�

�
1 +

Z 1

0
ds0� (s0) C0

ij (s � s0)
�

. (25)

Equation25canberewritten in termsof thewindow correlationsc+
ij andc�

ij as

_wi = � r 2

"

W+ f �
+ (wi )

nX

j =1

w�
j c+

ij � W� f � (wi )
nX

j =1

w�
j c�

ij

#

. (26)

We �nd the equilibrium point w�i of synapsei by setting _wi = 0 in Equation26. This
yields

f �
� (w�i )

f �
+ (w�i )

=
�

w�i

1 � w�i

� �

=
W+

W�

P n
j =1 w�

j c+
ijP n

j =1 w�
j c�

ij

, (27)

9To show that this is valid, we observe thathSi (t)S� (t0)i E = hSi (t)hS� (t0)i E 0i E (this is just a rear-
rangementof the summation terms). Here,h : i E 0 indicatesthe ensembleaverageover the ensemblefor
givenS1; : : : ; Sn , i.e. only S� (t0) is varied.
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which is de�ned for w � 6= 0 (notethat w�
j � 0 for j = 1; : : : ; n, andc+

ij ; c�
ij > 0 for

i; j = 1; : : : ; n). WedenoteW+

W �

P n
j =1 w �

j c+
ijP n

j =1 w �
j c�

ij
by � i and�nd

w�i =

 

1 +
1

� 1=�
i

! � 1

. (28)

The equilibrium pointsof the learningdynamicsfor given � andW+ ; W� aretherefore
given by w � = hw� 1; : : : ; w�n i . If we cannot�nd valuesfor W+ ; W� suchthat these
equilibrium pointsarestable,thenthetarget functioncannotbe learneddueto Theorem
4.1.Thestability analysisof theequilibriumpoints is basedonEquation 26. Onecansee
thatthedrift is identicalto zerofor all W+ ; W� if w � = 0. In thiscase,everypoint in the
statespaceis anequilibrium point, but noneis stable.It follows that the target function
cannotbelearnedif w � = 0.

In the following we assumethatw � 6= 0. We show that in this casetheequilibrium
point is stablefor all �; W+ ; W� > 0. We considera small perturbation� w of a single
componentwi from theequilibrium pointw�i . Thisleadsto somedrift _wi of theperturbed
system:

_wi =
� r 2

n
[W+ f �

+ (w�i + � w)
nX

j =1

w�
j c+

ij � W� f � (w�i + � w)
nX

j =1

w�
j c�

ij ] . (29)

For all � > 0and� w > 0, it holdsthatf �
+ (wi + � w) < f �

+ (wi ) andf �
� (wi + � w) > f �

� (wi ).
Becausec+

ij ; c�
ij > 0, the synapticdrift of the perturbedsystem _wi is smallerthan the

synapticdrift of thesystemin equilibrium, which is 0. It follows that thesynapticdrift
is negative for � w > 0. A similar argumentshows that thesynapticdrift is positive for
� w < 0. Therefore,theequilibriumpointof thesystemis stableif andonly if w � 6= 0.

To summarize,we know that thereexistsa functionW : R+ ! (0; 1)n suchthat for
all W+ ; W� ; � > 0, W(� ) is a stableequilibriumpoint of the learningdynamicsif and
only if w � 6= 0. Here,we can identify W(� ) with w � . If we comparethis statement
with Theorem4.1,we candeducethat thetargetvectorw � canbe learnedif andonly if
w � 6= 0 andlim � ! 0 w�i = w�

i for all i 2 f 1; : : : ; ng. In thefollowing,we show thatthis
criterionis indeedequivalentto thecriteriongiven in Theorem4.2.

We de�ne two setsof indicesM and �M , whereM containsall indicesi with w�
i =

1 and �M containsall indicesi with w�
i = 0. More formally, we de�ne M = f i 2

f 1; : : : ; ngjw�
i = 1g and �M = f i 2 f 1; : : : ; ngjw�

i = 0g. Note that lim � ! 0 w�i = 1
if andonly if � i > 1. Furthermore,lim � ! 0 w�i = 0 if andonly if � i < 1. Therefore,
lim � ! 0 w � = w � holdsif andonly if � i > 1 for all i 2 M and� i < 1 for all i 2 �M . By
thede�nition of � i , thisstatementis equivalent to thefollowing statement:lim � ! 0 w � =
w � if andonly if

W�

W+
<

P n
j =1 w�

j c+
ijP n

j =1 w�
j c�

ij

for all i 2 M , and (30)

W�

W+
>

P n
j =1 w�

j c+
ijP n

j =1 w�
j c�

ij

for all i 2 �M . (31)
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Equations31and30canbetakentogetherto form a single criterion: lim � ! 0 w � = w � if
andonly if

P n
k=1 w�

kc+
ikP n

k=1 w�
kc�

ik

>

P n
k=1 w�

kc+
j kP n

k=1 w�
kc�

j k

for all pairshi; j i with i 2 M andj 2 �M . (32)

If Condition32 is satis�ed,we know thatwe can�nd valuesfor W+ ; W� > 0 suchthat
Conditions30 and31 aresatis�ed. On the otherhand,if Condition32 is not satis�ed,
thereareno suchvalues. Note that condition 32 is satis�ed if no suchpairsexist (i.e.
w�

i = 1 for all i ). In this casewe can chooseW� =W+ arbitrarily small to guarantee
convergence.Hencewe have shown thata targetvectorw � canbelearnedif andonly if
w � 6= 0 andCondition32 is satis�ed. Thisconcludestheproofof Theorem4.2.

For a wide classof cross-correlationfunctions,onecanestablisha relationship be-
tweenlearnabilityby STDPandthewell-known conceptof linearseparabilityfrom linear
algebra.

De�nition 4.2 Let c1; : : : ; cm 2 Rn andy1; : : : ; ym 2 f 0; 1g. We saythat a vectorw 2
Rn linearly separatesthe list hhc1; y1i ; : : : ; hcm ; ym ii if there existsa threshold � such
thatyi = sign(ci � w � �) for i = 1; : : : ; m.

Theperceptronconvergencetheoremassertsthatalist of trainingexamplescanbelearned
if a weightvectorexists thatseparatesthelist (i.e. if thelist is linearseparable).We will
show thatthede�nition of linearseparabilityturnsout to beusefulalsoin thecontext of
spikingneuronsif it is appliedto thewindow correlationmatrixC + of inputspike trains.
Becauseof synaptic delays,theresponseof a spiking neuronto aninput spike is delayed
by sometime t0. Onecanmodelsucha delay in the responsekernelby the restriction
� (s) = 0 for all s � t0.10 Thefollowing Corollaryassertsthatif input correlationsC0

ij (s)
vanishfor timedifferencess < � t0 (i.e. cross-correlationsappearonly in a timewindow
smallerthanthedelay),thenlearnabilitycanbestatedin termsof linearseparability. As
shown in thetheproofof Corollary4.1,thiscondition impliesthatc�

ij = 1 for all i; j .

Corollary 4.1 If thereexistsa t0 � 0such thattheresponsekernel� (s) = 0 for all s � t 0

andC0
ij (s) = 0 for all s < � t0; i; j = 1; : : : ; n, andthewindowcorrelationmatrixC+ is

positive, thenthefollowing holdsfor thecaseof homogeneousPoissoninput spike trains
to a linear Poissonneuronwith responsekernel� :

A weightvectorw � canbe learnedif andonly if w � 6= 0 andw � linearly separates
thelist L = hhc+

1 ; w�
1i ; : : : ; hc+

n ; w�
n ii , where c+

1 ; : : : ; c+
n are therowsof C+ .

Corollary4.1canbeviewedasananalogonof thePerceptronConvergenceTheoremfor
theaveragecaseanalysisof STDP.

10Differentsynapseshave different delays. Here,we only considera singledelayt 0 for all synapses.
However, this assumptionis not critical for the analysis.It caneasilybe generalizedto various different
delays.
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Proof: Thewindow correlationsc�
ij aregivenby

c�
ij = 1 +

1
�

Z 0

�1
ds es=�

Z 1

0
ds0 � (s0)C0

ij (s � s0)

= 1 +
1
�

Z 0

�1
ds es=�

� Z t0

0
ds0 � (s0)C0

ij (s � s0) +
Z 1

t0

ds0 � (s0)C0
ij (s � s0)

�

= 1 .

