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1 IntroductionLet N be some arbitrary feedforward neural net with w weights from some weight-space W(e.g. W = N;Q; or R). IfN has n input-nodes, and if the output gate has range f0; 1g, thenN computes for any weight-assignment � 2 Ww a function N � from some n-dimensionaldomain X (e.g. X = Nn;Qn;Rn) into f0; 1g.One says that a subset S of the domain X is shattered by N if every function g : S !f0; 1g can be computed on N , i.e. 8 g : S ! f0; 1g 9 � 2 Ww 8 x 2 S(g(x) = N �(x)).The Vapnik-Chervonenkis dimension of N (abbreviated: VC-dimension(N ); see Cover(1968) for an equivalent de�nition) is de�ned as the maximal size of a set S � X that isshattered by N , i.e.VC-dimension(N ) := maxfjSj : S � X is shattered by Ng.Intuitively one may view the VC-dimension of a neural net N as the number of \de-grees of freedom" that one has in specifying the input/output behaviour of N . Of courseone can de�ne without reference to neural nets more generally for any class F of functionsf : X ! f0; 1g (see Vapnik and Chervonenkis, 1971) the VC-dimension of F byVC-dimension(F) :=maxfjSj : S � X and 8 g : S ! f0; 1g 9 f 2 F 8 x 2 S(g(x) = f(x))g.Thus our preceding de�nition of the VC-dimension of a neural net N is just a special casefor the function class F := ff : X ! f0; 1g : 9 � 2 Ww 8 x 2 X(f(x) = N �(x))g. Therelevance of the VC-dimension for the training of a neural net can be traced back to thefollowing rather simple mathematical result.Theorem 1.1 (\Sauer's Lemma", see appendix A2 of Blumer et al., 1989): Let F beany class of functions from some �nite set X into f0; 1g, and set d := VC-dimension(F).Then F contains at most dPi=0 �jXji � � jXjd + 1 di�erent functions.With the help of this result one can establish theoretical results about the generalizationabilities of a neural net. More precisely one can prove relationships between the \apparenterror" of a neural net N � on a randomly drawn training set T , and the \true error" ofN � for new examples drawn from the same distribution. This relationship is discussed inPAC-LEARNING AND ARTIFICIAL NEURAL NETWORKS for the idealized setting ofthe classical PAC-learning model, where one assumes that there exists some assignment ��to the weights of N such that N �� has true error 0. We will discuss in the fourth section ofthis article the corresponding results for the more realistic setting of agnostic PAC-learning,where no unrealistic a priori assumption is required.For either version of the PAC-model one can roughly say that the expected deviationof the true error of a trained neural net N � from the apparent error of N � on the trainingset T depends on the size of T relative to the VC-dimension of N . Hence it has becomeof considerable interest to derive estimates for the VC-dimension of various types of neural2



nets.We will survey in this article the most important known bounds for the VC-dimension ofneural nets that consist of linear threshold gates (section 2) and for the case of neural netswith real-valued activation functions (section 3). In section 4 we discuss a generalizationof the VC-dimension for neural nets with non-boolean network-output. With regard to adiscussion of the VC-dimension of models for networks of spiking neurons we refer to Maass(1994c).For comparing the asymptotic behaviour of two functions f; g : N ! R+ we use thecustomary notation f(n) = O(g(n)) [f(n) = 
(g(n))] if there exists some constant c > 0such that f(n) � c � g(n) [resp. f(n) � c � g(n)] for all su�ciently large n, and f(n) =�(g(n)) if both f(n) = O(g(n)) and f(n) = 
(g(n)).2 VC-dimension of Neural Nets with Linear ThresholdGatesA linear threshold gate with n inputs computes for given weights � = h�0; �1; : : : ; �ni 2 W n+1the function T �(x1; : : : ; xn) = 8<: 1 ; if nPi=1�ixi + �0 � 00 ; otherwisefrom Rn into f0; 1g.Theorem 2.1 (Wenocur and Dudley): VC-dimension(N ) = n + 1 if N consists of asingle linear threshold gate with n inputs.Sketch of the proof: One can easily verify that the set S := f0g[fei : i 2 f1; : : : ; ngg isshattered byN (where ei 2 f0; 1gn denotes the i-th unit vector). Hence VC-dimension(N ) �n+ 1.The lower bound follows from Radon's Theorem, which states that any set S of � n+ 2points in Rn can be partitioned into sets S0 and S1 such that the convex hulls of S0 and S1intersect. Obviously such sets S0 and S1 cannot be separated by any hyperplane, hence notby any threshold gate.With the help of Theorem 1.1 one can derive from Theorem 2.1:Corollary: A linear threshold gate with n inputs can compute at most jXjn+1+1 di�erentfunctions from any set X � Rn into f0; 1g.Theorem 2.2 (Cover, 1968; see also Baum and Haussler, 1989): Let N be an arbi-trary feedforward neural net with w weights that consists of linear threshold gates. Then VC-dimension(N ) 3



