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AbstractWe consider learning on multi-layer neural nets with piecewise polynomial activationfunctions and a �xed number k of analog inputs. We exhibit arbitrarily powerfulnetwork architectures for which e�cient and provably successful learning algorithmsexist in the rather realistic re�nement of Valiant's model for probably approximatelycorrect learning (\PAC-learning") where no a-priori assumptions are required aboutthe \target function" (agnostic learning), arbitrary noise is permitted in the trainingsample, and the target outputs as well as the network outputs may be arbitraryreals. The number of computation steps of the learning algorithm LEARN thatwe construct is bounded by a polynomial in the bit-length n of the �xed numberof input variables, in the bound s for the allowed bit-length of weights, and in 1" ,where " is some arbitrary given bound for the true error of the neural net aftertraining and for the probability that the learning algorithm fails for a randomlydrawn training sample.�also a�liated with the University of Illinois at Chicago; the research for this paperwas partially supported by NSF grant CCR-910406



1 IntroductionThe investigation of learning on multi-layer feedforward neural nets has become alarge and fruitful research area. It would be desirable to develop also an adequatetheory of learning on neural nets that helps us to understand and predict the out-comes of experiments. The most commonly considered theoretical framework forlearning on neural nets is Valiant's model [V] for probably approximately correctlearning (\PAC-learning"). In this model one can analyze both the required num-ber of training examples (the \sample complexity") and the required number ofcomputation steps for learning on neural nets.With regard to sample complexity the theoretical investigation of PAC-learning onneural nets has been rather successful. It has lead to the discovery of an essentialmathematical parameter of each neural net N : the Vapnik - Chervonenkis dimen-sion of N , commonly referred to as the VC-dimension of N . The VC-dimension ofN determines the number of randomly drawn training examples that are needed inthe PAC-model to train N ([BEHW]). It has been shown that the VC-dimensionof any feedforward neural net N with linear threshold gates and w weights can bebounded by O(w logw) (Cover [C], Baum and Haussler [BH]). Recently it has alsobeen shown that this upper bound is optimal in the sense that there are arbitrarilylarge neural nets N with w weights whose VC-dimension is bounded from belowby 
(w logw) [M 93a]. Since the PAC-model is a worst case model with regard tothe choice of the distribution on the examples, it predicts bounds for the samplecomplexity that tend to be somewhat too large in comparison with experimentalresults.The quoted upper bound for the VC-dimension of a neural net implies that thesample complexity provides no obstacle for e�cient (i.e. polynomial time) learningon neural nets in Valiant's PAC-model. However a number of negative results due toJudd [J], Blum and Rivest [BR], Kearns and Valiant [KV] show that even for arrays(Nn)n2N of very simple multi-layer feedforward neural nets (where the number ofnodes inNn is polynomially related to the parameter n) in the PAC - model there areno learning algorithms for Nn whose number of computation steps can be boundedby a polynomial in n. Although these negative results are based on unprovenconjectures from computational complexity theory such as NP 6= RP , they havee�ectively halted the further theoretical investigation of learning algorithms formulti-layer neural nets within the framework of the PAC - model.A closer look shows that the type of asymptotic analysis that has been carried outfor these negative results is not the only one possible. In fact, a di�erent kind ofasymptotic analysis appears to be more adequate for a theoretical analysis of learn-ing on relatively small neural nets with analog inputs. We propose to investigatePAC-learning on a �xed neural net N , with a �xed number k of analog inputs (forexample k sensory data). The asymptotic question that we consider is whether Ncan learn any target function with arbitrary precision if su�ciently many randomlydrawn training examples are provided. More precisely we consider the question



whether there exists an e�cient learning algorithm for N whose number of compu-tation steps can be bounded by a polynomial in the bit-length n of the k analoginputs, a bound s for the allowed bit-length of weights, and 1" , where " is an arbi-trary given bound for the true error of N after the training (and a bound for theprobability that the training fails for a randomly drawn sample).In this paper, we simultaneously turn to a more realistic re�nement of the PAC-model which is essentially due to Haussler [H] and which was further developedby Kearns, Schapire and Sellie [KSS]. This re�nement of the PAC-model is moreadequate for the analysis of learning on neural nets, since it requires no unrealistica-priori assumptions about the nature of the \target concept" or \target function"that the neural net is supposed to learn (\agnostic learning"), and it allows forarbitrary noise in the sample. Furthermore it allows us to consider situations whereboth the target outputs in the sample and the actual outputs of the neural net arearbitrary real numbers (instead of boolean values). Hence in contrast to the regularPAC-model we can investigate in this more exible framework also the learning(resp. approximation) of complicated real valued functions by a neural net.We will give at the end of this section in De�nition 1.1 and De�nition 1.2 a precisede�nition of the type of neural network models that we consider in this paper:high order multi-layer feedforward neural nets with piecewise polynomial activationfunctions.We will give in De�nition 2.2 in section 2 a precise de�nition of the re�nement of thePAC-learning model that we consider in this paper. We will show in Proposition2.5 that, even in the stronger version of PAC-learning considered here, the requirednumber of training examples provides no obstacle to e�cient learning. This isdemonstrated by giving an upper bound for the pseudo-dimension dimP (F) of theassociated function class F . It was previously shown by Haussler [H] that for thelearning of classes of functions with non-binary outputs the pseudo-dimension playsa role which is similar to the role of the VC-dimension for the learning of concepts.We will prove in Theorem 2.1 that for arbitrarily complex �rst order neural nets~N with piecewise linear activation functions there exists an e�cient and provablysuccessful learning algorithm for ~N . This positive result is extended to high orderneural nets with piecewise polynomial activation functions in Theorem 3.1.One should note that these results do not show that there exists an e�cient learningalgorithm for every neural net. Rather they exhibit a special class of neural nets~N for which there exist e�cient learning algorithms. This special class of neuralnets ~N is \universal" in the sense that there exists for every high order neural netN with piecewise polynomial activation functions a somewhat larger neural net ~Nin this class such that every function computable on N is also computable on ~N .Hence our positive results about e�cient and provably successful learning on neuralnets can in principle be applied to real-life learning problems in the following way.One �rst chooses a neural net N that is powerful enough to compute, respectivelyapproximate, those functions or distributions that are potentially to be learned.