The �rst integral in thesquarebracketsvanishesbecause� (s0) = 0 for s0 2 [0; t0]. The
secondintegral in thesquarebracketsvanishesbecauseC0

ij (s � s0) = 0 for s � s0 < � t0

and� (t0) = 0.

We canapply Theorem4.2. The inequality in Theorem4.2 becomes
P n

k =1 w �
k c+

ikP n
k =1 w �

k
>

P n
k =1 w �

k c+
j kP n

k =1 w �
k

. Let M = f i 2 f 1; : : : ; ngjw�
i = 1g and �M = f i 2 f 1; : : : ; ngjw�

i = 0g. We
�nd thattheweightvectorcanbelearnedif andonly if w � 6= 0 and

nX

k=1

w�
kc+

ik >
nX

k=1

w�
kc+

j k (33)

for all pairshi; j i with i 2 M andj 2 �M .
It remainsto be shown that Condition 33 is equivalent to the statementthat w �

linearly separatesthe list L = hhc+
1 ; w�

1i ; : : : ; hc+
n ; w�

n ii . Condition33 is satis�ed if and
only if thereexists somethreshold� suchthat w � � c+

i > � > w � � c+
j for all pairs

hi; j i with i 2 M andj 2 �M . This is equivalent to theconditionthat thereexists some
threshold� suchthatsign(c+

i � w � � �) = w�
i for all i = 1; : : : ; n. Therefore,Condition

33holds, if andonly if w � linearly separatesL.

The formulationof Corollary 4.1 is tight in the sensethat linear separabilityof the
list L alone(asopposedto linearseparabilityby thetargetvectorw � ) is not suf�cient to
imply learnability. This follows from thefollowing fact:

Proposition 4.1: There exists a window correlation matrix C+ = f c+
ij gi;j =1 ;:::;n with

windowcorrelations c+
ij and there exist vectors w; w � 2 f 0; 1gn , such that w linearly

separates the list L = hhc+
1 ; w�

1i ; : : : ; hc+
n ; w�

n ii but w � doesnot linearly separate L.
Thusthelist L is linearly separable but thetargetvectorw � cannotbelearnedbySTDP.

Proof: ConsiderhomogeneousPoissoninputspiketrainsof rater whichhavenormalized
crosscorrelationfunctionsof the form C0

ij (s) = cij

r � (s) with non-negative correlation
coef�cients cij . Let C denotethe matrix with entriescij andci denotethe i -th row of
C. Furthermoreconsidersomeresponsekernel � with � (s) = 0 for s � 0. Obviously,
we canapply Corollary 4.1 here. The positive window correlationfunctionsareof the
form c+

ij = 1 + cij 
 for someconstant
 > 0. One can show that for target values
y1; : : : ; yn 2 f 0; 1g thelist L = hhc+

1 ; y1i ; : : : ; hc+
n ; yn ii is linearly separatedby a vector
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w 2 f 0; 1gn if and only if w linearly separatesthe list L = hhc1; y1i ; : : : ; hcn ; yn ii
(seeAppendix C). We will thereforeconsiderthe matrix C of correlationcoef�cients
cij insteadof C+ .

Considerthematrixandvectors

C =

0

B
B
B
B
@

1 0:25 0:1 0:5 0
0:25 1 0:1 0:5 0
0:1 0:1 1 0:05 0
0:5 0:5 0:05 1 0
0 0 0 0 1

1

C
C
C
C
A

, w � =

0

B
B
B
B
@

1
1
1
0
1

1

C
C
C
C
A

,w =

0

B
B
B
B
@

0
0
1
0
1

1

C
C
C
C
A

.

Thelist L = hhc1; w�
1i ; : : : ; hcn ; w�

n ii whereci is thei -th row vectorof C is notseparated
by w � , becauseCw � = (1:35; 1:35; 1:2; 1:05; 1)T . However, w separatesL because
Cw = (0:1; 0:1; 1; 0:05; 1)T . Onecan show that thereexist Poissonspike trainswith
correlationmatrix C, see(LegensteinandMaass,2004).

For uncorrelatedinput spike trainsof rater > 0, eachinput spike train is correlated
onlywith itself andonly for zerotimelag. Thusthenormalizedcrosscorrelationfunctions
aregivenby C0

ij (s) = � ij

r � (s), where� ij is theKronecker deltafunction. In thiscase,the
condition for Corollary 4.1 is satis�ed for every responsekernel � with � (s) = 0 for
s � 0. Furthermore,the positive window correlationsaregiven by c+

ij = 1 + � ij 
 for
someconstant
 > 0. For arbitrarytargetvaluesy1; : : : ; yn , a weightvectorw separates
thecorrespondinglist list L = hhc+

1 ; y1i ; : : : ; hc+
n ; yn ii if andonly if w separatesthelist

L0 = hhe1; y1i ; : : : ; hen ; yn ii wherethevectorse1; : : : ; en arethe thecolumnvectorsof
theidentity matrix (seeAppendixC). But every weightvectorw � 2 f 0; 1gn with w 6= 0
separatesthe list hhe1; w�

1i ; : : : ; hen ; w�
n ii . Hence,for a window correlationmatrix with

suchentries,every weight vectorw � 2 f 0; 1gn separatesthe correspondinglist. Thus,
with suitablevaluesof W� andW+ , any targetweightvectorw � 2 f 0; 1gn with w � 6= 0
canbelearnedfor thecaseof uncorrelatedPoissoninputspike trains:

Corollary 4.2 A target weightvectorw � 2 f 0; 1gn canbelearnedin thecaseof uncor-
relatedPoissoninput spike trains to a linear Poissonneuron with responsekernel � such
that � (s) = 0 for all s � 0 if andonly if w � 6= 0.

Equations30 and31 give necessaryconditionsfor the relationshipbetweenlong term
depressionandlong termpotentiation for successfullearning. For uncorrelatedPoisson
input, Equation31 predictsthat W� =W+ hasto be larger than1. By Equation30, this
fractionis boundedfrom aboveby

W�

W+
< 1 +

w�
i

� r
P n

j =1 w�
j

. (34)

As describedin section4.1, an optimal fraction W� =W+ lies on the half way between
1 andthe upperextremeof this inequality. For increasingn anda constantfraction of
nonzeroweights,thesumin thedenominatorof Equation34becomeslarger. Equation34
thereforepredictsthatthis ratiodropswith increasingn (seeexperiment1 in section5).
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For uncorrelatedPoissoninput andwith differentpowers � + and � � , Equation27
whichdescribesthe�x edpointof asynapsesi reads

w� �
�i

(1 � w�i )� +
=

W+

W�

 

1 +
1
� r

w�
iP n

j =1 w�
j

!

. (35)

Notethatthisequationnotonly holdsfor binarytargetvectorsw � , but alsofor continuous
targetvectorsw � 2 [0; 1]n . The learningrule thereforere�ects theorderingof thetarget
weightsw � in its equilibrium point (i.e. for two synapsesi; j with w �

i > w�
j , we get

w�i > w�j ). With appropriateparameters� + , � � , W+ , andW� , oneshouldbe ableto
learnagoodapproximation to w � . Thisis con�rmedwith computersimulationsin section
6.2.However, thisorderingbreaksdown for correlatedinputs,becausecrosscorrelations
betweeninputshaveastrongin�uenceontheequilibrium pointsof thelearningdynamics.

5 Computer simulations of supervised learning with
STDP: Weight modulations

We have shown throughcomputer simulations that in spiteof the negative result from
section3 for the SNCCin a worst caseinput scenario,the SNCCfor STDPis approxi-
matelysatis�edfor Poissoninputspiketrains,with andwithoutcorrelationsamongthem.
This positive result is not surprising in view of the theoreticalpredictionsof section4,
but it is notautomaticallyimpliedby theprecedingtheory. In orderto makea theoretical
analysisfeasible,we neededto make in section4 a numberof simplifying assumptions
on theneuronmodel(linearPoissonneuron)andthesynapsemodel(staticsynapses).In
additiona numberof approximationshadto be usedin orderto simplify the estimates;
for examplewe hadonly analyzedensembleaverageanddrift andhadassumedthat the
impactof stochastic�uctuationscouldbeignored.As a consequencewe will seefor the
morerealisticmodelsof neuronsandsynapsesthattheweightvectordoesin generalnot
convergeto thetargetvector, but rather�uctuatesin theneighborhoodof thetargetvector.