= O(w � logw).Sketch of the proof: Let S be some arbitrary set of m input-vectors for N . By theCorollary to Theorem 2.1 a gate g in N can compute at most jXj fan-in(g)+1 + 1 di�erentfunctions from any �nite set X � Rfan-in(g) into f0; 1g (fan-in(g) denotes the number ofinputs of gate g). Hence N can compute at most Qg gate in N(mfan-in(g)+1 + 1) � m2w di�erentfunctions from S into f0; 1g. If S is shattered by N then N can compute all 2m functionsfrom S into f0; 1g. In this case the preceding implies that 2m � m2w, hence m � 2w � logm.It follows that logm = O(logw), thus m = O(w � logw).It is tempting to conjecture that the VC-dimension of a neural net N cannot be largerthan the total number of weights of all gates in N , which is equal to the sum of the VC-dimensions of the individual gates in N . In view of Theorem 2.1 this conjecture wouldimply an upper bound O(w) for VC-dimension(N ) in Theorem 2.2. However the followingresult (whose proof requires rather complex techniques from circuit theory) shows that thesuperlinear upper bound of Theorem 2.2 is in fact asymptotically optimal. Hence with regardto the VC-dimension it is fair to say that a neural net can be \more than the sum of itsparts".Theorem 2.3 (Maass, 1993 and 1994b): Assume that (Nn)n2N is any sequence of neuralnets with at least 2 hidden layers, where Nn has n boolean input nodes and O(n) gates.Furthermore assume that Nn has 
(n) gates on the �rst hidden layer, and at least 4 log ngates on the second hidden layer. We also assume that Nn is fully connected between anytwo successive layers (hence Nn has �(n2) weights), and that the gates of Nn are linearthreshold gates (or gates with the sigmoid activation function �(y) = 11+e�y , with round-o�at the network output).Then VC-dimension(Nn) = �(n2 � log n).Subsequently Sakurai (1993) has shown that if one allows real valued network inputs,then the lower bound of Theorem 2.3 also holds for certain neural nets with one hiddenlayer. In addition he has shown that for the case of real valued inputs one can determineexactly the constant factor in these bounds.3 VC-dimension of Analog Neural NetsWe consider in this section and the next the case where some gates in N employ activationfunctions f with non-boolean output, such as �(y) = 11+e�y (a gate of fan-inm with activationfunction f and weights �0; : : : ; �m computes the function hy1; : : : ; ymi 7! f( mPi=1�iyi + �0)).We �rst consider the case where the network-output of N is nevertheless boolean-valued(e.g. because the output gate of N is a linear threshold gate).It turns out that in order to get upper bounds for the VC-dimension of such neural nets4



it does not su�ce to assume that the analog activation functions in N are \very smoothsquashing functions". Sontag (1992) has shown that for the real-analytic function 	(y) :=1� arctan(y)+ cosy7(1+y2)+ 12 a neural net with 2 real valued inputs, 2 hidden units with activationfunction 	 and a linear threshold gate as output gate has in�nite VC-dimension. Note thatthis function 	 is strictly increasing and has limits 1; 0 at �1 (hence it is a \squashingfunction"). For the case of neural nets with n boolean inputs Sontag constructed activationfunctions with the same analytic properties as the function 	, such that the neural net withthe same architecture as above has the maximal possible VC-dimension 2n.Thus one cannot hope to prove signi�cant upper bounds for the VC-dimension of an ana-log neural net if one only knows that its non-boolean activation functions are very smoothstrictly increasing squashing functions. More subtle mathematical properties of the activa-tion functions turn out to be crucial, such as the maximal possible number of zeros of anyfunction that is de�nable from these activation functions with a speci�c set of operations.The �rst upper bound for the VC-dimension of a neural net whose gates employ theactivation function �(y) = 11+e�y is