One then goes to a somewhat larger neural net ~N which can simulate N and whichhas the previously mentioned special structure which allows us to design an e�cientlearning algorithm for ~N . One then trains ~N with a randomly drawn sample.The previously described transition from N to ~N provides a curious theoreticalcounterpart to a common practize in the training of neural nets with backwardspropagation: one often prefers to carry out such training on a neural net that hassomewhat more units than necessary for computing the desired target functions.The positive learning results of Theorem 2.1 and Theorem 3.1 are also of interestfrom the more general point of view of computational learning theory. Learnabilityin the here considered re�nement of the PAC-model for \agnostic learning" (i.e.learning without a-priori assumptions about the target concept) is a rather strongproperty. In fact this property is so strong that so far there exist only very fewpositive results for learning of interesting concept classes resp. function classesin this model. Even some of the relatively few interesting concept classes thatare learnable in the usual PAC-model (such as monomials of Boolean variables)are not learnable in the here considered re�nement of the PAC-learning model (see[KSS]). Hence it is a rather noteworthy fact that function classes that are de�ned byarbitrarily complex analog neural nets are actually learnable in this re�ned versionof the PAC-model.De�nition 1.1 A network architecture (or \neural net") N of order v with k inputnodes and l output nodes is a labelled acyclic directed graph hV;Ei. It has k nodeswith fan-in 0 (\input nodes") that are labelled by 1; : : : ; k, and l nodes with fan-out 0(\output nodes") that are labelled by 1; : : : ; l. Each node g of fan-in r > 0 is called acomputation node (or gate), and is labelled by some activation function g : R! Rand some polynomial Qg(y1; : : : ; yr) of degree � v. We assume that the ranges ofactivation functions of output nodes in N are bounded.The coe�cients of all polynomials Qg(y1; : : : ; yr) for gates g in N are called theprogrammable parameters of N . Assume that N has w programmable parameters,and that some numbering of these has been �xed. Then each assignment � 2 Rwof reals to the programmable parameters in N de�nes an analog circuit N�, whichcomputes a function x 7! N�(x) from Rk into Rl in the following way: Assumethat some input x 2 R has been assigned to the input nodes of N . If a gate g in Nhas r immediate predecessors in hV;Ei which output y1; : : : ; yr 2 R, then g outputsg(Qg(y1; : : : ; yr)).Any parameters that occur in the de�nitions of the activation functions g of N arereferred to as architectural parameters of N .De�nition 1.2 A function  : R ! R is called piecewise polynomial if there arethresholds t1; : : : ; ts 2 R and polynomials P0; : : : ; Ps such that t1 < : : : < ts andfor each i 2 f0; : : : ; sg : ti � x < ti+1 ) (x) = Pi(x) (we set t0 := �1 andts+1 :=1).We refer to t1; : : : ; ts together with all coe�cients in the polynomials P0; : : : ; Ps asthe parameters of . If the polynomials P0; : : : ; Ps are of degree � 1 then we call 



piecewise linearNote that we do not require that  is continuous (or monotone).2 Learning on Neural Nets with Piecewise LinearActivation FunctionsWe show in this section that for any network architecture N with piecewise poly-nomial activation functions there exists another network architecture ~N which cannot only compute, but also learn any function f : Rk ! Rl that can be computedby N . The only di�erence between N and ~N is that each computation node in ~Nhas fan-out � 1, whereas the nodes in N may have arbitrary fan-out.If N has only one output node and depth � 2 (i.e. N has at most one layer of\hidden units") then one can set ~N := N . For a general network architecture oneapplies the standard construction for transforming a directed acyclic graph into atree. The construction of ~N from N proceeds recursively from the output leveltowards the input level: every computation node � with fan-out m > 1 is replacedby m nodes with fan-out 1 which all use the same activation function as � andwhich all get the same input as �. It is obvious that for this classical constructionfrom circuit theory (see [S]) the depth of ~N is the same as the depth of N . In orderto bound the size (i.e. number of gates) of ~N , we �rst note that the fan-out of theinput nodes does not have to be changed. Hence the transformation of the directedacyclic graph of N into a tree is only applied to the subgraph of depth depth(N )�1which one gets from N by removing its input nodes. Furthermore one can easilysee that the transformation does not increase the fan-in of any node. Obviouslythe fan-in of any gate in N is bounded by size(N ) � 1. Therefore the tree thatprovides the graph-theoretic structure for ~N has in addition to its k input-nodesup to depth(N )�1Pi=0 size(N )i � size(N )depth(N )size(N )�1 computation nodes. Hence for boundeddepth the increase in size is polynomially bounded.Let Qn be the set of rational numbers that can be written as quotients of integerswith bit-length � n.Let F : Rk ! Rl be some arbitrary function, which we will view as a \predictionrule". For any given instance hx; yi 2 Rk � Rl we measure the error of F byjjF (x) � yjj1, where jjhz1; : : : ; zlijj1 := lPi=1 jzij. For any distribution A oversome subset of Rk � Rl we measure the true error of F with regard to A byEhx;yi2A[jjF (x) � yjj1], i.e. the expected value of the error of F with respect todistribution A.Theorem 2.1 Let N be an arbitrary �rst order network architecture with k inputnodes and l output nodes, and let ~N be the associated network architecture as de�nedabove. We assume that all activation functions in N are piecewise linear with



architectural parameters from Q. Let B � R be an arbitrary bounded set.Then there exists a polynomial m( 1" ; 1� ) and a learning algorithm LEARN such thatfor any given s; n 2 N and any distribution A over Qkn � (Qn \ B)l the followingholds:For a sample � = (hxi; yii)i=1;:::;m of m � m( 1" ; 1� ) examples that are independentlydrawn according to A the algorithm LEARN computes from �; s; n in polynomiallyin m; s and n many computation steps an assignment ~� of rational numbers to theprogrammable parameters of the associated network architecture ~N such thatEhx;yi2A[jj ~N ~�(x)� yjj1] � "+ inf� 2Qws Ehx;yi2A[jjN�(x)� yjj1]with probability � 1� � (with regard to the random drawing of �).Consider the special case where the distribution A over Qkn � (Qn \ B)l is of theform AD;�T (x; y) = ( D(x) ; if y = N�T (x)0 ; otherwisefor some arbitrary distribution D over the domain Qkn and some arbitrary �T 2 Qws .Then the term inf� 2Qws Ehx;yi2A[jjN�(x)� yjj1]is equal to 0. Hence the preceding theorem implies that with learning algorithmLEARN the \learning network" ~N can \learn" with arbitrarily small true error anytarget function N�T that is computable on N with rational \weights" �T . Thusby choosing N to be su�ciently large, one can guarantee that ~N can learn anytarget-function that might arise in the context of a speci�c learning problem.In addition the theorem also applies to the quite realistic situation where thelearner receives examples hx; yi of the form hx;N�T (x)+ noisei, or even if thereexists no \target function" N�T that would \explain" the actual distribution A ofexamples hx; yi (\agnostic learning").Before we give the proof of Theorem 2.1 we �rst show that its claim may be viewedas a learning result within a re�nement of Valiant's PAC-model [V]. This re�nedversion of the PAC-model (essentially due to Haussler [H]) is better applicable toreal world learning situations than the usual PAC-model:- It makes no a-priori assumptions about the existence of a \target concept"or \target function" of a speci�c type which explains the empirical data(i.e. the \sample").- It allows for arbitrary noise in the sample.- It is not restricted to the learning of \concepts" (i.e. 0�1 valued functions)since it allows arbitrary real numbers as predictions of the learner and as



