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We review methods for estimating the computational capability of a complex
dynamical system.The main examplesthat we discussare modelsfor cortical neural
microcircuits with varying degreesof biological accuracy in the context of online
computations on complex input streams.We addressin particular the question to
what extent earlier results about the relationship betweenthe edgeof chaosand the
computational power of dynamical systemsin discrete time for o -line computing
also apply to this case.

1.1 Intro duction

Princip e, Sejno wski, and McWhirter:

Most work in the theory of computations in circuits focuseson computations in
feedforward circuits, probably becausecomputations in feedforward circuits are
much easierto analyze. But biological neural circuits are obviously recurrent, in
fact the existenceof feedbadk connectionson seeral spatial scalesis a characteristic
property of the brain. Therefore an alternative computational theory had to be
dewveloped for this case.One neuroscienist who emphasizedthe needto analyze
information processingin the brain in the context of dynamical systemstheory was
Walter Freeman,who started to write a number of in uen tial paperson this topic in
the 1960s;see(Freeman,1975)and (Freeman,2000)for referencesand more recert
accourts. The theoretical investigation of computational properties of recurrent
neural circuits started shortly afterwards. Earlier work focusedon the engraving
of attractors into such systemsin order to restrict the dynamics to achieve well-
de ned properties. One stream of work in this direction (see,e.g. Grosskerg, 1967,
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D., 1968;Amari, 1972;Little, 1974)culminated in the in uen tial studiesof Hop eld
regarding networks with stable memory, called Hop eld networks (Hop eld, 1982,
1984), and the work of Hop eld and Tank on networks which are able to nd
approximate solutions of hard combinatorial problems like the traveling salesman
problem (Hop eld and Tank, 1985,1986).The Hop eld network is a fully connected
neural networks of threshold or threshold-like elemers. Suc networks exhibit rich
dynamicsand are chaotic in general.However, Hop eld assumedsymmetric weights,
which strongly constrains the dynamics of the system. Speci cally, one can show
that only point attractors canemergein the dynamicsof the system,i.e. the activity
of the elemers always ewlvesto one of a set of stable states which is then kept
forever.

Somewhat later the alternative idea aroseto use the rich dynamics of neural
systems which can be obsened in cortical circuits rather than to restrict them
(Buonomano and Merzenich, 1995). In addition one realized that one needsto
look at online computations (rather than o -line or batch computing) in dynamical
systemsin order to capture the biologically relevant case(seeMaassand Markram,
2005, for de nitions of sud basic conceptsof computation theory). Thesee orts
resulted in the \liquid state machine" model by Maasset al. (2002) and the \echo
state network” by Jager (2002) which were introduced independerily. The basic
idea of thesemodelsis to usea recurrent network to hold and nonlinearly transform
information about the past input streamin the high-dimensionaltransient state of
the network. This information can then be usedto produce in real-time various
desired online outputs by simple linear readout elemens. These readouts can be
trained to recognizecommon information in dynamical changing network states
becauseof the high dimensionality of these states. It has been shown that these
models exhibit high computational power (Legensteinet al., 2003;Joshi and Maass,
2004;Jager and Haas, 2004). Howeer, the analytical study of such networks with
rich dynamics is a hard job. Fortunately, there exists a vast body of literature on
related questionsin the context of many di erent sciertic disciplinesin the more
generalframework of dynamical systemstheory. Speci cally, a stream of researt is
concernedwith system dynamics located at the boundary region betweenordered
and chaotic behavior which wastermed \edge of chaos". This researt is of special
interest for the study of for neural systemsbecauseit was shown that the behavior
of dynamical systemsis most interesting in this region. Furthermore, a link between
computational power of dynamical systemsand the edgeof chaoswas conjectured.

It is therefore a promising goal to use concepts and methods from dynamical
systemstheory to analyze neural circuits with rich dynamics and to get in this
way better tools for understanding computation in the brain. In this chapter, we
will take a tour, visiting researt concernedwith the edgeof chaosand eventually
arriveat a rst steptowardsthis goal. The aim of this chapter is to guide the reader
through a stream of ideaswhich we believe are inspiring for researd in neuroscience
and molecular biology, as well as for the design of novel computational devicesin
engineering.

After a brief introduction of fundamenal principles of dynamical system and
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Table 1.1 General properties of various types of dynamical systems.

cellular iterative | Boolean | cortical microcircuits
automata maps circuits and generegulation
networks
analog states? no yes no yes
contin uous time? no no no yes
high-dimensional? yes no yes yes
with noise? no no no yes
with online input? no no usually no yes

chaosin Section1.2,wewill start our journey in Section1.3in the eld of theoretical
biology. There, Kau man studied questions of ewolution and emerging order in

organisms.We will seethat depending on the connectivity structure, networks may
operate either in an ordered or chaotic regime. Furthermore, we will encourter the
edgeof chaosasa transition betweenthesedynamic regimes.In Sectionl.4, our tour

will visit the eld of statistical physics, where Derrida and others studied related
questionsand provided new methods for their mathematical analysis.In Section1.5
the reader will seehow these ideas can be applied in the theory of computation.

The study of cellular automata by Wolfram, Langton, Padkard, and others led to

the conjecture that complex computation are best performed in systemsat the
edge of chaos. The next stops of our journey in Section 1.6 and Section 1.7 will

bring us closeto our goal. We will review work by Bertschinger and Natschlager
who analyzedreal-time computations on the edgeof chaosin threshold circuits. In

Section 1.8, we will briey examine self-organizedcriticalit y, i.e. how a systemcan
adapt its own dynamics towards the edge of chaos. Finally, Section 1.9 preserns
the e orts of the authors of this chapter to apply these ideasto computational
questions in the context of biologically realistic neural microcircuit models. In

this section we will analyze the edgeof chaosin networks of spiking neurons and
ask the following question: In what dynamical regimes are neural microcircuits

computationally most powerful? Table 1 shaws that neural microcircuits (as well
asgeneregulation networks) di er in se\eral essetial aspectsfrom those examples
for dynamical systemsthat are commonly studied in dynamical systemstheory.

1.2 Chaos in Dynamical Systems

Princip e, Sejno wski, and McWhirter:

In this sectionwe brie y introduceideasfrom dynamical systemstheory and chaos.
A few slightly dierent de nitions of chaos are given in the literature. Although
we will mostly deal here with systemsin discretetime and discrete state space,we
start out with the well establishedde nition of chaosin continuous systemsand
return to discrete systemslater in this section.

The subject known asdynamics dealswith systemsthat ewlvein time (Strogatz,

New Directions in Statistical ~Signal Pro cessing: From Systems to Brain 2005/03/10 14:53



Haykin,

Princip e, Sejno wski, and McWhirter:

What makesa dynamical system computationally powerful?

1994). The system in question may settle down to an equilibrium, may erter a
periodic trajectory (limit cycle), or do something more complicated. In (Kaplan
and Glass, 1995)the dynamics of a deterministic systemis de ned asbeing chaotic
if it is aperiodic and bounded with sensitive dependenceon initial conditions.

The phase spacefor an N -dimensional system is the spacewith coordinates

condition x(0), it will ewolve accordingto its dynamics and describe a tra jectory
in state space.A steady state of the systemis a state x5 such that if the system
ewlveswith xgs asits initial state, it will remain in this state for all future times.
Steady statesmay or may not be stable to small outside perturbations. For a stable
steady state, small perturbations die out and the trajectory corvergesbad to the
steady state. For an unstable steady state, tra jectories do not corvergebad to the
steady state after arbitrarily small perturbations.