We considerin this sectionand in sections6 and 7 the more realistic modelsfor
neuronsandsynapsesdiscussedin section2. We alsoshow that in somecasesa less
restrictive teacherforcing suf�ces, that toleratesundesired�ring of the neuronduring
training.Detailsto thesimulationscanbefoundin AppendixA.

Apart from the failure of common rules for STDP to respondappropriately(by a
suitablereductionof weightsof excitatorysynapses)to “negative examples”,wherethe
neuron�res althoughit should not �re, wehadidenti�ed in section3 two otherstructural
differencesbetweentheperceptronlearningruleandSTDP:

i) STDPcannotchangethe“sign” of asynapse

iii) STDPkeepschangingsynapticparametersfor inputsthatarealreadyprocessedin
thedesiredwayby theneuron.
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In all oursimulationsweapplySTDPjust to excitatorysynapses(andthey remainexcita-
tory), whereastheparametersof inhibitory synapsesremainunchanged(largely because
of a lack of commonly acceptedexperimental dataon STDP for “generic” inhibitory
synapses).We show that the resultingstructuraldifferencei) to theperceptronlearning
rule causesno problemfor theconvergenceof learningin thecomputerexperimentsdis-
cussedin this article (note that no inhibitory inputswere consideredin the theoretical
analysisof section4).

Theproblemiii) certainlyhasanimpactinsofarasit causesnever-ending�uctuations
aroundthetargetvector, anddoesnot allow a lockingontothetargetvectorafter �nitely
many stepsas in the caseof perceptronlearning. The theoreticalanalysisof section4
hadassumedthat the neuronnever �res during training exceptwhen it is supposedto
�re. In the subsequentcomputer simulations the neuronreceived a strongdepolarizing
input whenit wassupposedto �re, andanhyperpolarizing input, which preventedmost
(but not all) undesired�ring, whenit wasnot supposed to �re. It turnsout that the use
of suchhyperpolarizing teacher-input is not necessaryif onestartsinsteadthe learning
with small (randomlyassigned)initial weights. With large initial weightsandwithout
hyperpolarizingteacher-input, learningcapabilitiesareweak(resultsnotshown).

Experiment 1 (uncorrelated input): In this experiment, a leaky integrate-and-�re
neuronreceived inputsfrom n = 100dynamic synapses.90% of thesesynapseswere
excitatory and10% wereinhibitory. For eachexcitatory synapse,the maximalef�cacy
wmax waschosenfrom a Gaussiandistribution with mean54 andSD 10:8, boundedby
54 � 3SD 11. Target weightvectorsw � werechosenasfollows. We randomlyselected
onehalf of the excitatory synapsesandsettheir weightsto the correspondingmaximal
ef�cacy wmax . Theweightsof theotherexcitatorysynapsesweresettozero.Theresulting
targetweightvectorw � wasthenusedto de�ne a transformationF , thatmaps100input
spike trainsto oneoutputspike train. The thresholdof theneuronwassetsuchthat the
rate of the outputspike train wasapproximately25 Hz for an input consisting of 100
uncorrelatedPoissonspike trainswith a rateof 20 Hz (this input ratewasusedfor all
subsequentexperiments,exceptfor experiment5).

We then replacedthe weightsof all excitatory synapsesby new randomlychosen
valuesaccordingtoagammadistributionwith mean9andstandarddeviation 6:3. Weights
of inhibitory synapsesremained�x ed throughout theexperiment(this alsoholdsfor all
otherexperimentsdiscussedin this article). We thenexaminedwhetherthe neuroncan
learnwith STDPto reproducethepreviously de�ned transformationF from input spike
trainsto outputspikesfor aninput consistingof 100uncorrelatedPoissonspike trainsat
a rateof 20 Hz. Informationaboutthe target transformationF wasgiven to theneuron
only in the form of shortcurrentinjections(1 � A for 0.2 ms) at thosetimeswhenthis
transformationF (i.e., the neuronwith the weight vectorw � ) would have produceda
spike. LearningwasimplementedasstandardSTDP(seerule 5) with parameters� + =
� � = � = 20ms, W+ = 0:3, andW� =W+ = 1:035.

11I.e.,valueslower than21:6 (greaterthan86:4) werereplacedby 21:6 (86:4).

23



Thelearningsimulationwasperformedfor 3600secondsof simulatedbiological time
with onelong input sequence(i.e. without repetitionof identicalspike trains). Longer
simulations(4 hourssimulated biological time) wereperformedto test the stability of
results.No signi�cant changesin the resultswereobserved for theseruns. Resultsof a
typical learningtrial areshown in Fig. 3.
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Figure3: Learninganarbitrarytransformation F on100uncorrelatedPoissoninputs.A)
Outputspike trainon testdataafteronehourof training(trained)comparedto theoutput
of thetarget transformationF (target). B) Evolution of theanglebetweenweightvector
w(t) andthevectorw � thatimplementsF in radiant(angularerror, solid line), theweight
deviation(dashedline), andspikecorrelation(dottedline). C) 20weightsfrom thevector
w � (eachweighthasits maximalpossible valueor value0). D) Correspondingweights
of thelearnedvectorw(t) afteronehourof training.

Threedifferentperformancemeasureswereusedfor analyzingthe learningprogress
(seethethreecurvesin panelB). Themostinformative one(“spike correlation”,plotted
in panelB with a dottedline) measuresfor test inputs that were not usedfor training
(but hadbeengeneratedby thesameprocess)thedeviationbetweentheoutputspiketrain
producedby thetargettransformationF for thisinput,andtheoutputspiketrainproduced
for thesameinput by theneuronwith the currentweightvectorw(t). For thatpurpose
eachspike in thesetwo outputspike trainswasreplacedby a Gaussianfunctionwith an
SD of 5 ms. The spike correlation betweenboth outputspike trainswasde�ned asthe
correlationbetweentheresultingsmooth functionsof time(for segmentsof length100s).
Thismeasurepenalizesmissingor super�uousspikesproducedby thetrainedneuron,but
alsoimprecisionin timing of spikeson the scaleof a few ms. The othertwo measures
areobtainedby comparingdirectly thecurrentweightvectorw(t), with thetargetweight
vectorw � . Theangularerror measurestheanglebetweenthesetwo vectors(solid line in
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panelB). Notethatthis measuredoesnot re�ect differencesin themagnitudeof vectors,
in contrastto thethird measure:weightdeviation. Weightdeviation is themeanabsolute
weightdifferencenormalizedby themeantargetweight. Thus,theweightdeviation can
be computed as

P n e
i =1 jw �

i � wi (t )jP n e
i =1 w �

i
, with ne being the numberof excitatory weights. Note

thatthelattertwo measuresareverydirect,but canbedeceptive,sincein generalseveral
differentweight vectorscanproducegoodapproximations to the target transformation
F (especiallyif inputsarestronglycorrelated).PanelsC andD in Fig. 3 show for an
arbitrarysubsetof 20of the90excitatorysynapsesthevaluesof weightsin w � (panelC)
andw(t) (panelD) for t = 3600s. Theweightsin w � haveeithervalue0 or therandomly
chosenmaximalvaluewmax for thatweight.Theresultsshown in Fig. 3 demonstratethat
the spiking neuronwith dynamicsynapseswasableto learnwith STDPafter about30
minutesof trainingthetargettransformation F quitewell, andfurtherlearningwith STDP
did not reducethe quality of the approximation.Although the chosenspike correlation
measureequalszerofor uncorrelatedPoissonspike trainsof a common rate,we tested
thespike correlationof randomlychosenweightvectors(insteadof the learnedvector).
Thespikecorrelationproducedby 20weightvectorsdrawn from thesamedistributionas
thetargetweightvectorw � was0:24� 0:04(mean� SD).Hence,thespikecorrelations
achievedarefarabovechancelevel.
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Figure4: Resultsondifferentinputsizes.For eachinputsize,thesimulationwasrepeated
20 timesfor differenttargettransformationF differentinputs,anddifferentinitial condi-
tions. The meanandstandarddeviation is shown for spike correlation(A), andangular
error (B), after 1 hour of training. PanelC shows training time neededuntil an angular
errorof lessthan10degreeis achieved.