target outputs in the sample. Hence it is for example also applicable forinvestigating learning (resp. approximation) of complicated real valuedfunctions.Of course one cannot expect miracles from a learner in such a real-world learningsituation. It is in general impossible for him to produce a hypothesis with arbitrar-ily small true error with regard to the distribution A. This is clearly the case ifthe distribution A produces inconsistent data, or if A is generated by a target func-tion (with added noise) that is substantially more complicated than any hypothesisfunction that the learner could possibly produce within his limited resources (e.g.with a �xed neural network architecture). Hence the best that one can expect fromthe learner is that he produces a hypothesis ~h whose true error with regard to Ais almost optimal in comparison with all possible hypotheses h from a certain poolT (the \touchstone class" in the terminology of [KSS]). This provides the motiva-tion for the following de�nition, which slightly generalizes those in Haussler [H] andKearns, Schapire, Sellie [KSS].De�nition 2.2 Let A = Sn2NAn be an arbitrary set of distributions over �nite sub-sets of Qk �Ql such that for any n 2 N the bit-length of any point hx; yi that isdrawn according to a distribution A 2 An is bounded by a polynomial in n.Let T = (Ts)s2N be an arbitrary family of functions from Rk into Rl (with some�xed representation system) such that any f 2 Ts has a representation whose bit-length is bounded by some polynomial in s. Let H be some arbitrary class of func-tions from Rk into Rl.One says that T is e�ciently learnable by H assuming A if there is an algorithmLEARN and a function m("; �; s; n) that is bounded by a polynomial in 1" ; 1� ; s andn such that for any "; � 2 (0; 1) and any natural numbers s; n the following holds:If one draws independently m � m("; �; s; n) examples according to some arbitrarydistribution A 2 An, then LEARN computes from such a sample � with a numberof computation steps that is polynomial in the parameter s and the bit-length of �the representation of some ~h 2 H which has with probability � 1� � the propertyEhx;yi2A[jj~h(x)� yjj1] � "+ infh 2 Ts Ehx;yi2A[jjh(x)� yjj1]:In the special case H = Ss2N Ts we say that T is properly e�ciently learnableassuming A.Remark 2.3a) It turns out in the learning results of Theorem 2.1 and Theorem 3.1 thatthe sample complexity m("; �; s; n) can be chosen to be independent of s; n.b) Note that De�nition 2.2 contains as special case the common de�nitionof PAC-learning [V]: Assume that l = 1 and Cs is some class of conceptsover the domain Qk so that each concept C 2 Cs has a representationwith O(s) bits. Let Ts be the associated class of characteristic functions



�C : Qk ! f0; 1g for concepts C 2 Cs. Let Xn be the domain Qkn, and letAn be the class of all distributions A over Xn�f0; 1g such that there existsan arbitrary distribution D over Xn and some target concept CT 2 Ss2N Csfor which A(hx; yi) = ( D(x) ; if y = �CT (x)0 ; otherwise:Then (Ts)s2N is properly e�ciently learnable assuming A in the sense ofDe�nition 2.2 if and only if (Cs)s2N is properly PAC-learnable in the senseof [V] (see [HKLW] for various equivalent versions of Valiant's de�nition ofPAC-learning).In addition the learning model considered here contains as special casesthe model for agnostic PAC-learning of concepts from [KSS], and the modelfor PAC-learning of probabilistic concepts from [KS].c) In the following the classes Ts and H will always be de�ned as classes offunctions that are computable on a neural network N with a �xed archi-tecture. For these classes one has a natural representation system: Onemay view any assignment of values � to the programmable parameters ofN as a representation for the function x 7! N�(x). We will always use thisrepresentation system in the following.d) We may now rephrase Theorem 2.1 in terms of the general learning frame-work of De�nition 2.2. Let N be as in Theorem 2.1, let Ts be the class offunctions f : Rk ! Rl computable on N with programmable parametersfrom Qs, and let H be the class of functions f : Rl ! Rl that are com-putable with programmable parameters from Q on the associated networkarchitecture ~N . Let An be any class of distributions over Qkn � (Qn \B)l.Then (Ts)s2N is e�ciently learnable by H assuming Sn2NAn. Further-more if all computation nodes in N have fan-out � 1 then (Ts)s2N isproperly e�ciently learnable assuming Sn2NAn.For the proof of Theorem 2.1 we have to consider a suitable generalization of thenotion of a VC-dimension for classes of real valued functions.De�nition 2.4 (see Haussler [H]).Let X be some arbitrary domain, and let F be an arbitrary class of functions fromX into R. Then the pseudo-dimension of F is de�ned bydimP (F) := max fjSj : S � X and 9h : S ! R such that8b 2 f0; 1gS 9f 2 F 8x 2 S (f(x) � h(x), b(x) = 1)g:Note that in the special case where F is a concept class (i.e. all f 2 F are 0 � 1valued) the pseudo-dimension dimP (F) coincides with the VC-dimension of F .