The generalde nition of an attractor is a set of points or states in state space
to which trajectories within somevolume of state spaceconverge asymptotically
over time. This setitself is invariant under the dynamic ewolution of the system.1
Therefore, a stable steady state is a zero-dimensional,or point, attractor. The set
of initial conditions that ewlve to an attractor A is called the basin of attraction
of A. A limit cycleis an isolated closedtra jectory. Isolated meansthat neighboring
tra jectories are not closed.If releasedin somepoint of the limit cycle, the system
o ws on the cyclerepeatedly. The limit cycleis stable if all neighboring tra jectories
approad the limit cycle. A stablelimit cycleis a simpletype of an attractor. Higher
dimensional and more complex typesof attractors exist.

In addition, there exist also so called strange or chaotic attractors. For example
all trajectories in a high dimensional state spacemight be brought onto a two-
dimensional surface of somemanifold. The interesting property of suc attractors
is that, if the systemis releasedin two di erent experiments from two points on
the attractor which are arbitrarily closeto ead other, the subsequen tra jectories
remain on the attractor surfacebut divergeaway from ead other. After a su cien t
time, the two trajectories can be arbitrarily far apart from ead other. This
extremesensitivity to initial conditions is characteristic for chaotic behavior. In fact,
exponertially fast divergenceof tra jectories (characterized by a positive Lyapunov
exponert) is often used as a de nition of chaotic dynamics (see e.g. Kantz and

1. For the sake of completeness,we give here the de nition of an attractor according to
Strogatz (1994): He de nes an attractor to be a closedset A with the following properties:
a A is an invariant set any trajectory x(t) that starts in A staysin A for all time.

b A attracts an open set of initial conditions: there is an open set U containing A suc
that if x(t) 2 U, then the distance from x(t) to A tendsto zeroast! 1 . The largest
such U is called the basin of attraction of A.

c A is minimal : there is no proper subset of A that satis es conditions a and b.
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Sdreiber, 1997). There might be a lot of structure in chaotic dynamics since the
trajectory of a high-dimensional system might be projected merely onto a two-
dimensional surface. However, since the trajectory on the attractor is chaotic, the
exact trajectory is practically not predictable (evenif the systemis deterministic).

Systemsin discretetime and with a nite discrete state spacedi er from contin-
uoussystemsin in seweral aspects. First, sincestate variablesare discrete, tra jecto-
ries can merge,whereasin a cortin uous systemthey may merely approximate eath
other. Second,sincethere is a nite number of states, the system must evertually
reerter a state previously encourtered and will thereafter cycle repeatedly through
this state cycle. Thesestate cyclesare the dynamical attractors of the discrete sys-
tem. The set of states owing into such state cycle or lying on it constitutes the
basin of attraction of that state cycle. The length of a state cycle is the number
of states on the cycle. For example, the memory states in a Hop eld network (a
network of arti cial neuronswith symmetric weights) are the stable states of the
system. A Hop eld network does not have state cycles of length larger then one.
The basins of attraction of memory states are usedto drive the system from re-
lated initial conditions to the samememory state, henceconstituting an assciative
memory device.

Characteristic properties of chaotic behavior in discretesystemsare alarge length
of state cycles and high sensitivity to initial conditions. Ordered networks have
short state cyclesand their sensitivity to initial conditions is low, i.e. state cycles
are quite stable. We note that state cycles can be stable with respect to some
small perturbations, but unstable to others. Therefore,\quite stable” meansin this
context that the state cycle is stable to a high percertage of small perturbations.
These general de nitions are not very preciseand will be made more speci ¢ for
ead of the subsequeh concreteexamples.

1.3 Randomly

Connected Boolean Net works

The study of complex systemsis obviously important in many sciertic areas.In
genetic regulatory networks, thousandsor millions of coupled variables orchestrate
developmertal programs of an organism. In 1969,Kau man started to study such
systemsin the simplied model of Boolean networks (Kau man, 1969, 1993). He
discovered somesurprising results which will be discussedin this section. We will
encourter systemsin the ordered and in the chaotic phase. The specic phase
dependson somesimple structural feature of the systemand a phasetransition will
occur when this feature changes.

A Boolean network consistsof N elemens and connectionsbetweenthem. The
state of its elemers is described by binary variables x1;:::;Xn . The dynamical
behavior of eadh variable, whether it will be active (1) or inactive (-1) at the next
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time step, is governed by a Boolean function. 2The (directed) connectionsbetween
the elemens describe possibleinteractions. If there is a connection from elemert
i to elemer |, then the state of elemen i in uences the state of elemer j in the
next time step. We say that i is an input of elemen j.

An initial condition is given by a value for ead variable x(0). Thereafter, the
state of each elemen ewlvesaccordingto the Booleanfunction assignedto it. We
can describe the dynamics of the systemby a set of iterated maps

parallel at each time step.

The stability of attractors in Boolean networks can be studied with respect to
minimal perturbations. A minimal perturbation is just the ip of the activity of a
single variable to the opposite state.

Kau man studied the dynamics of Boolean networks asa function of the number
of elemeris in the network N, and the averagenumber K of inputs to eat elemen
in the net. Since he was not interested in the behavior of particular nets but
rather in the expected dynamics of nets with somegiven N and K, he sampled
at random from the ensenble of all such networks. Thus the K inputs to eadh
elemen were rst chosenat random and then xed, and the Boolean function
assignedto eact elemer was also chosenat random and then xed. For ead such
member of the ensenble Kau man performed computer simulations and examined
the accunulated statistics.

The caseK = N is especially easyto analyze.Sincethe Booleanfunction of eadh
elemen was chosenrandomly from a uniform distribution, the successorto eadh
circuit state is drawn randomly from a uniform distribution amongthe 2N possible
states. This leadsto long state cycles. The median state cycle length is 0:5 2N=2,
Kau man called such exponertially long state cycles chaotic.# These state cycles
are unstable to most perturbations, hencethere is a strong dependenceon initial
conditions. Howewer, only a few di erent state cyclesexit in this case:the expected
number of state cyclesis N=e Therefore, there is somecharacteristic structure in
the chaotic behavior in the sensethat the systemwill end up in one of only a few
long term behaviors.

As long asK is not too small, say K 5, the main features of the caseK = N

2. In (Kau man, 1969), the inactiv e state of a variable is denoted by 0. We use -1 here
for reasonsof notational consistency

3. Here, x; potentially depends on all other variables x1;:::;Xn . The function f; can
always be restricted such that x; is determined by the inputs to elemerts i only.

4. In (Kauman, 1993), a state cycle is also called attractor. Because such state cycles
can be unstable to most minimal perturbations, we will avoid the term attractor here.
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persist. The dynamicsis still governedby relatively few state cyclesof exponertial
length, whoseexpected number is at most linear in N. For K 5, theseresults can
be derived analytically by a rough mean eld approximation. For smaller K, the
approximation becomesinaccurate. However, simulations con rm that exponertial
state cycle length and a linear number of state cyclesare characteristic for random
Booleannetworks with K 3. Furthermore, thesesystemsshaw high sensitivity to
initial conditions (Kau man, 1993).