In orderto testwhetherthis positive resultis representative, we carriedout 100rep-
etitionsof the sameexperimentwith different target vectorsw � , different initialization
w(0) of theweightvectorbeforelearning,anddifferentnumbersof inputs.20repetitions
of theexperiment(alwayswith new Poissonspike trains)werecarriedout for 5 different
dimensions(i.e., for 5 differentnumbersof simultaneously injectedPoissonspike trains)
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between25and200.ThequotientW� =W+ wassetto 1.12,1.05,1.035,1.025,1.0175for
25, 50, 100,150,and200inputsrespectively. Resultsareshown in Fig.4. PanelsA and
B show that randomlychosentarget transformations F arelearntquitewell with STDP,
with only slightdeteriorationof performanceevenfor biologically realisticlargenumbers
of input spike train. However, therequiredtrainingtime increasesroughly linearly with
thenumberof inputs, but stayswithin a reasonablerange.

Experiment 2 (noisy teacher): In a realisticscenarioof predictionlearningthepre-
dictedinputsare likely to have sometiming jitter. We thereforerepeatedexperiment1
with the timing of “teacherspikes” jitteredby Gaussiannoisewith zeromeanandSD
4ms. In this caselearningtook considerablylonger(65 � 12 minutesconvergencetime
until anangularerror of � 10 degreeswasachieved for thecase100 input spike trains,
for 20 repetitionsof theexperiment.500minutessimulatedtrainingtime.), andyielded
thefollowing results:spikecorrelation0:67� 0:1, angularerror7:5� 1:9 degrees,weight
deviation2:3 � 0:5%, for W+ = 0:045, W� =W+ = 1:0055.12

Experiment 3 (correlated input): Thereexist many correlationsamongspike trains
from differentneuronsin a neuralsystem,andthereforewehavealsocarriedoutavaria-
tion of experiment1 wheredifferentsubgroupsof inputspike trainshaddifferentdegrees
of correlation.

In this setup,inputswith weight0 in thegenerationof the target transformationare
correlatedwith theoutput.Thereasonfor this is thatsuchinputsarecorrelatedwith other
inputsthathaveapositiveweightandcorrelationswith theoutput.Furthermore,stronger
correlatedgroupshave a strongerin�uence on theoutput. In theextremecase,weighted
inputsof inputgroupswith smallcorrelationwithin thegroupmaybelesscorrelatedwith
theoutputthannon-weightedinputs within stronglycorrelatedgroups.Again,Equations
13 and 14 help to predict successfullearningand to determinea suitable quotientof
W� =W+ .

Theexperimentalsetupwassimilar to thatof experiment1. The90 excitatoryinputs
weredividedinto 9 groupsof 10synapsespergroup.Spike trainswerecorrelatedwithin
groups,whereastherewere virtually no correlationsbetweenspike trains of different
groups.

Correlatedspike trainswith givencorrelationcoef�cients cc andgivendecays� cc of
correlationsfor timeshiftedversionsof suchspike trainsweregeneratedaccordingto the
methodsthatwereintroducedandanalyzedin (Gütig et al., 2003).More precisely, spike
trainsSi ; Sj weregeneratedsuchthat the correlationfunction Cij (� t) = hSi (t)Sj (t +
� t)i t of Si andSj is exponentially decayingasa functionof j� tj, with somesmalltime
constant� cc (seeAppendix). Thecorrelationcoef�cient cci within groupi consisting of
10 spike trainswassetto 0:1 � (i � 1) for i = 1; : : : ; 9. The time constantof decay� cc

wassetto 10ms.13

12Somewhat betterresultscan be achieved with additional inhibitory input that reduces non-teacher-
induced�ring (seeexperiment3 for details).Onegetsthenaspike correlationof 0:73� 0:16.

13Thepeakcorrelation of thecross-correlationfunction is actuallysmaller. Thecorrelation factorcc is
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Target transformationsF whereall synapsesbelongingto the samegroup of size
10 areall assignedthe weight 0 or the maximalpossible valuecanbe learntaswell as
thetarget transformationconsideredin experiment1. Thereforewe have focusedon the
moredif�cult casewheretargettransformationsF have to belearntthatrequiredifferent
weightsfor highly correlatedinputspike trains.Moreprecisely, wehavechosenthemost
dif�cult case:target transformationsF thatweregeneratedby assigningwithin eachof
the9 groupsof the10excitatorysynapsesto 5 of themtheweight0 andto 5 of themtheir
maximalweight valuewmax (which wasagainchosenrandomlyfor eachsynapseasin
experiment1).

PanelA in Fig.5showsatypicalweightvectorthatresultsin thisway. Notethatlearn-
ing is notonly basedon teacherspikesbut alsoonnonteacher-induced�ring. Therefore,
in addition to the dif�culties notedabove, stronglycorrelatedgroupsof inputs tend to
causeautonomous (i.e.,not teacher-induced)�ring of theneuronwhich resultsin weight
increasesfor all weightswithin thecorrespondinggroupof synapsesaccordingto well-
known resultsfor STDP (Songet al., 2000; Gütig et al., 2003). Obviously this effect
makesit quitehardto learnatargettransformationF thatrequiresthathalf of theweights
for eachcorrelatedgrouphavevalue0.

However, spike correlationsof 0:79 � 0:09 couldstill beachieved(20 runs,angular
error14:1 � 10degrees,weightdeviation8:6 � 6:3 after1 hourof training,convergence
time 716� 359s until an angularerror of � 10 degreesin reached,for W+ = 0:45,
W� =W+ = 1:05).

The performancewas better if additional inhibitory input was given to the neuron
that reducedthe occurrenceof non-teacher-induced�ring of the neuron. We added30
inhibitory synapseswith weightsdrawn from a gamma distribution with mean25 and
standarddeviation 7:5, that received additional 30 uncorrelatedPoissonspike trainsat
20 Hz. The weight vectorw(t) resultingafter onehour of learningin the presenceof
suchadditional inhibitory input is shown in panelB of Fig. 5. One can seethat the
deviation from the target weight vector w � shown in panelA is very small, even for
highly correlatedgroupsof synapseswith heterogeneoustargetweights.

On 20 trials (eachwith a new randomdistribution of maximalweightswmax as in
experiment1, andhencewith a new targettransformationF ), themeanspikecorrelation
after1 hourof trainingwas0:83 � 0:08, with anangularerrorof 6:8 � 4:7 degreesand
a weightdeviation of 4:25� 2:2%. Thespikecorrelationproducedby 20 weightvectors
drawn from thesamedistribution asthetargetweightvectorw � was0:45� 0:05.

Experiment 4 (dependenceof learning performanceon input correlation):
In orderto evaluatethedependenceof correlationamonginputswe proceededsimi-

larly asin experiment3, but increasedandsharpenedthecorrelationamonginputs. Now
4 groupsconsisting eachof 10 input spike trains were constructedfor which the cor-
relationswithin eachgrouphadthe samevaluecc (the input spike train to the other50

obtained in the limit of � cc = 0. cci canbe interpretedasthecorrelationpresentin a large time window.
Sincethe time constantfor STDPusedis 20 milliseconds,this de�nition is reasonable andmorerealistic
thancorrelationswith � cc = 0 (i.e. exactcoincidenceof spikes).
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Figure5: Effectsof correlatedinputs.A typical targetweightvectorw � for experiment3
is shown in panelA (eachweighthasits maximalpossiblevalueor value0), andatypical
learnedweightvectorin panelB. No signi�cant lossof accuracy canbeseenfor weights
of synapsesthatreceive highly correlatedinput spike trains(cc = 0:8 for synapses81 to
90) in comparisonwith synapsesthat receive weakly correlated(cc = 0:1 � (i � 1) for
thei th group)or uncorrelatedinputs(e.g. synapses1 to 10). PanelC shows theresultof
experiment4 with sharpercorrelation(� cc = 6 ms, insteadof 10 ms)and4 groupswith
thecorrelationccplottedon thex-axis(solid line). It alsoshows asdashedline thespike
correlationachievedby randomlydrawn weightvectors(wherehalf of theweightswere
setto wmax andtheotherweightsweresetto 0).