Proposition 2.5Consider arbitrary network architectures N of order v with k inputnodes, l output nodes, and w programmable parameters. Assume that each gate inN employs as activation function some piecewise polynomial (or piecewise rational)function of degree � d with at most q pieces. For some arbitrary p 2 f1; 2; : : :g wede�neF := f f : Rk+l ! R : 9� 2 Rw 8x 2 Rk 8y 2 Rl(f(x; y) = jjN�(x)� yjjp)g:Then one has dimP (F) = O(w2 log q) if v; d; l = O(1).Proof: Set D := dimP (F). Then there are values (hxi; yi; zii)i=1;:::;D 2 (Rk+l+1)Dsuch that for every b : f1; : : : ; Dg ! f0; 1g there exists some �b 2 Rw so that forall i 2 f1; : : : ; Dg jjN�b(xi)� yijjp � zi , b(i) = 1:For each i 2 f1; : : : ; Dg one can de�ne in the theory of real numbers the set f� 2Rw : jjN�(xi)�yijjp � zig by some �rst order formula �i with real valued constantsof the following structure: �i is a disjunction of � qw �2l conjunctions of � 2w+l+1atomic formulas, where each atomic formula is a polynomial inequality of degree �(2vd)w. The disjunctions arise here from using di�erent combinations of pieces fromthe activation functions. The conjunctions consist of all associated comparisons withthresholds of the activation functions. The factor 2 in the degree bound arises onlyin the case of piecewise rational activation functions.By de�nition one has �i(�b) = 1 , b(i) = 1 for i = 1; : : : ; D. Hence for anyb;~b : f1; : : : ; Dg ! f0; 1g with b 6= ~b there exists some i 2 f1; : : : ; Dg with �i(�b) 6=�i(�~b): This implies that at least one of the � S := D � qw � 2l � (2w+ l+1) atomicformulas that occur in the D formulas �i; : : : ;�D has di�erent truth values for�b; �~b.On the other hand since each of the � S atomic formulas is a polynomial inequalityof degree � (2vd)w, a theorem of Milnor [Mi] (see also [R]) implies that the numberof di�erent combinations of truth assignments to these atomic formulas that can berealized by di�erent � 2 Rw is bounded by (S � (2vd)w)O(w). Hence we have 2D �(S�(2vd)w)O(w), which implies by the de�nition of S thatD = O(w)�(logD+w log q).This yields the desired estimate D = O(w2 log q).Remark 2.6 This result generalizes earlier bounds for the VC-dimension of neuralnets with piecewise polynomial activation functions and boolean network outputfrom [M 92], [M 93a] (for bounded depth) and [GJ] (for unbounded depth). Thepreceding proof generalizes the argument from [GJ].Proof of Theorem 2.1: We associate with N another network architecture ~Nas de�ned before Theorem 2.1. By construction any function that is computableby N can also be computed by ~N . Fix some interval [b1; b2] � R such that B �[b1; b2]; b1 < b2, and such that the ranges of the activation functions of the outputgates of N are contained in [b1; b2]. We de�neb := l � (b2 � b1) ; and



F := ff : Rk � [b1; b2]l ! [0; b] :9� 2 Rw 8x 2 Rk 8y 2 [b1; b2]l (f(x; y) = jj ~N�(x)� yjj1)g:Assume now that parameters "; � 2 (0; 1) with " � b and s; n 2 N have been�xed. For convenience we assume that s is su�ciently large so that all architecturalparameters in N are from Qs. We de�nem�1" ; 1�� := 257 � b2"2 �2 � dimP (F) � ln33eb" + ln8�� :Note that dimP (F) < 1 by Proposition 2.5. By Corollary 2 of Theorem 7 inHaussler [H] one has for m � m( 1" ; 1� ); K := p2578 2 (2; 3), and any distribution Aover Qkn � (Qn \ [b1; b2])l(1) Pr�2Am 248<:9f 2 F : ������0@ 1m Xhx;yi2� f(x; y)1A�Ehx;yi2A[f(x; y)]������ > "K9=;35 � �;where Ehx;yi2A[f(x; y)] is the expectation of f(x; y) with regard to distribution A.We design an algorithm LEARN that computes for any m 2 N, any sample� = (hxi; yii)i2f1;:::;mg 2 (Qkn � (Qn \ [b1; b2])l)m;and any given s 2 N in polynomially in m; s; n computation steps an assignment~� of rational numbers to the parameters in ~N such that the function ~h that iscomputed by ~N ~� satis�es(2) 1m mXi=1 jj~h(xi)� yijj1 � �1� 2K� "+ inf� 2 Qws 1m mXi=1 jjN�(xi)� yijj1:This su�ces for the proof of Theorem 2.1, since (1) and (2) together imply that, forany distribution A over Qkn� (Qn\ [b1; b2])l and any m � m( 1" ; 1� ), with probability� 1 � � (with respect to the random drawing of � 2 Am) the algorithm LEARNoutputs for inputs � and s an assignment ~� of rational numbers to the parametersin ~N such thatEhx;yi2A[jj ~N ~�(x)� yjj1] � "+ inf� 2 Qws Ehx;yi2A[jjN�(x)� yjj1]:The algorithm LEARN computes optimal solutions for polynomially in m manylinear programming problems LP1; : : : ; LPp(m) in order to �nd values ~� for theprogrammable parameters in ~N so that ~N ~� satis�es (2). The reduction of thecomputation of ~� to linear programming is nontrivial, since for any �xed input xthe output ~N�(x) is in general not linear in the programmable parameters �. This



becomes obvious if one considers for example the composition of two very simplegates g1 and g2 on levels 1 and 2 of ~N , whose activation functions 1; 2 satisfy1(y) = 2(y) = y. Assume z = kPi=1�ixi+�0 is the input to gate g1, and g2 receivesas input qPj=1�0jyj + �00 where y1 = 1(z) = z is the output of gate g1. Then g2outputs �01 � � kPi=1�ixi + �0� + qPj=2�0jyj + �00. Obviously for �xed network inputx = hx1; : : : ; xki this term is not linear in the weights �01; �1; : : : ; �k.An unpleasant consequence of this observation is that if the output of gate g2 iscompared with a �xed threshold at the next gate, the resulting inequality is notlinear in the weights of the gates in ~N . If the activation functions of all gates in~N were linear (as in the example for g1 and g2), then there would be no problembecause a composition of linear functions is linear. However for piecewise linearactivation functions it is not su�cient to consider their composition, since interme-diate results have to be compared with boundaries between linear pieces of the nextgate.We employ a method from [M 93a] that allows us to replace the nonlinear conditionson the programmable parameters � of ~N by linear conditions for a transformed setc; � of parameters. We simulate ~N� by another network architecture N̂ [c]� (whichone may view as a \normal form" for ~N�) that uses the same graph hV;Ei as~N , but di�erent activation functions and di�erent values � for its programmableparameters. The activation functions of N̂ [c] depend on jV j new architecturalparameters c 2 RjV j, which we call scaling parameters in the following. Whereasthe architectural parameters of a network architecture are usually kept �xed, wewill be forced to change the scaling parameters of N̂ along with its programmableparameters �. Although this new network architecture has the disadvantage thatit requires jV j additional parameters c, it has the advantage that we can choose inN̂ [c] all weights on edges between computation nodes to be from f�1; 0; 1g. Hencewe can treat them as constants with at most 3 possible values in the system ofinequalities that describes computations of N̂ [c]. Thereby we can achieve that allvariables that appear in the inqualities that describe computations of N̂ [c] for �xednetwork inputs (the variables for weights of gates on level 1, the variables for thebiases of gates on all levels, and the new variables for the scaling parameters c)appear only linearly in those inqualities.We briey indicate the construction of N̂ . Consider the activation function  ofan arbitrary gate in ~N . Since  is piecewise linear, there are �xed architecturalparameters t1 < � � � < ts; a0; : : : ; as; b0; : : : ; bs (which may be di�erent for di�erentgates g) such that with t0 := �1 and ts+1 := +1 one has (x) = aix + bifor x 2 R with ti � x < ti+1; i = 0; : : : ; s. For an arbitrary scaling parameterc 2 R+ we associate with  the following piecewise linear activation function c:the thresholds of c are c � t1; : : : ; c � ts and its output is c(x) = aix+c �bi for x 2 R