The caseK = 2 is of special interest. There, a phasetransition from ordered to
chaotic dynamics occurs. Numerical simulations of these systems have revealed
the following characteristic features of random Boolean networks with K = 2
(Kau man, 1969). The expected median state cycle length is about = N. Thus,
random Boolean networks with K = 2 often con ne their dynamical behavior
to tiny subvolumes of their state space,a strong sign of order. A more detailed
analysis shows that most state cycles&re short, whereasthere are a few long ones.
The number of state cyclesis about = N and they are inherertly stable to about
80 to 90 percert of all minimal transient perturbations. Hence, the state cyclesof
the systemhave large basinsof attraction and the sensitivity to initial conditions is
low. In addition to these characteristics which stand in stark cortrast to networks
of larger K, we want to emphasizethree further features.First, typically at least70
percert of the N elemerts have some xed active or inactiv e state which is identical
for all the existing state cyclesof the Booleannetwork. This behavior establishesa
frozen core of elemers. The frozen core createswalls of constancy which break
the system into functionally isolated islands of unfrozen elemens. Thus, these
islands are prevented from in uencing one another. The boundary regime where
the frozen coreis just breaking up and interaction betweenthe unfrozen islands
becomespossibleis the phasetransition betweenorder and chaos. Second,altering
transiently the activity of a single elemen typically propagatesbut causesonly
alterations in the activity of a small fraction of the elemerts in the system. And
third, deleting any single elemen or altering its Boolean function typically causes
only modest changesin state cyclesand transients. The latter two points ensure
that \damage" of the systemis small. We will further discussthis interesting case
in the next section.

Networks with K = 1 operate in an ordered regime and are of little interest for
us here.

1.4 The Annealed Appro ximation by Derrida and Pomeau

Princip e, Sejno wski, and McWhirter:

The phasetransition from order to chaosis of special interest. As we shall seein the
sectionsbelow there arereasongo believethat this dynamical regimeis particularly
well suited for computations. There were seweral attempts to understand the
emerging order in random Boolean networks. In this section, we will review the
approad of Derrida and Pomeau(1986). Their beautiful analysisgivesan analytical
answer to the question where such a transition occurs.

New Directions in Statistical ~Signal Pro cessing: From Systems to Brain 2005/03/10 14:53



Haykin,

Princip e, Sejno wski, and McWhirter:

What makesa dynamical system computationally powerful?

In the original model, the connectivity structure and the Boolean functions f
of the elemeris i were chosenrandomly but werethen xed. The dynamics of the
network ewolved according to this xed network. In this casethe randomnessis
guenche becausethe functions f; and the connectivity do not change with time.
Derrida and Pomeaupreseried a simple annealed approximation to this model which
explains why there is a critical value K . of K where the transition from order to
chaosappears. This approximation also allowed the calculation of many properties
of the model. In contrast to the quended model, the annealed approximation
randomly reassignsthe connectivity and the Boolean functions of the elemeris
at each time step. Although the assumption of the annealed approximation is
quite drastic, it turns out that its agreemen with obsenations in simulations of
the quenced model is surprisingly good. The bene ts of the annealedmodel will
becomeclear below.

It was already pointed out that exponertial state cycle length is an indicator
of chaos. In the annealed approximation however, there are no xed state cycles
becausethe network is changed at every time step. Therefore, the calculations
are based on the dependenceon initial conditions. Consider two network states
G;G 2 f 1;1gN. We de ne the Hamming distance d(G;G) as the number
of positions in which the two states are dierent. The question is whether two
randomly chosendi erent initial network states evertually corvergeto the same
pattern of activity over time. Or, stated in other words, given an initial state C;
which leadsto a state Cit) at time t and a di erent initial state G which leadsto
a state G at time t, will the Hamming distance d(C"”; ") corvergeto zero for
large t? Derrida and Pomeau found that this is indeed the casefor K 2. For
K 3, the trajectories will diverge.

To be more precise,onewants to know the probability P;(m; n) that the distance
d(@; Q) betweenthe states at time t = 1 is m given that the distance d(G; G)
at time t = 0 was n. More generally, one wants to estimate the probability
P((m;n) that the network states C\;C" obtained at time t are at distance
m, given that d(G;G) = n at time t = 0. It now becomesapparert why
the annealed approximation is useful. In the annealed approximation, the state
transition probabilities at dierent time steps are independent, which is not the
casein the quenced model. For large N, one can intro duce contin uous variables
& = x, Derrida et al. show that P2"ead (m; n) for the annealednetwork has a
peak around a value m = Ny; wherey; is given by

1 1 x)K
yp= & 07 5 " (1.2)
Similarly, the probability P2™eed (m; n) hasa peakat m = Ny; with y; given by
1 (1 K
Vi = ( 2yt l) (1_2)

for t > 1. The behavior of this iterative map can be visualized in the so called
Derrida plot, seeFigure 1.1. The plot shaws the state distance at time t + 1 asa
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Figure 1.1 Expecteddistancebetweentwo statesat time t+ 1 asa function of the
state distancey; betweentwo statesat time t, basedon the annealedapproximation.
Points on the diagonaly; = yi+1 are xed points of the map. The curvesfor K 3
all have xed points for a state distance larger than zero. The curve for K = 2
stays closeto the diagonal for small state distancesbut doesnot crossit. Hence,
for K = 2 state distancesconvergeto zerofor iterated applications of the map.

function of the state distance at time t. Points on the diagonal y; = y;+1 are xed
points of the map.

For K 2, the xed point y = 0 is the only xed point of the map and it is
stable. In fact, for any starting value y;, we havey; ! Ofort! 1 in the limit
of N! 1.ForK > 2,the xed point y = 0 becomesunstable and a new stable
xed point y appears.Therefore, the state distance needno longer always converge
to zero. Hencethere is a phasetransition of the systemat K = 2. The theoretical
work of Derrida and Pomeauwasimportant becausebeforethere wasonly empirical
evidencefor this phasetransition.

We concludethat there exists an interesting transition regionfrom order to chaos
in these dynamical systems.For simpli ed models, this region can be determined
analytically. In the following section we will nd evidencethat sud phasetransi-
tions are of great interest for the computational properties of dynamical systems.

1.5 Computation

Princip e, Sejno wski, and McWhirter:

at the Edge of Chaos in Cellular Automata

Evidence that systems exhibit superior computational properties near a phase
transition came from the study of cellular automata. Cellular automata are quite
similar to Boolean networks. The main di erences are that connections between
elemens are local, and that an element may assumeone out of k possible states
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at eadh time step (instead of merely two states in Boolean networks). The former
di erence implies that there is a notion of spacein a cellular automaton. More
precisely a d-dimensional spaceis divided into cells (the elemeris of the network).
The state of acell at time t+ 1is a function only of its own state and the statesof its
immediate neighbors at time t. The latter di erence is made explicit by de ning a
nite set of cell states. The transition function is a mapping from neighborhood
states (including the cell itself) to the set of cell states. If the neighborhood is of
sizeL,wehave : L1 |

What do we mean by \computation” in the cortext of cellular automata? In
one common meaning, the transition function is interpreted as the program and
the input is given by the initial state of the cellular automaton. Then, the system
ewlves for some speci ed number of time steps, or until some\goal pattern” {
possibly a stable state { is reacdhed. The nal pattern is interpreted as the output
of the automaton (Mitc hell et al., 1993).In analogyto universal Turing machines,
it hasbeenshown that cellular automata are capableof universalcomputation (see
e.g. von Neumann, 1966; Smith, 1971; Codd, 1968). That is, there exist cellular
automata which, by getting the algorithm to be applied as part of their initial
con guration, can perform any computation which is computable by any Turing
madhine.

In 1984, Wolfram conjectured that sudh powerful automata are located in a
special dynamical regime. Later, Langton identied this regimeto lie on a phase
transition betweenorder and chaos(seebelow), i.e. in the regimewhich corresponds
to random Boolean networks with K = 2.

Wolfram preseried a qualitativ e characterization of one-dimensionalcellular au-
tomaton behavior where the individual automata diered by their transfer func-
tion.® He found evidencethat all one-dimensionalcellular automata fall into four
distinct classegWolfram, 1984). The dynamics for three of these classesare shovn
in Figure 1.2.