excitatorysynapseswereuncorrelated,asweretheinputsto10inhibitory synapses,30ex-
trauncorrelatedinhibitory inputswereaddedduringtrainingasin experiment3 to reduce
undesired�ring). In orderto maketheeffectsof thesecorrelatedinputsmorepronounced,
thetime constant� cc for thetemporaldecayof input correlationswasreducedfrom 10 to
6 ms.TargettransformationsF werechosenasin experiment3 in themostadverseway:
half of the weightsof w � within eachcorrelatedgroupwassetto 0, the otherhalf to a
randomlychosenmaximalvalue. The learningperformanceafter 1 hourof training for
20 trials is plottedin Fig. 5 C for 7 differentvaluesof thecorrelationccthatis appliedin
4 of the input groups(solid line). ThequotientW� =W+ wassetto 1:05; 1:055; 1:06 for
correlationsof 0:3; 0:4, andhighercorrelationsrespectively. Notethathighercorrelations
inducemorecorrelationof unweightedinputswith theoutput. Due to Equation13, this
implieslargerW� =W+ for largercorrelations.W+ wassetto 0:45. Oneseesthathighly
correlatedinputsdo indeedreducethe performanceof learning“dif �cult” target trans-
formationF with STDP. The resultingcorrelationbetweenthe target outputspike train
producedby F andtheoutputspiketrainproducedby theneuronwith weightvectorw(t)
after trainingis not too bad,evenfor highly correlatedinputs(0:64� 0:05 for cc = 0:9),
althoughthe learnedweightvectorw(t) is far off the target vectorw � (angularerrorof
40� 3:4 degreesfor cc = 0:9). In this casemany differentweightvectorsproducequite
similaroutputspiketrainssincethemajorityof output spikesof F is causedby correlated
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activity in oneof the4 correlatedinputgroups,andredistribution of weightswithin each
correlatedgrouponly causeslight changesin theoutputspike trains(seedashedline in
Fig. 5 C). FurthermoreSTDPis not well-suitedfor selectingtheright oneswithin these
correlatedgroupfor weight-ampli�cation.
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Figure6: Comparisonbetweentheoryandsimulationresultsfor a leaky integrate-and-�re
neuronfor input correlationsbetween0:1 and0:5 (� cc = 6ms). Eachcrossmarksa trial
wherethetargetvectorwaslearnableaccordingto Theorem4.2. Eachopencircle marks
a trial which is not learnableaccordingto Theorem4.2. Theactuallearningperformanc
of STDPis plottedfor eachtrial in termsof the weight error (x-axis) and1 minusthe
spikecorrelation(y-axis).

In orderto testthe approximatevalidity of Theorem4.2 for leaky integrate-and-�re
neuronsanddynamicsynapses,we repeatedtheabove experimentfor input correlations
cc = 0:1; 0:2; 0:3; 0:4, and0:5. For eachcorrelationvalue,20 learningtrials (with differ-
enttargetvectors)weresimulated.65%of the100learningtrialswereclassi�edasbeing
learnable.Thenormalizedcrosscorrelationbetweeninputsi andj (seeEquation21) is
approximatelygivenby C0

ij (s) = cc
2� cc r e�j sj=� cc for a meaninput rateof r = 20Hz anda

correlationdecayconstantof � cc = 6ms. We hadto choosea responsekernel� suchthat
� (s) re�ects the probability of spiking of the integrate-and-�reneuronasa function of
time s sincean input spike. This is experimentallymeasuredwith theperistimulus time
histogram(PSTH).For an integrate-and-�reneuronwithout synapticnoise,thePSTHis
notproportional to theshapeof theEPSP, but to its derivative,see(HerrmannandGerst-
ner, 2001).Sincethederivativeof theEPSPassumesalsonegativevaluesandits integral
from 0 to in�nity is vanishing, we could not useit for the analysis(we assumedin the
analysisthat the responsekernel is positive andthat its integral equals1). Instead,we
determinedthePSTHof theneuronin simulationsand�tted a doubleexponentialto its
positivepart.This resultedin a responsekernelof theform � (s) = 1

� 1 � � 2
(e� s=� 1 � e� s=� 2 )

with � 1 = 2ms and� 2 = 1ms (leastmeansquares�t).
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For this model,we calculatedthe window correlationsc+
ij andc�

ij numerically. For
eachtrial we �rst checkedwetherthe(randomlychosen)targetvectorw � waslearnable
accordingto the conditiongiven in Theorem4:2 (note that any rescalingof the target
weightvectordoesnotchangetheresult).Theactualperformanceof learningwith STDP
wasevaluatedafter50minutesof training.To guaranteethebestpossibleperformancefor
eachlearningtrial, training wasperformedon 27 differentvaluesfor W� =W+ between
1:02 and1:15. In eachtrial, the bestperformancewaschosento evaluatethequality of
convergence.Theresultis shown in Fig. 6. Fig. 6 showsthatthetheoreticalpredictionof
learnabilityor non-learnability for thecaseof simpler neuronmodelsandsynapsesfrom
Theorem4.2 (which wasin additionderivedundersomesimplifying statisticalassump-
tions)translatesin abiologically morerealisticscenariointo aquantitativegradingof the
learningperformancethatcanultimately beachievedwith STDP.

Experiment 5 (time-varying input rates): Goodlearningresultswerealsoobtained
usingspike trainswith time-varying correlated�ring ratesasinputs. The algorithmwe
usedto producesuchinputshadbeenintroducedin (Songet al., 2000). This algorithm
generatestime varying �ring ratesthat have a cross-correlationfunction which decays
exponentially with a timeconstant� c andanamplitudegivenby parameterscalledcorre-
lation parameters(seeAppendix). Speci�cally, the correlationbetweenthe ratesof two
inputsi andj is ci cj , whereci andcj arethecorrelationparametersof theseinputs. We
assignedto then = 90 excitatory inputscorrelationparametersthatvariedbetween0:2
and0:9 (speci�cally, ci of input i wassetto 0:2 + 0:7(i � 1)=(n � 1). Thetime constant
� c wassetto 20ms. In 20 learningtrials,spikecorrelationwas0:89� 0:07, angularerror
was4:7 � 3:2 degrees,andweightdeviationwas2:7 � 1% (after100minutesof training,
W+ = 0:24, W� =W+ = 1:022). No additionalinhibitory inputduringlearningwasused
for thisexperiment.

6 Variat ionsof STDP-rules for modulation of weights

6.1 Learning rule for spike trains suggestedby Froemkeand Dan

In modeling studiesfor STDPoneusuallyappliesthe STDPrule uniformly to all pairs
of pre- andpostsynaptic spikes. In one recentexperimentalstudy(Froemke andDan,
2002)plasticity wasnot inducedby repeatedparingsof isolatedpre- andpostsynaptic
spikes,but by longerpre-andpostsynaptic spike trainsof a typeasthey occurin vivo. It
wasfound that a correctionterm to the STDP-rulethat weakensthe impactof pre- and
postsynapticspikeswhich occurshortlyafteranotherspike within thesameneuron(see
Appendix)�ts theseexperimentaldatabetter. We examinedthe impactof this modi�ed
STDP-ruleon teacher-inducedlearning,andfoundthatit reducessomewhatthelearning
accuracy in thepresenceof highly correlatedinputs,but hasnoor evenaslightly positive
effect for otherinputdistributions(seeTable1).
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STDP max. input spike angular weight
rule correlation correlation error[ � ] deviation [%]
basic 0:8 0:83� 0:08 6:8 � 4:7 4:25� 2:2

modi�ed 0:8 0:73� 0:09 17:2 � 6:1 8:4 � 3:8
basic 0:54 0:83� 0:11 4:5 � 1:5 3:2 � 0:6

modi�ed 0:54 0:91� 0:05 3:7 � 1:6 2 � 0:6
basic 0 0:84� 0:08 3:2 � 1:3 1:9 � 0:4

modi�ed 0 0:9 � 0:07 2:7 � 2:4 0:93� 0:6

Table 1: Comparisonof learningperformancebetweenthe usualSTDP-rule(“basic”)
and the modi�cation (“modi�ed”) suggestedby (Froemke andDan, 2002). The last 3
columnsshow how well randomlydrawn target transformationsF werelearnedin each
case.The �rst two lines report learningresultsachieved for thesameinput distribution
asin experiment3, with 9 groupsof inputswherethe correlationwithin groupi is 0.1
(i � 1). Lines threeandfour report resultsfor inputswith slightly weaker correlations
(0:07� (i � 1) in groupi , i = 1; : : : ; 9). Thelasttwo linesreportresultsfor uncorrelated
inputs.Trainingtimewas60minutesfor thebasicupdateand90for themodi�ed update,
with 20 repetitionsfor differenttargettransformationsF anddifferentinitial parameters.
Learningparametersusedfor themodi�ed updaterule wereW+ = 1:34, 1:34, 0:59, and
W� = 0:66, 0:625, 0:265for amaximum correlationof 0:8, 0:54, 0 respectively.