with c � ti � x < c � ti+1; i = 0; : : : ; s (set c � t0 := �1; c � ts+1 := +1). Thus forall reals c > 0 the function c is related to  through the equality:8x 2 R(c(c � x) = c � (x)):Assume that � is some arbitrary given assignment to the programmable parametersin ~N . We transform ~N� through a recursive process into a \normal form" N̂ [c]�in which all weights on edges between computation nodes are from f�1; 0; 1g, suchthat 8x 2 Rk � ~N�(x) = N̂ [c]�(x)� :Assume that an output gate gout of ~N� receives as input qPi=1�iyi + �0, where�1; : : : ; �q ; �0 are the weights and the bias of gout (under the assignment �) andy1; : : : ; yq are the (real valued) outputs of the immediate predecessors g1; : : : ; gq ofg. For each i 2 f1; : : : ; qg with �i 6= 0 such that gi is not an input node we replacethe activation function i of gi by j�iji , and we multiply the weights and the biasof gate gi with j�ij. Finally we replace the weight �i of gate gout by sgn(�i), wheresgn(�i) := 1 if �i > 0 and sgn(�i) := �1 if �i < 0. This operation has the e�ectthat the multiplication with j�ij is carried out before the gate gi (rather than aftergi, as done in ~N�), but that the considered output gate gout still receives the sameinput as before. If �i = 0 we want to \freeze" that weight at 0. This can be doneby deleting gi and all gates below gi from N̂ .The analogous operations are recursively carried out for the predecessors gi of gout(note however that the weights of gi are no longer the original ones from ~N�, sincethey have been changed in the preceding step). We exploit here the assumptionthat each gate in ~N has fan-out � 1.Let � consist of the new weights on edges adjacent to input nodes and of theresulting biases of all gates in N̂ . Let c consist of the resulting scaling parametersat the gates of N̂ . Then we have 8x 2 Rk � ~N�(x) = N̂ [c]�(x)�. Furthermore c > 0for all scaling parameters c in c.At the end of this proof we will also need the fact that the previously describedparameter transformation can be inverted. One can easily compute from any as-signment ~c; ~� to the parameters in N̂ with c > 0 for all c in ~c an assignment ~� tothe programmable parameters in ~N such that 8x 2 Rk � ~N ~�(x) = N̂ [~c]~�(x)�. Thisbackwards transformation is also de�ned by recursion. Consider some gate g onlevel 1 in N̂ that uses (for the new parameter assignment ~c) the scaling parameterc > 0 for its activation function c. Then we replace the weights �1; : : : ; �k and bias�0 of gate g in N̂ [~c]~� by �1c ; : : : ; �kc ; �0c ; and c by . Furthermore if r 2 f�1; 1gwas in N̂ the weight on the edge between g and its successor gate g0, we assign tothis edge the weight c � r. Note that g0 receives in this way from g the same input



as in N̂ [~c]~� (for every network input). Assume now that �01; : : : ; �0q are the weightsthat the incoming edges of g0 get assigned in this way, that �00 is the bias of g0 inthe assignment ~�, and that c0 > 0 is the scaling parameter of g0 in N̂ [~c]~� . Then weassign the new weights �01c0 ; : : : ; �0qc0 and the new bias �00c0 to g0, and we multiply theweight on the outgoing edge from g0 by c0.In the remainder of this proof we specify how the algorithm LEARN computes forany given sample � = (hxi; yii)i=1;:::;m 2 (Qkn � (Qn \ [b1; b2])l)m and any givens 2 N with the help of linear programming a new assignment ~c; ~� to the parametersin N̂ such that the function ~h that is computed by N̂ [~c]~� satis�es (2). For thatpurpose we describe the computations of N̂ for the �xed inputs xi from the sample� = (hxi; yii)i=1;:::;m by polynomially in m many systems L1; : : : ; Lp(m) that eachconsist of O(m) linear inequalities with the transformed parameters c; � as variables.For each input xi one uses for each gate g in N̂ two inequalities that specify therelation of the input s of g to two adjacent thresholds t; t0 of the piecewise linearactivation function c of g. By construction of N̂ the gate input s can alwaysbe written as a linear expression in c; � (provided one knows which linear pieceswere used by the preceding gates). A problem is caused by the fact that thisconstruction leads to a system of inequalities that contains both strict inequalities\s1 < s1" and weak inequalities \s1 � s2". Each scaling parameter c in c gives riseto a strict inequality �c < 0. Further strict inequalities \s1 < s2" arise when onecompares the input s1 of some gate g in N̂ with a threshold s2 of the piecewise linearactivation function c of this gate g. Unfortunately linear programming cannot beapplied directly to a system that contains both strict and weak inequalities. Hencewe replace all strict inequalities \s1 < s2" by \s1 + 2�� � s2", where� := 2 (s � size(N ))depth(N )�1 � �s2 � depth(N ) � (k + 2) � n� :This construction, as well as the particular choice of � will be justi�ed later. Aprecise analysis shows that in the preceding construction we do not arrive at asingle network architecture N̂ but at up to 2 ~w di�erent architectures, where ~w is thenumber of weights in ~N . This is caused by the special clause in the transformationfrom ~N� to N̂ [c]� for the case that �i = 0 for some weight �i in � (in that case theinitial segment of the network below that edge is deleted in N̂ ). There are at most2 ~w = O(1) ways of assigning the weight 0 to certain edges in ~N , and correspondinglythere are at most 2 ~w variations of N̂ that have to be considered (which all arise fromthe full network by deleting certain initial segments). Each of these variations of N̂gives rise to a di�erent system of linear inequalities in the preceding construction.A less trivial problem for describing the computations of N̂ for the �xed networkinputs x1; : : : ; xm 2 Qkn by systems of linear inequalities (with the parameters c; �as variables) arises from the fact that for the same network input xi di�erent valuesof the variables c; � will lead to the use of di�erent linear pieces of the activationfunctions in N̂ . Therefore one has to use a whole family L1; : : : ; Lp(m) of p(m)di�erent systems of linear inequalities, where each system Lj reects one possibility