® Class 1 automata ewlve to a homogeneousstate, i.e. a state where all cells are
in the samestate. Hencethese systemsewlve to a simple steady state.

» Class 2 automata ewlve to a set of separatedsimple stable states or separated
periodic structures of small length. These systemshave short state cycles.

Both of these classesoperate in the ordered regime in the sensethat state cycles
are short.
= Class 3 automata ewolve to chaotic patterns.

m Class 4 automata have long transients, and ewolve \to complex localized struc-
tures" (Wolfram, 1984).

5. He considered automata with a neighborhood of 5 cells in total and two possible cell
states. Since he considered \totalistic* transfer functions only (i.e. the function depends
on the sum of the neighborhood states only), the number of possible transfer functions
was small. Hence, the behavior of all such automata could be studied.
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LR R, AT A pA = 1y

Figure 1.2 Evolution of one-dimensionalcellular automata. Each horizontal line
represerts one automaton state. Successie time steps are shovn as successie
horizontal lines. Sites with value 1 are represerned by black squares;sites with
value 0 by white squares.One example for an automaton of class1 (left), class4
(middle), and class3 (right) is given.

Class3 automata are operating in the chaotic regime.With chaotic, Wolfram means
\unpredictabilit y" of the exact automaton state after a few time steps. Successor
states look more or lessrandom. He also talks about non-periodic patterns. Of
coursethese patterns are periodic if the automaton is of nite size.But in analogy
with the results preseried above, one can say that state cyclesare very long.

Transierts are the statesthat emergebeforethe dynamics reachesa stable long-
lasting behavior. They appear at the beginning of the state ewolution. Once the
systemis on a state cycle, it will never revisit such transient states. The transients
of class4 automata can be identi ed with large basinsof attraction or high stability
of state cycles.Wolfram conjecturedthat class4 automata are capableof universal
computations.

In 1990, Langton (1990) systematically studied the spaceof cellular automata
consideredby Wolfram with respect to an order parameter . This parameter
determinesa crucial property of the transfer function : the fraction of ertries in

which do not map to someprespeci ed quiescen state sq. Hence,for = 0, all
local con gurations map to sq, and the automaton state movesto a homogeneous
state after one time step for every initial condition. More generally low -values
lead to ordered behavior. Ruleswith large tend to producea completely di erent
behavior.

Langton stated the following question: \Under what conditions will physical
systems support the basic operations of information transmission, storage, and
modi cation constituting the capacity to support computation?" (Langton, 1990).
When Langton wert through dierent valuesin his simulations, he found that
all automaton classesof Wolfram appearedin this parametrization. Moreover, he
found that the interesting class4 automata can be found at the phasetransition
between ordered and chaotic behavior for -values between about 0:45 and 0:5,
values of intermediate heterogeneiy. Information theoretic analysis supported the
conjecturesof Wolfram, indicating that the edgeof chaosis the dominant region of
computationally powerful systems.

Further evidencefor Wolframs hypothesis came from Padkard (1988). Padkard
usedgeneticalgorithms to genetically evolve one-dimensionalcellular automata for
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a simple computational task. The goalwasto dewelopin this way cellular automata
which behave as follows: The state of the automaton should convergeto the all-
one-state(i.e. the state whereevery cellis in state 1), if the fraction of one-statesin
the initial con guration is larger than 0:5. If the fraction of one-statesin the initial
con guration is below 0:5, it should ewlve to the all-zero-state.

Mutations were accomplishedby changesin the transfer function (point mu-
tations which changed only a single ertry in the rule table, and crosswer which
mergedtwo rule tables into a single one). After applying a standard genetic algo-
rithm procedureto an initial set of cellular automaton rules, he examinedthe rule
tables of the genetically ewolved automata. The majority of the ewolved rule tables
had valueseither around 0:23 or around 0:83. Theseare the two valueswhere
the transition from order to chaosappears for cellular automata with two states
per cell.\Th us, the population appearsto ewolve toward that part of the spaceof
rules that marks the transition to chaos" (Padkard, 1988).

These results have later been criticized (Mitc hell et al., 1993). Mitc hell and
collaborators reexaminedthe ideas of Padkard and performed similar simulations
with a geneticalgorithm. The results of theseinvestigationsdi ered from Padards
results. The density of automata after ewolution was symmetrically peaked around

= 0:5, but much closerto 0:5 and de nitely not in the transition region. They
argued that the optimal value for a task should strongly depend on the task.
Speci cally in the task consideredby Packard onewould expect a value closeto
0:5 for a well performing rule, becausethe task is symmetric with respect to the
exchangeof onesand zeros.A rule with < 0:5tendsto decreasdghe number of 1's
in the state vector becausemore ertries in the rule table map the state to 0. This
canleadto errorsif the number of onesin the initial state is slightly larger than 0:5.
Indeed, a rule which performs very well on this task, the Gacs-Kurdyumov-Levin
(GKL) rule, has = 0:5. It was suggestedthat artefacts in the genetic algorithm
could accourt for the di erent results.

We want to return hereto the notion of computation. Wolfram and Langton were
interested in universal computations. Although universality results for automata
are mathematically interesting, they do not contribute much to the goal of un-
derstanding computations in biological neural system. Biological organismsusually
face computational tasks which are quite di erent from the o -line computations
on discrete batch inputs for which Turing machines are designed.

Padkard wasinterestedin automata which perform a speci ¢ kind of computation
with the transition function being the \program". Mitc hell at al. showvedthat there
are complex tasks for which the best systemsare not located at the edgeof chaos.
In (Mitc hell et al., 1993), a third meaning of computation in cellular automata
| a kind of \intrinsic" computation { is merntioned: \Here, computation is not

6. In the case of two-state cellular automata, high values imply that most state
transitions map to the single non-quiescert state which leads to ordered dynamics. The
most heterogeneousrules are found at = 0:5.
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interpreted asthe performanceof a 'useful' transformation of the input to produce
the output. Rather, it is measuredin terms of generic, structural computational
elemens such as memory, information production, information transfer, logical
operations, and soon. It is important to emphasizethat the measuremen of suc
intrinsic computational elemerts doesnot rely on a semarics of utilit y as do the
preceding computational types." (Mitc hell et al., 1993). It is worthwhile to note
that this \in trinsic" computations in dynamical systemscan be usedby a readout
unit which mapssystemstatesto desiredoutputs. This is the basicidea of the liquid
state machine and eco state networks, and it is the basisof the considerationsin
the following sections.

To summarize, systemsat the edgeof chaosare believed to be computationally
powerful. However, the type of computations consideredso far are considerably
di erent from computations in organisms.In the following section, we will consider
a model of computation better suited for our purposes.

1.6 The Edge of Chaos in Systems with Online Input Streams

Princip e, Sejno wski, and McWhirter:

All previously considered computations were o -line computations where some
initial state (the input) is transformed by the dynamics into a terminal state or
state cycle (the output). However, computation in biological neural networksis quite
di erent from computations in Turing machinesor other traditional computational
models. The input to an organismis a cortin uous stream of data and the organism
reactsin real-time (i.e., within a given time interval) to information corntained in
this input. Hence,as opposedto batch processing.the input to a biological system
is a time varying signal which is mapped to a time varying output signal. Such
mappings are also called lters. In this section, we will have a look at recert work
on real-time computations in threshold networks by Bertschinger and Natschlager
(2004) (see also (Natschlager et al., 2005)). Results of experiments with closely
related hardware models are reported in (Schuermann et al., 2005).