6.2 Learning intermediate valuesof weights

The STDP-rule(5) avoids the growth of weightsbeyondbounds0 andwmax by simple
clipping. Alternatively one can also make the weight updatedependenton the actual
weight value as discussedin section4.2. With the updaterule given in Equation15,
intermediatevaluesof weightsbetween0 andwmax becomestable(aslong asthe input
distributiondoesnotchange).However, it wasshown in (Gütigetal.,2003)thatthiseffect
is highly sensitive with regard to the valuesof � + and � � , and that theseparameters
requiredifferent valuesfor different input distributions. In a parameterregime where
stableintermediateweightvaluescanbeproducedby STDP, moretargettransformations
F from inputspiketrainsto outputspiketrainscanbeimplementedby aneuronin astable
manner, andhencecanpotentially belearnt.

Our computersimulationsshow that this is in fact thecase(at leastfor uncorrelated
Poissoninputs). A typical learningresultis shown in Fig. 7, for a target transformation
F with intermediateweightsbetween0 and144 for 90 excitatorysynapsesasshown in
panelA (wmax = 216). Thetemporalevolution of 9 selectedweightsduring learningis
shown in panelC, andtheresultingweightvectorw(t) after100minutesof learningin
panelB. In 20 trials of 100 minutesduration(eachwith different initial weightsdrawn
from auniformdistribution over [0,108],and100uncorrelatedPoissoninputspike trains
at 20 Hz), a spike correlationof 0:77 � 0:01, angularerror of 20:2 � 0:07 degreesand
a weightdeviation of 8:3 � 0:07% wasreached.In this experiment, learningparameters
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wereW+ = 0:12, W� =W+ = 1:03, � + = 0:01, and � � = 0:03. Resultsare highly
sensitive to theseparameters.
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Figure7: Learningwith a multiplicativevariationof STDPthat is ableto producestable
intermediateweightvalues.A) Weightvectorw � of thetargettransformation.B) Learned
weightvectorw(t) after100minutesof training. C) Temporalevolution of weightsdur-
ing training(eachweightcanvarybetween0 andwmax = 216). Thenumbersontheright
handsidegive thevaluesof theseweightsthatwereusedto generatethetarget transfor-
mationF .

7 Modulation of initial releaseprobabilit iesby STDP

Experimentaldatafrom slice (MarkramandTsodyks,1996)suggestthat synapticplas-
ticity may not changethe uniform scalingof the amplitudesof EPSPsresultingfrom a
presynapticspike train (i.e., the parameterw), but ratherredistribute the sum of their
amplitudesin a differentway to individual EPSPs.If oneassumesthat STDPchanges
theparameterU thatdeterminesthesynaptic releaseprobability14 for the �rst spike in a
spike train, whereastheweightw remainsunchanged(seethesynapsemodeldiscussed
in section2), thenthesameexperimentaldatathatsupportrule (2) for STDP, supportthe
following rule for changingU:

Unew =
�

min f Umax ; Uold + U+ � e� � t=� + g ; if � t > 0
maxf 0; Uold � U� � e� t=� � g ; if � t � 0 ;

(36)

with suitablenon-negativeparametersUmax ; U+ ; U� ; � + ; � � .
Onecaneasilyprove thattheclassof transformationsF thataneuroncanimplement

for differentvectorsU of initial releaseprobabilities(with genericvaluesof w) is adiffer-
entonethantheclassof transformationsit canimplementfor differentvectorsw. Hence

14If oneassumesthat neurons areconnectedby a suf�ciently large number of synapticreleasesites,
releaseprobability canbeapproximatedin a deterministic model by theamplitudeof EPSPs.
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not only the learningrule changesfrom (5) to (36), but also the classof potentialtar-
getsF for learningchanges.Analogously asbefore,we �rst assignedto eachexcitatory
synapsea valueUmax drawn from a Gaussiandistribution with mean0.25andSD 0.02
(boundedby 0:25 � 3SD), aswell asa valuew drawn from a gammadistribution with
mean12andstandarddeviation8:4. ThesynapticparametersD andF werechosenfrom
Gaussiandistributionswith mean0:7; 0:021. TheSD of eachparameterwaschosento be
10%of its mean(with negative valuesreplacedby valuesfrom an uniform distribution
betweenzeroandtwo timesthemean).Thentarget transformationsF for learningwere
constructedby randomlychoosingfor eachexcitatory synapseeither0 or Umax asvalue
for U (with randomlydrawn w-valuesfrom a gammadistribution with mean12 andSD
8.4).PanelA of Fig.8 comparesatypicaltargetspiketrainusedin thissectionto atypical
target spike train usedin section5. It shows that transformations F usedheretypically
produceotheroutputspike trainsthanthecorrespondingassignmentof valueswmin = 0
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Figure8: Resultsof modulation of initial releaseprobabilitiesaccordingto STDP. (A) To
demonstratetypicaldifferencesbetweentargettransformationsF resultingfrom synapse-
speci�c valuesof U ratherthansynapse-speci�cvaluesof w, we plotted the outputof
two suchtransformationsF for thesameinput (100uncorrelatedPoissonspike trainsat
20 Hz.) For the uppertraceFw wasconstructedby randomassignments of minimal or
maximalvaluesof w to individual synapses.For the lower traceFU wasconstructedby
choosingUmax (Umin = 0) for a synapsewhenever wmax (wmin = 0) waschosenfor the
samesynapsein theconstructionof Fw . (B) Performanceof U-learning,analogously to
Fig. 3 B for experiment1. (C), (D) Sameplots as in Fig. 3 C, D, but for valuesof U
(ratherthanw) of the target transformationF , andafter training(with randomlychosen
initial values).
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andwmax to thesesynapses(with U-valueschosenasdescribedin section2: drawn from
a Gaussiandistribution with mean0.5 andSD 0.05;wmax randomlychosenasin exper-
iment1). Subsequentlylearningaccordingto rule (36) wasstartedwith teacher-induced
pulsesaccordingto F , and initial valuesof U randomlychosenfrom a uniform distri-
bution in the interval [0; 0:1] (30 extra uncorrelatedinhibitory inputswereaddedduring
trainingasin experiment3 to reduceundesired�ring). Fig. 8 shows resultsof repeating
experiment1 (which wasfor uncorrelatedPoissoninputs)in this new setting.20 repeti-
tionsof thisexperiment(with differentrandomchoicesof learningtargetsF anddifferent
initial conditions) yieldedafter 42 minutesof training the following results: spike cor-
relation0:88 � 0:036, angularerror27:9 � 3:7 degrees,U� deviation 14:6 � 2:6%, for
U+ = 0:0012, U� =U+ = 1:055. Thespike correlationproducedby 20 U vectorsdrawn
from the samedistribution asthe target U vector (which correspondsto somebaseline
valueof correlation)was0:55 � 0:09 (mean� SD). Again, achievedspike correlations
arefarabovechancelevel.

We also repeatedexperiment3 with correlatedPoissoninputs (more precisely: 9
groupsof 10 inputswith correlation0:1 � (i � 1) amongthe inputs in group i ) for the
settingof U-learning.A typicalresultis plottedin Fig.9. Althoughthedeviationbetween
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Figure9: U-learningwith correlatedinputs (sameinput asin experiment3, seeFig. 5).
A) Typically agood�t is achievedbetweentheoutputproducedby thetargettransforma-
tion F (“target”) andtheoutput(“trained”) producedby a neuronwhoseU-valueswere
modulatedaccordingto STDP-rule(36). B): VectorU � usedto generatethetargetF . C):
VectorU (t) producedafter35minutesof training.

thevectorU � thatwasusedto generateF andthe lastvectorU (t) (after35 minutesof
training) is ratherlarge (seepanelsB, C), theoutput spike train producedby the trained
neuronmatchesthatproducedfor thesameinputby thetargettransformation F quitewell
(seepanelA). Apparentlytheoutputspike train is lesssensitive to changesin thevalues
of U thanto changesin w. Thiswascon�rmed by testing spikecorrelationsbetweenout-
put spike trainsproducedby randomU vectorsandoutputspike trainsproducedby the
targetU vector. SuchU vectors,drawn from thesamedistribution asthetargetU vectors,
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alreadyachieveda spikecorrelationof 0:69� 0:6 (mean� SD, 20 trials). Consequently,
sinceonly the “behavior of F ” but not the vectorU � is madeavailable to the neuron
duringtraining,theresultingcorrelationbetweentarget-andactualoutputspike trainsis
quitehigh,whereasangularerrorbetweenU � andU (t), aswell astheaveragedeviation
in U, remainratherlarge.This factis supportedby 20 repetitionsof thisexperimentwith
differenttargetsF anddifferentinitial conditions, whichyieldedafter35minutesof train-
ing thefollowing results:spikecorrelation0:75� 0:08, angularerror39:3 � 4:8 degrees,
U� deviation25:9 � 4:9%, for U+ = 8 � 10� 4, U� =U+ = 1:09.