due to Macintyre and Sontag, 1993. By using a so-phisticated result from mathematical logic (order-minimality of the elementary theory L ofreal numbers with the basic algebraic operations and exponentiation) they have shown thatthe VC-dimension of any �nite feedforward neural net with this activation function is �nite.Very recently, Karpinski and Macintyre have applied very complicated techniques from dif-ferential topology in order to achieve the following upper bound, that is polynomial in thenumber w of weights:Theorem 3.1 (Karpinski and Macintyre, 1994): The VC-dimension of any feedforwardneural net with the sigmoid activation function � is bounded by O(w4), where w is thetotal number of weights in the neural net. The same upper bound holds for a large class ofactivation functions that satisfy a certain Pfa�an di�erential equation.For the case of neural nets of arbitrary constant depth with n boolean inputs and poly-nomially in n many gates with piecewise polynomial activation functions and arbitrary realweights it was shown in (Maass, 1993) that such circuits can be simulated by polynomialsize neural nets that consist entirely of linear threshold gates. Hence a polynomial upperbound for the VC-dimension of such neural nets follows immediately from Theorem 2.2.Subsequently Goldberg and Jerrum have shown that with the help of Milnor's theorem fromalgebraic geometry one can prove directly a polynomial upper bound for arbitrary polyno-mial size neural nets with piecewise polynomial activation functions (in fact their argumentalso applies to the case of piecewise rational activation functions).Theorem 3.2 (Goldberg and Jerrum, 1993): Let N be any neural net with piecewisepolynomial activation functions (with O(1) pieces each), arbitrary real inputs and weights,and boolean output. Then the VC-dimension of N is at most O(w2), where w is the totalnumber of weights in N .It is an open problem whether this upper bound can be improved to O(w logw). The best5



known lower bound for the VC-dimension of an analog neural net with piecewise polynomialactivation functions (or the activation function �) is the same bound 
(w � logw) as for thecase of neural nets with linear threshold gates (see Theorem 2.3).4 Generalization of the VC-dimension for Neural Netswith Real-Valued OutputWe consider here the case of an analog neural net N where the range of the activationfunction of the output gate is not boolean-valued. If for example N has an output gatewhose activation function is �(y) = 11+e�y , then it cannot compute any function with rangef0; 1g. Thus its VC-dimension (as de�ned above) would be 0. Consequently one has toconsider for such neural nets N a more general notion of a \dimension" in order to give anupper bound for the number of training examples that are needed to train N . A suitablegeneralization is provided by the notion of a pseudo-dimension.In order to de�ne the pseudo-dimension of a neural net N one has to specify a lossfunction ` that is used to measure for any example hx; yi 2 X �Y the deviation `(N �(x); y)of the prediction N �(x) of the neural net from the target value y. Popular choices for ` are`(z; y) = jz�yj, or `(z; y) = (z�y)2. One then considers the class FN ;` of all functions fromX � Y into R of the form hx; yi 7! `(N �(x); y) for some weight-assignment � 2 Ww.One would like to be able to say that FN ;` \shatters" a certain subset S of its domainX�Y . However for that one has to generalize the corresponding de�nition in section 1, sincethe functions in FN ;` may assume other real values besides 0 or 1. This problem is solvedby allowing an arbitrary \threshold" t(hx; yi) for each element hx; yi of the shattered setS � X � Y so that for any f 2 FN ;` one \rounds o�" f(hx; yi) to 1 if f(hx; yi) � t(hx; yi),and to 0 otherwise.De�nition: The pseudo-dimension dimP̀ (N ) of N with respect to the loss function ` isde�ned as the maximal size of a set S � X � Y which is shattered by N in the sense thatthere exists some t : S ! R such that8g : S ! f0; 1g 9 f 2 FN ;` 8hx; yi 2 S (g(hx; yi) = 1, f(hx; yi) � t(hx; yi)).Remark: For the special case of the binary range Y = f0; 1g and the discrete lossfunction `D (where `D(z; y) = 0 if z = y, and `D(z; y) = 1 if z 6= y) the pseudo-dimension ofa neural net N coincides with its VC-dimension.If the size m of a training-set T = (hxi; yiii�m) (which is randomly drawn accordingto some arbitrary distribution D over X � Y ) is relatively large in comparison with thepseudo-dimension of N , then the \apparent error" 1m mPi=1 `(N �(xi); yi) of N � is (with highprobability) close to the \true error" Ehx;yi2D[`(N �(x); y)] of N �, provided that the range of6