Threshold networks are special casesof Boolean networks consisting of N ele-

the state of eacd elemen dependson the state of exactly K randomly chosenother
units and in addition on an external input signal u( ) (the online input). At eat
time step, u(t) assumesthe value u + 1 with probability r and the valueu 1
with probability 1 r. Here, u is a constart input bias. The transfer function of
the elemeris is not an arbitrary Booleanfunction but a randomly chosenthreshold

function of the form
0 1

X
xi(t+1)= @ wyx(t)+ ut+ 1A (1.3)
j=1

wherew;; 2 R is the weight of the connection from elemert j to elemen i and
(h)y=+1ifh O0and ( h)= 1 otherwise.For eah elemen, exactly K of its
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incoming weights are nonzeroand chosenfrom a Gaussiandistribution with zero
mean and variance 2. Dierent dynamical regimesof suc circuits are showvn in
Figure 1.3. The top row shows the online input and below typical activity patterns
of networks with ordered, critical, and chaotic dynamics. The system parameters
for eadh of thesecircuits are indicated in the phaseplot below. The variance 2 of
nonzeroweights was varied to achieve the di erent dynamics. The transition from
the orderedto the chaotic regimeis referred to asthe critic al line.

—_
[=]
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n
=]

S
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Figure 1.3 Threshold networks with online input streamsin di erent dynamical
regimes. The top row shows activity patterns for ordered (left), critical (middle),
and chaotic behavior (right). Each vertical line represerts the activity in onetime
step. Black (white) squaresrepresen sites with value 1 ( 1). Successie vertical
lines represen successie circuit states. The input to the network is showvn above
the plots. The parameters 2 and u of these networks are indicated in the phase
plot below. Further parameters: Number of input connectionsK = 4, number of
elemernis N = 250.

Bertschinger and Natschlager used the approad of Derrida to determine the
dynamical regime of thesesystems.They analyzedthe changein Hamming distance
between two (initial) states and their successorstates provided that the same
input is applied in both situations. Using Derridas annealed approximation, one
can calculate the Hamming distance d(t + 1) given the Hamming distance d(t) of
the states at time t. If arbitrarily small distancestend to increase,the network
operatesin the chaotic phase.If arbitrarily small distancestend to decreasethe
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network operatesin the ordered phase.This can also be expressedby the stability
of the xed point d = 0. In the ordered phase,this xed point is the only xed
point and it is stable. In the chaotic phase,another xed point appearsandd = 0
becomesunstable. The xed point 0 is stable if the absolute value of the slope of
the mapatd(t) =0

_ @+ 1)
S @) aw=o

is smaller than 1. Therefore, the transition from order to chaos(the critical line) is
given by the line j j = 1. This line can be characterized by the equation

Por(ut D+ (1 NPsr(u D)= o (1.4)

wherethe bit- ip probability Pgr (V) is the probability that a single changedstate
componert in the K inputs to a unit that receivesthe current online input v leadsto
a changeof the output of that unit. This result has a nice interpretation. Consider
avalue of r = 1, i.e. the input to the network is constart. Consider two network
states G;, G which dier only in one state componert. This di erent componert
is on averagemapped to K elemeris (becauseeat gate receivesK inputs, hence
there are altogether N K connections). If the bit-ip probability in ead of these
units is larger than Ki then more than oneof theseunits will di er onaveragein the
successorstates C?, CJ. Hence, di erences are ampli ed. If the bit-ip probability

of eat elemert is smaller than Ki the di erences will die out on average.

1.7 Real-Time

Computation in Dynamical Systems

In the previous section we were interested in the dynamical properties of systems
with online input. The work we discussedthere was in uenced by recent ideas
concerningcomputation in neural circuits that we will sketch in this section.

The idea to usethe rich dynamics of neural systemswhich can be obsened in
cortical circuits rather than to restrict them resulted in the \liquid state machine"
model by Maasset al. (2002) and the \echo state network" by Jager (2002).” They
assumetime seriesas inputs and outputs of the system. A recurrent network is
usedto hold nonlinearly transformed information about the past input stream in
the state of the network. It is followed by a memorylessreadout unit which simply
looks at the current state of the circuit. The readout can then learn to map the
current state of the systemonto sometarget output. Superior performanceof echo
state networks for various engineeringapplications is suggestedby the results of

7. The model in (Maass et al., 2002) was intro duced in the context of biologically inspired
neural microcircuits. The network consisted of spiking neurons. In (Jager, 2002), the
network consisted of sigmoidal neurons.
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Jagerand Haas (2004).

The requiremert that the network is operating in the ordered phaseis important
in these models, although it is usually described with a di erent terminology. The
ordered phasecan be described by using the notion of fading memory (Boyd and
Chua, 1985). Time invariant fading memory lters are exactly those lters which
can be represeried by Volterra series.Informally speaking, a network has fading
memory it its state at time t depends(up to some nite precision)only onthe values
(up to some nite precision) of its input from some nite time window [t T;t] into
the past (Maasset al., 2002). This is essetially equivalent to the requiremert that
if there are no longer any di erences in the online inputs then the state di erences
convergeto 0, which is called \echo state property" in (Jager, 2002).

Besidesthe fading memory property, another property of the network is impor-
tant for computations on time series:the pairwise separationproperty (Maasset al.,
2002). Roughly speaking, a network hasthe pairwise separation property if for any
two input time serieswhich di ered in the past, the network assumesat subsequeh
time points di erent states.

Chaotic networks have such separation property, but they do not have fading
memory since di erences in the initial state are amplied. On the other hand,
very ordered systemshave fading memory but provide weak separation. Hence,the
separation property and the fading memory property are antagonistic. Ideally, one
would like to have high separationon saliert di erences in the input stream but still
keepthe fading memory property (especially for variancesin the input stream that
do not cortribute saliert information). It is therefore of great interest to analyze
theseproperties in models for neural circuits.

A rst stepin this direction was made in (Bertschinger and Natschlager, 2004)
in the context of threshold circuits. Similar to Section 1.6, one can analyze the
ewolution of the state separationresulting from two input streamsu; and u, which
dier at time t with someprobability. The authors de ned the \net work mediated
separation” (short: N M -separation) of a network. Informally speaking, the NM -
separationis roughly the amount of state distancein a network which results from
di erences in the input stream minus the amount of state di erence resulting from
di erent initial states.Hence,the N M -separation has a small value in the ordered
regime,whereboth terms are small, but alsoin the chaotic regime,whereboth terms
are large. Indeed, it was shown that the N M -separation peaksat the critical line,
which is shawvn in Figure 1.4a. Hence,Bertschinger and Natschlager (2004) o er a
new interpretation for the critical line and provide a more direct link betweenthe
edgeof chaosand computational power.

Since the separation property is important for the computational properties of
the network, onewould expect that the computational performancepeaksnear the
critical line. This was con rmed with simulations where the computational task
wasto compute the delayed 3-bit parity8 of the input signal. The readout neuron

8. The delayed 3-bit parity of an input signal u( ) is given by PARITY (u(t );u(t
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Figure 1.4 The network mediated separation and computational performance
for a 3-bit parity task with dierent settings of parameters 2 and u. a) The
NM-separation peaks at the critical line. b) High performance is achieved near
the critical line. The performanceis measuredin terms of the memory capacity
M C (Jager, 2002). The memory capacity is de ned asthe mutual information M|
betweenthe network output and tBe target function summedover all delays > 0on
a test set. More formally, MC = = *_, MI(v ;y ), wherev () denotesthe network
output andy (t) = PARITY (u(t );u(t 1);u(t 2)) is the target output.

was implemented by a simple linear classier C(x(t)) = ( w x(t) + wg) which
wastrained with linear regression.Note that the parity task is quite complex since
it partitions the set of all inputs into two classeswhich are not linearly separable
(and can therefore not be represerted by the linear readout alone), and it requires
memory. Figure 1.4b shows that the highest performanceis achieved for parameter
valuescloseto the critical line, although it is not clear why the performancedrops
for increasingvaluesof u. In cortrast to precedingwork (Langton, 1990; Packard,
1988), the networks used were not optimized for a specic task. Only the linear
readout wastrained to extract the speci ¢ information from the state of the system.
This is important sinceit decouplesthe dynamics of the network from a specic
task.