for employing speci�c linear pieces of the activation functions in N̂ for speci�cnetwork inputs x1; : : : ; xm, for deleting certain initial segments of N̂ as discussedbefore, and for employing di�erent combinations of weights from f�1; 1g for edgesbetween computation nodes.Each of these systems Lj has to be consistent in the following sense: if Lj containsfor some network input xi the inequalities t � s and s + 2�� � t0 for two adjacentthresholds t; t0 of the activation function c of some gate g in N̂ , and if f is thelinear piece of c in the interval [t; t0), then this linear piece f is used for describing,for this network input xi and for all subsequent gates g0, the contribution of gateg for the input of g0 in the two linear inequalities for g0 in Lj . It should be notedon the side that the scaling parameter c occurs as variable both in the thresholdst; t0 as well as in the de�nition of each linear piece f of the activation function c.However this causes no problem since by construction of N̂ the considered termss; t; t0 as well as the terms involving f are linear in the variables c; �.It looks as if this approach might lead to the consideration of exponentially in mmany systems Lj : We may have to allow that for any set S � f1; : : : ;mg one linearpiece of the activation function c of a gate g is used for network inputs xi withi 2 S, and another linear piece of c is used for network inputs xi with i =2 S. Henceeach set S might give rise to a di�erent system Lj .One can show that it su�ces to consider only polynomially in m many systems ofinequalities Lj by exploiting that all inequalities are linear, and that the input spacefor N̂ has bounded dimension k. A single threshold t between two linear pieces ofthe activation function of some gate g on level 1 divides the m inputs x1; : : : ; xmin at most 2k � �mk � di�erent ways. One arrives at this estimate by consideringall �mk � subsets S of fx1; : : : ; xmg of size k, and then all 2k partitions of S intosubsets S1 and S2. For any such sets S1 and S2 we consider a pair of halfspacesH1 := fx 2 Rk : x � �̂ + 2�� � tg and H2 := fx 2 Rk : x � �̂ � tg, where theweights �̂ for gate g are chosen in such a way that xi � �̂ + 2�� = t for all i 2 S1and xi � �̂ = t for all i 2 S2. If the halfspaces H1; H2 are uniquely de�ned by thiscondition and if they have the property that xi 2 H1 [ H2 for i = 1; : : : ;m, thenthey de�ne one of the � 2k � �mk � partitions of x1; : : : ; xm which we consider for thethreshold t of this gate g. It is easy to see that each setting �̂ of the weights of gateg such that 8i 2 f1; : : : ;mg(xi 2 H1 [ H2) for the associated halfspaces H1 andH2 de�nes via threshold t a partition of fx1; : : : ; xmg which agrees with one of thepreviously described partitions. Each of these up to 2k � �mk � many partitions maygive rise to a di�erent system Lj of linear inequalities.In addition each threshold t0 between linear pieces of a gate g0 on level > 1 gives riseto di�erent partitions of the m inputs, and hence to di�erent systems Lj . In factthe partition of the m inputs that is caused by t0 is in general of a more complicatedstructure. Assume that k0 is the number of thresholds between linear pieces of acti-vation functions of preceding gates. If each of these preceding thresholds partitionsthe m inputs by a hyperplane, then altogether they split the m inputs into up to 2k0



subsets. For each of these subsets the preceding gates will in general use di�erentlinear pieces of their activation functions (see the consistency condition describedbefore). Hence threshold t0 of gate g0 will in general not partition the m network in-puts by a single hyperplane, but by di�erent hyperplanes for each of the 2k0 subsetsof the m inputs. However we want to keep the number p(m) of systems Lj simplyexponential in the size of N̂ . This is not relevant for the proof of Theorem 2.1, butfor the parallelized speed-up of LEARN that will be considered in the subsequentRemark 2.7. Therefore we restructure the partition of the m inputs that is causedby any threshold t0 of a gate g0 on level > 1 in the following fashion. We view theinput for gate g0 for each of the m network inputs as a linear function, which hasas variables the weights for gates on level 1 and the scaling factors of precedinggates in N̂ . The number of these variables can be bounded by the number w ofweights in ~N . Each of the m network inputs generates di�erent coe�cients forthese variables. These coe�cients will also depend on the particular linear piecesof activation functions of preceding gates that are used for each particular networkinput. Nevertheless for each partition generated by thresholds of preceding gateswe only have to consider for threshold t0 all possibilities how a pair of hyperplaneswith distance 2�� can divide the resulting m di�erent coe�cient vectors of lengthw. Obviously there exist only O(mw) di�erent possibilities for that.Altogether the algorithm LEARN generates for each of the polynomially in m manypartitions of x1; : : : ; xm which arise in the previously described fashion from thresh-olds between linear pieces of activation functions of gates in N̂ , and for each as-signment of weights from f�1; 0; 1g to edges between computation nodes in N̂ aseparate system Lj of linear inequalities, for j = 1; : : : ; p(m). By construction onecan bound p(m) by a polynomial in m.We now expand each of the systems Lj (which has only O(1) variables) into alinear programming problem LPj with O(m) variables. We add to Lj for each ofthe l output nodes � of N̂ 2m new variables u�i ; v�i for i = 1; : : : ;m, and the 4minequalitiest�j (xi) � (yi)� + u�i � v�i ; t�j (xi) � (yi)� + u�i � v�i ; u�i � 0; v�i � 0;where (hxi; yii)i=1;:::;m is the �xed sample � and (yi)� is that coordinate of yi whichcorresponds to the output node � of N̂ . In these inequalities the symbol t�j (xi) de-notes the term (which is by construction linear in the variables c; �) that representsthe output of gate � for network input xi in this system Lj . One should note thatthese terms t�j (xi) will in general be di�erent for di�erent j, since di�erent linearpieces of the activation functions at preceding gates may be used in the computa-tion of N̂ for the same network input xi. Furthermore we expand the system Ljof linear inequalities to a linear programming problem LPj in canonical form by