the values `(N �(x); y) is bounded. This relationship is made more precise by the followingresult.Theorem 4.1 (Haussler, 1992): Assume that FN ;` is a permissible class of functionsfrom X � Y into some arbitrary bounded interval [0; B] (the \permissibility" of FN ;` is asomewhat technical measurability assumption, which is always satis�ed if the weightspace Wis countable, e.g. for W � Q). Then for any distribution D over X � Y and any sampleT = (hxi; yii)i�m of m randomly drawn \training-examples" (which are drawn independentlyaccording to distribution D) one has for any given "; � > 0 and any sample-size m � 64B2"2 (2�dimP̀ (N ) ln 16eB" + ln 8� ) that with probability � 1 � �:8 � 2 Ww  ����� 1m mXi=1 `(N �(xi); yi)� Ehx;yi2D[`(N �(x); y]����� � "! :For neural nets N with the sigmoid activation function �(y) = 11+e�y the only known up-per bounds for the pseudo-dimension are given by a corresponding generalization of Theorem3.1 (Karpinski and Macintyre, 1994), and by the following result:Theorem 4.2 (Bartlett and Williamson, 1993): Let N be a neural net with one hiddenlayer. Assume that the gates of the hidden layer use the activation function � (alternativelythese gates may compute a radial basis function y = hy1; : : : ; ymi 7! e�jjy�cjj with \weights"c 2 Rm), and that the output gate outputs a weighted sum of its inputs. Then for discreteinputs from f�K; : : : ;Kgn the pseudo-dimension of N is at most 8w log2(11 � wK), wherew denotes the total number of weights in N .The proof uses an exponential parameter transformation in order to transform the func-tion that is computed by N into one that is polynomial in its parameters. One can thenapply Milnor's Theorem in a similar fashion to that in Theorem 3.2.For neural nets N with piecewise polynomial activation functions one can give the fol-lowing upper bound (Maass, 1994a); which is shown with the help of Milnor's Theorem inthe same way as Theorem 3.2.Theorem 4.3 dimP̀ (N ) = O(w2) for arbitrary neural nets N with w real-valued weightsand arbitrary piecewise polynomial activation functions that consist of O(1) pieces of degreeO(1).It is obvious from Theorem 2.3 that the pseudo-dimension of a neural net N with wweights can be as large as 
(w � logw). It is an open problem whether the pseudo-dimensionof a neural net with piecewise polynomial activation functions that consist of O(1) pieceseach (or with any other common activation function such as �(y) = 11+e�y ) can be any larger.7



5 DiscussionThe VC-dimension of a neural net with boolean output measures the \expressiveness" ofsuch a neural net. The related notion of a pseudo-dimension provides a similar tool forthe analysis of neural nets with real-valued output. The derivation of bounds for the VC-dimension and the pseudo-dimension of neural nets has turned out to be a rather challengingbut quite interesting chapter in the mathematical investigation of neural nets. This workhas brought a number of sophisticated mathematical tools into this research area, whichhave subsequently turned out to be also useful for the solution of a variety of other problemsregarding the complexity of computing and learning on neural nets (see Roychowdhury etal., 1994, for an overview of the current state of a�airs).Bounds for the VC-dimension (resp. pseudo-dimension) of a neural net N provide esti-mates for the number of random examples that are needed to train N so that it has goodgeneralization properties (i.e., so that the error of N on new examples from the same distri-bution is at most ", with probability � 1��). From the point of view of a single application-problem these bounds tend to be too large, since they provide such generalization-guaranteessimultaneously for any probability distribution on the examples and for any training algo-rithm that minimizes disagreement on the training examples. For some special distributionsand speci�c training algorithms one has achieved tighter bounds with the help of heuristicalarguments (replica techniques) from statistical physics.
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