1.8 Self-Organized Criticalit y

Princip e, Sejno wski, and McWhirter:

Are there systemsin nature with dynamicslocated at the edgeof chaos?Sincethe
edgeof chaosis a small boundary region in the spaceof possible dynamics, only
a vanishing small fraction of systems should operate in this dynamical regime.
Howevwer, it was argued that such \critical" systems are abundant in nature,

1); u(t 2)) for delays > 0. The function PARITY outputs 1 if the number of
inputs which assumethe value u + 1 is odd and -1 otherwise.
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see(Bak et al., 1988). How is this possibleif critical dynamics may occur only
accidenrtally in nature? Bak and collaborators argue that a class of dissipative
coupled systemsnaturally ewvolve towards critical dynamics (Bak et al., 1988). This
phenomenonwas termed self-organizedcriticalit y (SOC) and it was demonstrated
with amodel of a sandpile. Imagineto build up a sandpile by randomly adding sand
to the pile, a grain at a time. As sandis added, the slope will increase.Eventually,
the slopewill reach a critical value. Whenewer the local slope of the pile is too steep,
sand will slide o, therefore reducing the slope locally. On the other hand, if one
starts with a very steep pile it will collapseand reac the critical slope from the
other direction.

In neural systems,the topology of the network and the synaptic weights strongly
in uence the dynamics. Since the amount of genetically determined connections
betweenneuronsis limited, self-organizingprocessesiuring brain developmen as
well aslearning processesre assumedto play a key role in regulating the dynamics
of biological neural networks (Bornholdt and Rehl, 2003). Although the dynamics
is a global property of the network, biologically plausible learning rules try to
estimate the global dynamics from information available at the local synaptic level
and they only change local parameters. Seweral SOC rules have been suggested
(Christensen et al., 1998; Bornholdt and Rohlf, 2000; Bornholdt and Rehl, 2003;
Natschlageret al., 2005).In (Bornholdt and Rehl, 2003),the degreeof connectivity
was regulated in a locally connected network (i.e. only neighboring neurons are
connected)with stochastic state update dynamics. A local rewiring rule was used
which is related to Hebbian learning. The main idea of this rule is that the average
correlation betweenthe activities of two neurons contains information about the
global dynamics. This rule only relieson information available on the local synaptic
level.

Self-organizedcriticalit y in systemswith online input streams (as discussedin
Section 1.6) was consideredin (Natschlageret al., 2005). According to Section 1.6,
the dynamics of a threshold network is at the critical line if the bit- ip probability
Psr (averagedover the external and internal input statistics) is equalto =, where
K is the number of inputs to a unit. The ideais to estimate the bit- ip probability
of a unit by the meandistance of the internal activation of that unit from the ring
threshold. This distanceis called the margin. Intuitiv ely, a node with an activation
much higher or lower than its ring threshold is rather unlikely to changeits output
if a singlebit in its inputs is ipp ed. Each node i then applies synaptic scaling to
its weights w;; in order to adjust itself towards the critical line:

o owi () PS> &
" — 1+ ) BF K
DT @ wo e < f o

where 0 < 1 is the learning rate and Pg}' (t) is an estimate of the bit-

ip probability P} of unit i. It was shavn by simulations that this rule keeps
the dynamics in the critical regime, even if the input statistics changes. The
computational capabilities of randomly chosencircuits with this synaptic scaling
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rule acting online during computation wastestedin a setup similar to that discussed
in Section 1.7. The performanceof these networks was as high asfor circuits where
the parameterswere a priori chosenin the critical regime, and they stayed in this

region. This shaws that systemscan perform speci ¢ computations while still being
able to react to changing input statistics in a exible way.

1.9 Towards the Analysis of Biological Neural Systems

Princip e, Sejno wski, and McWhirter:

Do cortical microcircuits operate at the edgeof chaos?If biology makes extensive
useof the rich internal dynamicsof cortical circuits, then the previousconsiderations
would suggestthis idea. However, the neural elemens in the brain are quite
di erent from the elemeris discussedso far. Most importantly, biological neurons
communicate with spikes,discreteeverts in cortin uoustime. In this section, we will
investigate the dynamics of spiking circuits and ask: In what dynamical regimes
are neural microcircuits computationally powerful? We proposein this section a
conceptual framework and new quartitativ e measuresfor the investigation of this
question (seealso Maasset al. (2005)).

In order to make this approad feasible,in spite of numerousunknowns regarding
synaptic plasticity and the distribution of electrical and biochemical signalsimping-
ing on a cortical microcircuit, we make in the presernt rst step of this approac
the following simplifying assumptions:

1. Particular neurons (\readout neurons") learn via synaptic plasticity to extract
speci ¢ information encaded in the spiking activity of neuronsin the circuit.

2. We assumethat the cortical microcircuit itself is highly recurrent, but that the
impact of feedbak that a readout neuron might sendback into this circuit can be
neglected?

3. We assumethat synaptic plasticity of readout neurons enablesthem to learn
arbitrary linear transformations. More precisely e assumethat the input to sud
readout neuron can be approximated by a term {‘:11 wiX;(t), wheren 1isthe
number of presynaptic neurons, x;(t) results from the output spike train of the
ith presynaptic neuron by Itering it accordingto the low-pass ltering property
of the membrane of the readout neuron 10 and w; is the e cacy of the synaptic
connection. Thus w;X;(t) models the time course of the cortribution of previous
spikesfrom the ith presynaptic neuron to the membrane potential at the soma of

9. This assumption is bestjusti ed if such readout neuron is located for examplein another
brain area that receives massive input from many neurons in this microcircuit and only
has di use backwards projection. But it is certainly problematic and should be addressed
in future elaborations of the presert approach.

10. One canbeevenmore realistic and Iter it alsoby a model for the short term dynamics
of the synapseinto the readout neuron, but this turns out to make no di erence for the
analysis proposedin this chapter.
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this readout neuron. We will refer to the vector x(t) asthe circuit state at time t
(although it is really only that part of the circuit state which is directly obsenable
by readout neurons).

All microcircuit modelsthat we considerare basedon biological data for generic
cortical microcircuits (as described in Section 1.9.1), but have di erent settings of
their parameters.

1.9.1 Mo dels for generic cortical micro circuits

Our empirical studies were performed on a large variety of models for generic
cortical microcircuits (we refer to (Maasset al., 2004) for more detailed de nitions
and explanations). All circuit modelsconsistedof leaky-integrate-and- re neuronstl
and biologically quite realistic models for dynamic synapses@2 Neurons (20 % of
which wererandomly chosento beinhibitory) werelocatedon the grid points of a 3D
grid of dimensions6 6 15with edgesof unit length. The probability of a synaptic
connectionfrom neuronato neuronbwasproportional to exp( D ?(a;b)= 2), where
D(a;b) is the Euclidean distance betweena and b, and is a spatial connectivity
constart (not to be confusedwith the -parameter used by Langton). Synaptic
e ciencies w were chosenrandomly from distributions that re ect biological data
(asin (Maasset al., 2002)), with a common scaling factor W gce -

Linear readguts from circuits with n 1 neurons were assumedto compute a
weighted sum inzll wi X (t) + wp (seeSection1.9). In order to simplify notation we
assumethat the vector x(t) contains an additional constart componert Xo(t) = 1, s0
that onecanwrite w x(t) instead of {‘zll w; X (t) + wo. In the caseof classi cation
tasks we assumethat the readout outputs 1if w x(t) 0, and O otherwise.