Thesepositive resultsfor U-learningwith STDParesomewhat surprising,sincein-
creasingU for asynapsefrom aneuronthat�red at sometime t1 shortlybeforeadesired
�ring at time t2 of the postsynapticneurondoesin generalnot increasethe probability
that thepostsynapticneuronwill �re on its own at time t 2 if thesameinput spike trains
would berepeated.Thereasonis, thatthepresynapticspike at time t 1, maybepreceded
by otherspikesfrom the samepresynapticneuron,so that an increaseof the initial re-
leaseprobabilityU of the correspondingsynapseis likely to depletesynapticresources
at a fasterrate,andmayactuallyresultin anEPSPof a smalleramplitude in responseto
thepresynapticspike at time t1. Thepositive resultsfor U-learningwith STDPreported
in this sectionpoint to a possible bene�t of relatively small valuesof the initial release
probability U, sincein thiscasethepreviously describedadversescenariois lesslikely to
occurfor realisticpresynaptic�ring rates(in our simulationsU wasnot allowedto grow
beyonda randomlychosenvalueUmax thathada meanof 0.25;increasingUmax reduced
theeffectivity of U-learningwith STDP).

8 Discussion

We have examinedin this article the question“What can a spiking neuronlearn with
STDP?”.Theansweratwhichwehavearrivedis: A spikingneuroncanlearnwith STDP
basicallyany mapF from input to outputspike trainsthatit couldpossiblyimplementin
a stablemanner. This holdsat leastfor uncorrelatedandcorrelatedPoissoninput spike
trains. In otherwords: theSpikingNeuronsConvergenceConjecture(SNCC) for STDP
is approximatelysatis�ed for suchinputsin an averagecasesense.Onecould interpret
this assayingthat STDPendows spikingneuronswith “universallearningcapabilities”
for Poissoninputs (sinceno neuroncould possibly learna transformationthat it cannot
implement with any settingof its adjustableparameters).In particular, STDP enables
spikingneuronsto learnto predictevenverycomplex temporalpatternsof inputcurrents
thatareprovidedto theneuronduringtraining.

On theotherhandwe have shown that this resultis quitesensitive to thedistribution
of inputsfor which learningtakesplace,sincewe have alsoshown in section3 that the
SNCCfor STDPis provably falsefor someworst caseinput scenarios.We have high-
lighted in section3 threestructuraldifferencesbetweentheperceptronlearningrule for
McCulloch-PittsneuronsandSTDPfor spiking neurons.Oneof thesedifferences(failure
of common rulesfor STDPto discourage�ring for inputsfor which �ring is notdesired)
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wasusedin section3 to explain why the perceptronlearningrule is guaranteedby the
PerceptronConvergenceTheoremto converge from arbitrary initial valuesto an error-
free solution (provided that suchsolutionexists), whereasno correspondingguarantee
canbegivenfor STDPin theworstcase.On theotherhandour theoreticalaveragecase
analysisin section4 andour computersimulationshave shown thatPoissoninput spike
trainsprovide a suf�ciently rich setof “positive examples”(i.e., of input spike patterns
for which the neuronis supposedto �re in order to approximatea given target mapF
from input spike trainsto outputspike trains)so thata lack of adjustmentof parameters
in responseto negative examplesis lesssevere. But our theoreticalanalysisshows that
convergenceof learningwith STDPrequiresa properchoiceof therelationship between
theparametersW+ andW� (seee.g.(4)) whichdeterminethebalancebetweenlongterm
synapticfacilitationandlongtermsynapticdepressionin STDP. In the alternative inter-
pretationof STDP wherethe initial releaseprobability U is adjusted(seesection7) a
suitablebalanceof theparametersU+ andU� in (36) is neededfor convergenceof learn-
ing. But nevertheless,our resultssuggestthat it would bequite important to studymore
systematically thechangesof synapticparametersresultingfrom presynapticspikesthat
do not causepostsynaptic spikes. Someevidencefor the existenceof suchbiological
mechanismswasalreadyprovidedin thepreviously citedwork by YvesFregnacandhis
collaborators,aswell asin (Markrametal., 1997).

It hadalreadybeenshown in previous modelingstudies(seee.g. (Kempteret al.,
1999;Songet al., 2000))thatSTDPenablesthemostdominatingoneamongseveral in-
put sourcesto controltheoutputof a neuron.In onesensethis resultis closelyrelatedto
theexperimentalresultsby Fregnacetal. andto themodelingresultsof thisarticle,since
theretheextra inputcurrentsinducedby a “teacher”representthemostdominatinginput
source.But thereis oneessentialdifference:Thecontrolof theoutputspike train by the
mostdominatinginput sourceis achievedin thelattertwo casesnotby strengtheningthe
synapsesfrom this dominating input source;in fact this dominating input sourcedisap-
pears after trainingandtheneuronstill �res at timeswhenthedominating input source
wouldhavebeenveryhigh.

We have shown in section4 that a mathematicalaveragecaseanalysiscanbe car-
riedout for supervisedlearningwith STDP. This theoreticalanalysisalsosupports(under
somesimplifying assumptions) thevalidity of theSNCCfor Poissoninputs. In addition
this theoreticalanalysisproducesthe �rst criterion thatallows us to predictwhethersu-
pervisedlearningwith STDPwill succeed(or equivalently: whethera weight vector is
stableunderSTDP) in spiteof correlationsamongPoissoninput spike trains. For the
specialcaseof “sharpcorrelations”(i.e. whenthecrosscorrelationscanbeapproximated
by a� -function)thiscriterioncanbeformulatedin termsof linearseparabilityof therows
of thecorrelationmatrix for theinput,andits mathematical form is thereforereminiscent
of the well-known conditionfor learnability in the caseof perceptronlearning. In this
senseCorollary4.1 canbeviewedasananalogonof thePerceptronConvergenceTheo-
remfor spikingneuronswith STDP. Ourcomputersimulationsshow thattheanalytically
derivedcriteriapredictquitewell whetherSTDPconvergesfor correlatedPoissoninput
spiketrainsevenfor thecaseof morerealisticmodelsof neuronsandsynapsesandfor the
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casewherea numberof simplifying statistical assumptionsregardingthe input statistics
arenotsatis�ed.

In contrastto previous modeling studiesfor STDPwe have basedall computersim-
ulationsdiscussed in this article on biologically realisticmodelsfor dynamicsynapses.
Furthermorewehaveshown in section7 thatanalternative interpretationof STDPwhere
one assumesthat it modulatesthe initial releaseprobabilities U of dynamicsynapses,
ratherthantheir scalingfactorsw, gives riseto very satisfactoryconvergenceresultsfor
learning.Thisalternativeinterpretationof STDPisstronglysuggestedbydatafromexper-
imentswheretheeffect of STDPwastestedwith morethana singletestspike (Markram
andTsodyks,1996),but its possible impacton learninghassofarbeenstudiedvery litt le.
The simulation resultsfor modulationsof initial releaseprobabilities U by STDP(with
relatively small valuesof U) aresurprisingly positive if one takes into accountthat an
increaseof U hasaquitedifferentimpacton theamplitudeof anEPSPcausedby aspike
within alongerspiketrainthanacorrespondingincreaseof thesynaptic ef�cacy w. Those
positive learningresultsmaypoint to functionalbene�tsof smallreleaseprobabilitiesfor
synapsesthatarerelevantfor precisetimingof �ring in neuralcircuits.
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cially HenryMarkramfor inspiringdiscussions,andtwo anonymousreferees for helpful
comments.