adding the optimization requirementminimize mXi=1 X� outputnode in N̂ (u�i + v�i ):The algorithm LEARN employs an e�cient algorithm for linear programming (e.g.the ellipsoid algorithm, see [PS]) in order to compute in altogether polynomiallyin m; s and n many steps an optimal solution for each of the linear programmingproblems LP1; : : : ; LPp(m). We write hj for the function from Rk into Rl that iscomputed by N̂ [c]� for the optimal solution c; � of LPj . The algorithm LEARNcomputes 1m mXi=1 jjhj(xi)� yijj1 for j = 1; : : : ; p(m): Let ~j be that index for whichthis expression has a minimal value. Let ~c; ~� be the associated optimal solution ofLP~j (i.e. N̂ [~c]~� computes h~j). LEARN employs the previously described backwardstransformation from ~c; ~� into values ~� for the programmable parameters of ~N suchthat 8x 2 Rk( ~N ~�(x) = N̂ [~c]~�(x)). These values ~� are given as output of thealgorithm LEARN.We will show that ~h := h~j satis�es condition (2), i.e.1m mXi=1 jj~h(xi)� yijj1 � �1� 2K� � "+ inf� 2 Qws 1m mXi=1 jjN�(xi)� yijj1:Fix some �0 2 Qws with(3) 1m mXi=1 jjN�0(xi)� yijj1 � �1� 2K� � "+ inf� 2 Qws 1m mXi=1 jjN�(xi)� yijj1:Let ~�0 consist of corresponding values from Qs such that 8x 2 Rk(N�0(x) =~N ~�0(x)). According to the previously described construction one can transform~�0 into parameters c; � from Qs�depth( ~N ) such that 8x 2 Rk( ~N ~�0(x) = N̂ [c]�(x)).We use here our assumption that all architectural parameters in N have values inQs. Since by de�nition of the transformation from ~N into N̂ we delete initial seg-ments of N̂ below edges with weight 0 in ~�0, we can assume c > 0 for all remainingscaling parameters c in c.It follows that for these values of c; � each term that represents the input of somegate g in N̂ [c]� for some network input from Qkn has a value in Q�=2 for � :=2 (s � size(N ))depth(N )�1 � �s2 � depth(N ) � (k + 2) � n�. Hence whenever the input s1of some gate g in N̂ [c]� satis�es for some network input fromQkn the strict inequality\s1 < s2" (for some threshold s2 of this gate g), the inequality \s1 + 2�� � s2"



is also satis�ed. Analogously each scaling parameter c > 0 in c satis�es c � 2��.These observations imply that the values for the parameters c; � that result bythe transformation from ~�0 give rise to a feasible solution for one of the linearprogramming problems LPj , for some j 2 f1; : : : ; p(m)g. The cost mPi=1 P� outputnode in N̂ (u�i +v�i ) of this feasible solution can be chosen to be mPi=1 jjN�0(xi) � yijj1 (for each i; �set at least one of u�i ; v�i equal to 0). This implies that the optimal solution ofLPj has a cost of at most mPi=1 jjN�0(xi)� yijj1. Hence we have mPi=1 jj~h(xi)� yijj1 �mPi=1 jjN�0 (xi) � yijj1 by the de�nition of algorithm LEARN. Therefore the desiredinequality (2) follows from (3). This completes the proof of Theorem 2.1.Remark 2.7 The algorithm LEARN can be speeded up substantially on a paral-lel machine. Furthermore if the individual processors of the parallel machine areallowed to use random bits, hardly any global control is required for this parallelcomputation. We use polynomially in m many processors. Each processor picksat random one of the systems Lj of linear inequalities and solves the correspond-ing linear programming problem LPj . Then the parallel machine compares in a\competetive phase" the costs mPi=1 jjhj(xi)� yijj1 of the solutions hj that have beencomputed by the individual processors. It outputs the weights ~� for ~N that corres-pond to the best ones of these solutions hj .In this parallelized version of LEARN the only interaction between individual pro-cessors occurs in the competetive phase. Even without any coordination betweenindividual processors one can ensure that with high probability each of the relevantlinear programming problems LPj for j = 1; : : : ; p(m) is solved by at least one ofthe individual processors, provided that there are slightly more than p(m) suchprocessors with random bits. Each processor simply picks at random one of theproblems LPj and solves it. It turns out that the computation time of each individ-ual processor (and hence the parallel computation time of LEARN) is polynomialin m and in the total number w of weights in ~N . The construction of the systemsLj (for j = 1; : : : ; p(m)) in the proof of Theorem 2.1 implies that only polynomiallyin m and w many random bits are needed in order to choose randomly one of thelinear programming problems LPj , j = 1; : : : ; p(m). Furthermore with the help ofsome polynomial time algorithm for linear programming each problem LPj can besolved with polynomially in m and w many computation steps.The total number of processors for this parallel version of LEARN is simply expo-nential in w. However even on a parallel machine with fewer processors the samerandomized parallel algorithm gives rise to a rather promising approximative learn-ing algorithm. Such a \scaled-down" version of LEARN is no longer guaranteedto �nd probably an approximately optimal weight setting in the strict sence of