In order to investigate the in uence of synaptic connectivity on computational
performance,neural microcircuits weredrawn from this distribution for 10di erent
valuesof (which scaleshe number and averagedistance of synaptically connected
neurons) and 9 di erent valuesof Wscge (Which scalesthe e cacy of all synaptic
connections). 20 microcircuit models C were drawn for eat of these 90 di erent
assignmeits of valuesto  and Wggae . FOr ead circuit alinear readout wastrained
to perform one (randomly chosen)out of 289 possibleclassi cation tasks on noisy
variations u of 80 xed spike patterns as circuit inputs u. SeeFigure 1.5 for two
examplesof such spike patterns. The target performance of any such circuit was

11. Membrane voltage Vi, modeled by m %™ = (Vi Viesing ) + Rm  (Isyn(t) +
Iback ground + lnoise ), where = 30ms is the membrane time constant, lsyn models
synaptic inputs from other neuronsin the circuits, | pack ground Models a constant unspeci ¢
background input and I noise models noisein the input. The membrane resistance R, was
chosenas 1M .

12. Short term synaptic dynamics was modeled according to (Markram et al., 1998), with
distributions of synaptic parameters U (initial releaseprobabilit y), D (time constant for
depression), F (time constant for facilitation) chosento re ect empirical data (see Maass
et al. (2002) for details).
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Figure 1.5 Performanceof dierent typesof neural microcircuit models for clas-
si cation of spike patterns. a) In the top row are two examplesof the 80 spike
patterns that were used (each consisting of 4 Poissonspike trains at 20 Hz over
200ms), and in the bottom row are examplesof noisy variations (Gaussian jit-

ter with SD 10 ms) of these spike patterns which were used as circuit inputs. b)

Fraction of examples(for 200test examples)that were correctly classi ed by a lin-
ear readout (trained by linear regressionwith 500 training examples). Results are
shown for 90 di erent typesof neural microcircuits C with  varying on the x-axis
and Wseae 0N the y-axis (20 randomly drawn circuits and 20 target classi cation

functions randomly drawn from the set of 22 possibleclassi cation functions were
tested for ead of the 90 di erent circuit types,and resulting correctness-ratesvere
averaged).Circles mark three speci ¢ choicesof , Wscae -pairs for comparisonwith

other gures, seeFigure 1.6. The standard deviation of the result is shavn in the
inset on the upper right.

to output at time t = 200ms the class(0 or 1) of the spike pattern from which
the preceding circuit input had been generated (for some arbitrary partition of
the 80 xed spike patterns into two classes).Each spike pattern u consistedof 4
Poissonspike trains over 200ms. Performanceresults are showvn in Figure 1.5b for
90 di erent typesof neural microcircuit models.

1.9.2 Locating the edge of chaos in neural micro circuit mo dels

It turns out that the previously consideredcharacterizations of the edge of chaos
are not too successfuin identifying those parameter valuesin the map of Fig. 1.5b
that yield circuits with large computational power (Maasset al., 2005). The reason
is that large initial state di erences (as they are typically causedby di erent spike
input patterns) tend to yield for most values of the circuit parameters nonzero
state di erences not only while the online spike inputs are di erent, but alsolong
afterwards when the online inputs agreeduring subsequeh seconds(even if the
random internal noiseis identical in both trials). But if one appliesthe de nition

of the edge of chaosvia Lyapunov exponerts (see (Kantz and Sdreiber, 1997)),
the resulting edgeof chaoslies for the previously introduced type of computations
(classi cation of noisy spike templates by a trained linear readout) in the region of
the best computational performance (seethe map in Fig. 1.5b, which is repeated
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state separation for a spike displacement of 0.5 msec. at time t=1 sec.
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Figure 1.6 Analysis of small input dierences for dierent types of neural mi-
crocircuit models as speci ed in Section 1.9.1. Each circuit C was tested for two
arrays u and v of 4 input spike trains at 20 Hz over 10 s that di ered only in the
timing of a single spike at time t = 1 s.a) A spike at time t = 1 s was delayed by
0:5 ms. Temporal evolution of Euclidean di erences betweenresulting circuit states
xu(t) and x(t) with 3 dierent valuesof , Wesae accordingto the 3 points marked
in panel ¢). For eat parameter pair, the averagestate di erence of 40 randomly
drawn circuits is plotted. b) Lyapunov exponerts along a straight line between
the points marked in panel c) with di erent delays of the delayed spike. The delay
is denoted on the right of ead line. The exponerts were determined for the average
state di erence of 40 randomly drawn circuits. c) Lyapunov exponerts  for 90
dierent typesof neural microcircuits C with  varying on the x-axis and W scaie

on the y-axis (the exponerts were determined for the averagestate di erence of 20
randomly drawn circuits for eath parameter pair). A spikein u at time t = 1 swas
delayed by 0:5 ms. The contour linesindicate where crosseghe values 1, 0, and
1. d) Computational performanceof thesecircuits (sameasFigure 1.5b), shown for
comparisonwith panel c).

for easiercomparisonin Fig. 1.6d). For this de nition one looks for the exponert
2 R which provides through the formula

T oe '
the bestestimate of the state separation 1 attime T after the computation was
started in two trials with aninitial state di erence . We generalizethis analysisto
the casewith online input by choosingexactly the sameonline input (and the same
random noise)during the intervening time interval of length T, and by averaging
the resulting state di erences 1 over many random choicesof such online inputs
(and internal noise). As in the classicalcasewith oine input it turns out to be
essetial to apply this estimate for ¢! 0, since 1 tends to saturate for eath
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xed value . This canbe seenin Fig. 1.6a, which shows results of this experimert
for a ¢ that results from moving a single spike that occurs in the online input
at time t = 1s by 0.5 ms. This experiment was repeated for 3 di erent circuits
with parameters chosenfrom the 3 locations marked on the map in Fig. 1.6c. By
determining the best tting for T = 1:.5sfor 3 dierent valuesof ¢ (resulting
from moving a spike at time t = 1shy 0.5, 1, 2 ms) one getsthe dependenceof this
Lyapunov exponert on the circuit parameter shown in Fig. 1.6b (for values of
and Wgcge 0N a straight line betweenthe points marked in the map of Fig. 1.6c¢).
The middle curvein Fig. 1.6cshaws for which valuesof and W the Lyapunov
exponert is estimated to have the value 0. By comparing it with those regions
on this parameter map where the circuits have the largest computational power
(for the classi cation of noisy spike patterns, seeFig. 1.6d), one seesthat this line
runs through those regionswhich yield the largest computational power for these
computations. We refer to (Mayor and Gerstner, 2005) for other recert work on
studies of the relationship betweenthe edgeof chaosand the computational power
of spiking neural circuit models.

Although this estimated edge of chaos coincidesquite well with points of best
computational performance,it remainsan unsatisfactory tool for predicting param-
eter regionswith large computational power for three reasons:

i) Sincethe edgeof chaosis a lower dimensional manifold in a parameter map (in
this casea curve in a 2D map), it cannot predict the (full dimensional) regions of
a parameter map with high computational performance(e.g. the regionswith light
shadingin Fig. 1.5b).

i) The edgeof chaosdoesnot provide intrinsic reasonswhy points of the parameter
map yield small or large computational power.

iii) It turns out that in someparameter mapsdi er ent regionsprovide circuits with
large computational power for di er ent classesof computational tasks (as shavn
in (Maass et al., 2005) for computations on spike patterns and for computations
with ring rates). But the edge of chaos can at best single out peaks for one of
theseregions.Henceit cannot possibly be usedas a universal predictor of maximal
computational power for all typesof computational tasks.