Appendix

A: Details to computer simulations

Neuron parameters:

Membranetime constant� m = 30ms, absoluterefractoryperiodTr ef r act = 3ms, resting
potentialVr esting = 0V, resetvoltageVr eset = 14:2mV, membraneresistanceRm =
1M 
 , constantbackgroundcurrentI backgr ound randomlychosenfor eachtrial from the
interval [13:5nA; 14:5nA]. Thresholdvoltagewassetsuchthateachneuronspikedat a
rateof about25Hz. This resultedin thresholdvoltagesslightly above15mV.

Synaptic parameters:

The synapticcurrentx(t) of a synapseis increasedby Ak � q
� S

eachtime a presynaptic
spikearrives,with x(0) = 0. Here,q = 3pC (q = 6pC) is thetotal chargethatis injected
into thepostsynapticneuronby theexcitatory(inhibitory) synapseby a singlespikewith
amplitude A = 1. Otherwise,thesynapticcurrentdecreasesexponentially, � S

dx
dt = � x

with � S = 3ms (� S = 6ms) for excitatory(inhibitory)synapses(see(GerstnerandKistler,
2002)).
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Corr elatedspike trains:

To producen spike trainswith correlationfactorccandfrequency f , we proceededasin
(Gütig et al., 2003)with time bin of size� t = 0:2ms bins. We constructeda Poisson
spiketrainSr with frequency f by assigningaspiketo eachbin with probabilityf � t. The
spike train Sr wasusedasa templatefor the constructionof the input spike trains. Let
� = f � t(1 �

p
cc) +

p
ccand� = f � t(1 �

p
cc). Eachinputspike trainwasgenerated

by assigninga spike to a bin not in Sr with probability � andassigninga spike to a bin
in Sr with probability � (see(Gütig et al., 2003)). To modelan exponential decaywith
time constant� cc in the cross-correlationfunction,we addedtiming jitter drawn from a
Laplaciandistributionwith timeconstant� cc=2 to all spikesin thesespike trains.

To generatecorrelatedratesin experiment5, we usedan algorithm that hasbeen
introducedin (Songet al., 2000). The ratesof two different inputsi andj with corre-
lation parametersci andcj have the cross-correlationfunction hr i (t)r j (t0)i t = �r 2(1 +
ci cj exp(�j t � t0j=�c)) , whereh i t representsanaverageover theensembleof rates,and
theaverage�ring rate�r is chosento be20 Hz. Thecross-correlationfunctionof therate
of a given input is hr (t)r (t0)i t = �r 2(1 + exp(�j t � t0j=�c)) . To generatesuchratesfor
n inputs, we choseintervalsof time from anexponentialdistribution with meaninterval
� c. For every interval, wegeneratedn + 1 randomnumbers,y andxa for a = 1; 2; : : : ; n,
from Gaussiandistributionswith zeromeanandstandarddeviation oneand� a respec-
tively, where� 2

a = 1 � c2
a. At thestartof eachinterval, the�ring ratefor input a wasset

to r a = �r (1 + xa + cay), andheldat thisvalueuntil thestartof thenext interval.

Modi�ed synapticupdate rule:

The modi�ed updaterule usedin section6 wassuggestedin (Froemke andDan,2002)
andassignsto eachpre- andpostsynaptic spike an ef�cacy, which dependson the time
differenceto the precedingspike in the sameneuron. The ef�cacy of the i th spike is
givenby � i = 1 � exp(� (t i � t i � 1)=�s) , wheret i andt i � 1 arethetimings of thei th and
(i � 1)th spike respectively, and� s is thesuppressiontime constant.Theactualchange
in the amplitudeof the EPSPfor pre-spike i andpost-spike j is � pr e

i � � post
j � � A where

� A is given by (2) for � t = tpost
j � tpr e

i . The contributions of different spike pairs
werecombinedadditively. Theparameterswerechosenasin (Froemke andDan,2002):
� pr e

s = 28ms,� post
s = 88ms,� + = 14:8 ms,� � = 33:8 ms.

B: Details to the counterexamplein section3

The two panelsof Fig. 2 denotetwo different input scenarioswith input spike trains
hS1; S2; S3i , onewheretheneuronis supposedto �re at timet3 (panelA), andonewhere
the neuronis not supposedto �re at all (panelB). The maximal weight wmax of the
threesynapses(which is hereassumedto be the samefor all threesynapses)shouldbe
scaledin sucha way that a singlespike cannotbring the neuronto its �ring threshold,
but two spikesat time t2 with synapticweightswmax will make it �re at time t3 in the
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scenarioof panelA, anda spike at time t0
1 with weightwmax =4 togetherwith a spike at

t0
2 with weightwmax will make it �re at time t0

3 in thescenarioof panelB (but no single
spike on its own). Furthermorethesecondspike of S2 in scenarioA shouldbe timedin
sucha way that postsynaptic �ring at time t3 cannotcausean increaseof w2 (because
W+ � e� (t3 � t1 )=� + = W� � e(t3 � t4 )=� � in rule (5)). Theninitial valuesw1 = w3 = wmax

andw2 = 0 providea solution to bothconstraintsof Fig. 2 which is stablew. r. t. STDP.
But if learningstartsfor examplewith initial valuesw1 = w3 = wmax andw2 = wmax =4,
thentheneuronwill �re initially in bothscenariosA andB. Furthermoreno application
of STDPfor any sequenceof scenariosA and/orB (evenwith teacher-induced�ring at
time t3 in scenarioA, or even with teacher-inducedprevention of �ring in scenarioB)
candecreaseany of theweights.Learningwith STDPalsofails if onestartswith small
initial weights(e.g.w1 = w3 = 0, w2 = wmax =4) andteacher-inducedhyperpolarization
preventsall undesired�ring (i.e.,all �ring exceptat time t3 in scenarioA). If suf�ciently
many instancesof scenarioA occurduringtraining(in additionto anarbitrarynumberof
scenariosB) thenlearningwill in this casealsoconvergeto w1 = w3 = wmax andw2 =
wmax =4, so that theneuronwill also�re in scenarioB. Hencelearningwith STDPdoes
not converge from theseinitial weightsto a solutionof this learningproblem,although
a stablesolutionexists. Notethatsuchcounterexample canbeconstructedfor any given
positivevaluesof theparametersW+ ; W� .

This counterexample shows that no convergencetheoremcan exist for STDP that
holds– like thePerceptronConvergenceTheorem– for any given setof inputs.But this
counterexampledoesnot yet demonstrate failure of convergenceof STDP for realistic
conditions with noise,sincetheassumptionW+ � e� (t3 � t1 )=� + = W� � e� (t3 � t4 )=� � will no
longerremainvalid if thereis jitter on the�ring times.

C: A simple result on linear separability (needed for the proof of
Proposition4.1)

Considerthevectorsc1; : : : ; cm 2 Rn whereci = (ci 1; : : : ; cin ) andlabelsy1; : : : ; ym 2
f 0; 1g. Furthermoreconsidervectorsc0

1; : : : ; c0
m 2 Rn wherec0

i = (c0
i1; : : : ; c0

in ) with
c0

ij = a + bcij for arbitraryconstantsa 2 R andb > 0. We show thata vectorw 2 Rn

linearlyseparatesthelist hhc1; y1i ; : : : ; hcm ; ym ii if andonly if w 2 Rn linearlyseparates
thelist hhc0

1; y1i ; : : : ; hc0
m ; ym ii .

Sincecij =
c0

ij

b � a
b = a0+ b0c0

ij with a0 2 R andb0 > 0, weneedtoshow onlyonedirec-
tion. Supposethatw 2 Rn linearlyseparatesthelist hhc1; y1i ; : : : ; hcm ; ym ii . FromDe�-
nition4.2,it followsthatthereexistsathreshold� 2 R suchthaty i = sign(

P n
j =1 cij wj �

�) for i = 1; : : : ; m. Therefore,for thethreshold� 0 = � + a
b

P n
j =1 wj , we have

yi = sign

 
nX

j =1

(
a
b

+ cij )wj � � 0

!

for all i = 1; : : : ; m.
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Sincefor everyx 2 R and
 > 0, it holdsthatsign(x) = sign(
 x), wehave

yi = sign

 
nX

j =1

(a + bcij )wj � b � 0

!

for all i = 1; : : : ; m.

Hence,thereexistsa threshold� 00suchthat

yi = sign

 
nX

j =1

c0
ij wj � � 00

!

for all i = 1; : : : ; m.

Thisshows thatw 2 Rn linearlyseparatesthelist hhc0
1; y1i ; : : : ; hc0

m ; ym ii .
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