the PAC-learning model. However it might very well provide a satisfactory per-formance for various practically important learning problems for multi-layer analogneural nets.3 Learning on Neural Nets with Piecewise PolynomialActivation FunctionsIn this section we extend the learning result from section 2 to high order networkarchitectures with piecewise polynomial activation functions.Theorem 3.1 Let N be some arbitrary high order network architecture with kinputs and l outputs. We assume that all activation functions of gates in N arepiecewise polynomial with architectural parameters from Q. Then one can constructan associated �rst order network architecture ~N with activation functions from theclass fheaviside, x 7! x; x 7! x2g such that the same learning property as inTheorem 2.1 holds.Remark 3.2 Analogously to Remark 2.3 d) one can also formulate the result ofTheorem 3.1 in terms of the strong version of the PAC-learning model from De�ni-tion 2.2. Furthermore on a parallel machine one can speed up the learning algorithmthat is constructed in the proof of Theorem 3.1 in the same fashion as described inRemark 2.7 for the piecewise linear case.Proof of Theorem 3.1: The only di�erence to the proof of Theorem 2.1 lies inthe di�erent construction of the \learning network" ~N . One can easily see thatbecause of the binomial formula y � z = 12 �(y + z)2 � y2 � z2� all high order gatesin N can be replaced by �rst order gates through the introduction of new �rst orderintermediate gates with activation function x 7! x2. Nevertheless the constructionof ~N is substantially more di�cult compared with the construction in the precedingsection. Piecewise polynomial activation functions of degree > 1 give rise to a newsource of non-linearity when one tries to describe the role of the programmableparameters by a system of inequalities. Assume for example that g is a gate onlevel 1 with input �1x1 + �2x2 and activation function g(y) = y2. Then this gateg outputs �21x21 + 2�1�2x1x2 + �22x22. Hence the variables �1; �2 will not occurlinearly in an inequality which describes the comparison of the output of g withsome threshold of a gate at the next level. This example shows that it does notsu�ce to push all nontrivial weights to the �rst level. Instead one has to employ amore complex network construction which was introduced for a di�erent purpose (in order to get an a-priori bound for the size of weights in the proof of Theorem 3.1in [M 93a], see [M 93b] for a complete version).That construction does not ensure that the output of the network architecture ~N isfor all values of its programmable parameters contained in [b1; b2]l if the ranges ofthe activation functions of all output gates of N are contained in [b1; b2]. Thereforewe supplement the network architecture from the proof of Theorem 3.1 in [M 93a]



by adding after each output gate of that network a subcircuit which computes thefunction z 7! 8<: b1 ; if z < b1z ; if b1 � z � b2b2 ; if z > b2:This subcircuit can be realized with gates that use the heaviside activation function,gates with the activation function x 7! x, and \virtual gates" that compute theproduct hy; zi 7! y � z. These \virtual gates" can be realized with the help of 3gates with activation function x 7! x2 via the binomial formula (see above). Theparameters b1; b2 of this subcircuit are treated like architectural parameters in thesubsequent linear programming approach, since we want to keep them �xed.Regarding the size of the resulting network architecture ~N we would like to mentionthat the number of gates in ~N is bounded by a polynomial in the number of gatesin N and the number of polynomial pieces of activation functions in N , providedthat the depth of N , the order of gates in N , and the degrees of polynomial piecesof activation functions in N are bounded by a constant.The key point of the resulting network architecture ~N is that for �xed network in-puts the conditions on the programmable parameters of ~N can be expressed by lin-ear inequalities, and that any function that is computable on N is also computableon ~N . Apart from the di�erent construction of ~N the de�nition and the analysis ofthe algorithm LEARN proceeds analogously as in the proof of Theorem 2.1. Onlythe parameter � is de�ned here slightly di�erently by � := size( ~N )�(n+s)�3 depth( ~N ).If one assumes that all architectural parameters of N as well as b1; b2 are from Qs,one can show that any function h : Rk ! Rl that is computable on N withprogrammable parameters form Qs can be computed on ~N with programmable pa-rameters from Qs�3depth( ~N) . Furthermore any linear inequality \s1 < s2" that arisesin the description of this computation of h on ~N for an input from Qkn (where s1; s2are gate inputs, respectively thresholds) can be replaced by the stronger statement\s1 + 2�� � s2". This observation justi�es the use of the parameter � in the linearprogramming problems that occur in the design of the algorithm LEARN. Notethat in contrast to the proof of Theorem 2.1 there are no scaling factors involvedin these linear programming problems (because of the di�erent design of ~N ).Since ~N contains gates with the heaviside activation function, the algorithm LEARNhas to solve not only one, but polynomially inmmany linear programming problems(analogously as in the proof of Theorem 2.1).4 ConclusionIt has been shown in this paper that positive theoretical results about e�cient PAC-learning on neural nets are still possible, in spite of the well known negative resultsabout learning of boolean functions with many input variables ([J], [BR], [KV]).In the preceding negative results one had carried over the traditional asymptotic



analysis of algorithms for digital computation, where one assumes that the numbern of boolean input variables goes to in�nity. However this analysis is not quiteadequate for many applications of neural nets, where one considers a �xed neuralnet and the input is given in the form of relatively few analog inputs (e.g. sensorydata). In addition for many practical applications of neural nets the number ofinput variables is �rst reduced by suitable preprocessing methods (e.g. principalcomponent analysis). For such applications of neural nets we have shown in thispaper that e�cient and provably successful learning is possible, even in the mostdemanding re�nement of the PAC-learning model. In this most realistic version ofthe PAC-learning model no a-priori assumptions are required about the nature of the\target function", and arbitrary noise in the input data is permitted. Furthermorethis learning model is not restricted to neural nets with boolean output. Hence ourpositive learning results are also applicable to the learning resp. approximation ofcomplicated real valued functions, such as they occur for example in process control.This paper has introduced another idea into the theoretical analysis of learning onneural nets that promises to bear further fruits: Rather than insisting on designingan e�cient learning algorithm for every neural net, we design learning algorithms fora subclass of neural nets ~N whose architecture is particularly suitable for learning.This may not be quite what we want, but it su�ces as long as there are arbitrarily\powerful" network architectures ~N that support our learning algorithm. It is likelythat this idea can be pursued further with the goal of identifying more sophisticatedtypes of special network architectures that admit very fast learning algorithms.AcknowledgementsI would like to thank Peter Auer, Phil Long and Hal White for their helpful com-ments.References[BH] E. B. Baum, D. Haussler, \What size net gives valid generalization?",Neural Computation, vol. 1, 1989, 151 - 160[BR] A. Blum, R. L. Rivest, \Training a 3-node neural network is NP-complete", Proc. of the 1988 Workshop on Computational LearningTheory, Morgan Kaufmann (San Mateo, 1988), 9 - 18[BEHW] A. Blumer, A. Ehrenfeucht, D. Haussler, M. K. Warmuth, \Learn-ability and the Vapnik-Chervonenkis dimension", J. of the ACM, vol.36(4), 1989, 929 - 965[C] T. M. Cover, \Capacity problems for linear machines", in: PatternRecognition, L. Kanal ed., Thompson Book Co., 1988, 283 - 289
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