Thesethree de ciencies suggestthat one hasto think about di erent strategies
to approac the certral question of this chapter. The strategy we will pursuein the
following is basedon the assumption that the computational function of cortical
microcircuits is not fully genetically encaded, but rather emergesthrough various
forms of plasticity (\learning") in responseto the actual distribution of signalsthat
the neural microcircuit receives from its ernvironment. From this perspective the
question about the computational function of cortical microcircuits C turns into
the questions:

a) What functions (i.e. mapsfrom circuit inputs to circuit outputs) can the circuit
C learn to compute.

b) How well canthe circuit C generalizea speci ¢ learned computational function
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to new inputs?

In the following, we proposequartitativ e criteria basedon rigorous mathematical

principles for ewaluating a neural microcircuit C with regard to questionsa) and

b). We will comparein Section1.9.5the predictions of these quartitativ e measures
with the actual computational performanceachieved by neural microcircuit models
asdiscussedin Section1.9.1.

1.9.3 A measure for the kernel-qualit y

One expectsfrom a powerful computational systemthat signi cantly di erent input
streamscausesigni cantly di erent internal states,and hencemay leadto di erent
outputs. Most real-world computational tasksrequire that the circuit givesa desired
output not just for 2, but for afairly large number m of signi cantly di erent inputs.
One could of coursetest whether a circuit C can separateeac of the ") pairs of
such inputs. But evenif the circuit can do this, we do not know whether a neural
readout from suc circuit would be able to produce given target outputs for these
m inputs.

Thereforewe proposeherethe linear separation property asa more suitable quan-
titativ e measurefor evaluating the computational power of a neural microcircuit
(or more precisely: the kernel-quality of a circuit; seebelow). To evaluate the lin-

in the following always functions of time, i.e. input streams sud as for example
multiple spike trains) we compute the rank of the n  m matrix M whosecolumns
arethe circuit statesxy, (to) resulting at some xed time to for the precedinginput
stream u;. If this matrix hasrank m, then it is guaranteed that any given assign-
mernt of target outputs y; 2 R at time to for the inputs u; can be implemented by
this circuit C (in combination with a linear readout). In particular, ead of the 2™
possiblebinary classi cations of thesem inputs can then be carried out by a linear
readout from this xed circuit C. Obviously such insight is much more informativ e
than a demonstration that someparticular classi cation task can be carried out by
such circuit C. If the rank of this matrix M has a value r < m, then this value
r can still be viewed as a measurefor the computational power of this circuit C,
sincer is the number of \degreesof freedom" that a linear readout hasin assigning
target outputs y; to theseinputs u; (in a way which can be made mathematically
precisewith conceptsof linear algebra). Note that this rank-measurefor the lin-
ear separation property of a circuit C may be viewed as an empirical measurefor
its kernel-quality, i.e. for the complexity and diversity of nonlinear operations car-
ried out by C on its input stream in order to boost the classi cation power of a
subsequen linear decision-typerplane (seeVapnik, 1998).
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1.9.4 A measure for the generalization-capabilit vy

Obviously the preceding measureaddressesonly one componert of the computa-
tional performance of a neural circuit C. Another componert is its capability to
genearlize a learnt computational function to new inputs. Mathematical criteria for
generalizationcapability are derivedin (Vapnik, 1998)(seeCh. 4 in Cherkasskyand
Mulier, 1998,for a compactaccourt of results relevant for our argumerts). Accord-
ing to this mathematical theory one can quartify the generalization capability of
any learning devicein terms of the VC-dimension of the classH of hypothesesthat
are potentially usedby that learning device 13 More precisely:if VC-dimension(H)
is substartially smaller than the size of the training set Sy ain , One can prove that
this learning device generalizeswell, in the sensethat the hypothesis (or input-
output map) producedby this learning deviceis likely to have for new examplesan
error rate which is not much higher than its error rate on Sy ain , provided that the
new examplesare drawn from the samedistribution asthe training examples(see
Eqgn. 4.22in Cherkasskyand Mulier, 1998).

We apply this mathematical framework to the classH ¢ of all maps from a set
Suniv Of inputs u (into f0;1g which can be implemented by a circuit C. More
precisely: Hc consists of all maps from S,y into f0;1g that a linear readout
from circuit C with xed internal parameters (weights etc.) but arbitrary weights
w 2 R" of the readout (that classi es the circuit input u asbelongingto class1 if
w Xy(tg) 0,andto classOif w x,(tg) < 0) could possibly implemert.

Whereas it is very dicult to acdhieve tight theoretical bounds for the VC-
dimension of even much simpler neural circuits, see(Bartlett and Maass, 2003),
one can e cien tly estimate the VC-dimension of the classH¢ that arisesin our
context for some nite ensenble Sy, of inputs (that contains all examplesused
for training or testing) by using the following mathematical result (which can be
proved with the help of Radon's Theorem):

Theorem 1.1

Let r be the rank of the n s matrix consisting of the s vectors x(to) for all
inputs u in Syny (we assumethat Sy, is nite and contains s inputs). Then
r VC-dimensionHc) r+ 1.

Proof idea. Fix someinputs us;:::;u; in Syny Sothat the resulting r circuit
states xy, (tp) are linearly independeni. The rst inequality is obvious since this
set of r linearly independert vectors can be shattered by linear readouts from the
circuit C. To prove the secondinequality one assumesfor a cortradiction that

13. The VC-dimension (of a classH of maps H from someuniverse Syniy  Of inputs into
f0; 1g) is de ned asthe size of the largest subsetS  Synivy which can be shattered by H.
Onesaysthat S Sunv is shattered by H if for every map f : S! f0; 1g there exists a
map H in H sudc that H(u) = f (u) for all u2 S (this meansthat every possible binary
classi cation of the inputs u 2 S can be carried out by some hypothesisH in H).
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Figure 1.7 Measuringthe generalizationcapability of neural microcircuit models.
a) Testerror minustrain error (error was measuredasthe fraction of examplesthat

weremisclassi ed) in the spike pattern classi cation task discussedn Section1.9.1
for 90 di erent types of neural microcircuits (as in Figure 1.5b). The standard
deviation is showvn in the inset on the upper right. b) Generalization capability for
spike patterns: estimated VC-dimensionof H¢ (for a setS,., of inputs u consisting
of 500 jittered versionsof 4 spike patterns), for 90 di erent circuit types (average
over 20 circuits; for ead circuit, the averageover 5 di erent setsof spike patterns

was used). The standard deviation is shawn in the inset on the upper right. See
Section 1.9.5for details.

setof r + 2 circuit states xy, (tp) can be shattered by linear readouts. This set M
of r + 2 vectorsis contained in the r dimensional spacespannedby the linearly

M can be partitioned into disjoint subsetsM ;; M, whose convex hulls intersect.
Sincethese setsM1; M, cannot be separatedby a hyperplane, it is clear that no
linear readout exists that assignsvalue 1 to points in M ; and value O to points in
M2. HenceM = M1 [ My is not shattered by linear readouts, a contradiction to
our assumption. m

We proposeto use the rank r de ned in Theorem 1.1 as an estimate of VC-
dimension(Hc¢), and henceas a measurethat informs us about the generalization
capability of a neural microcircuit C. It is assumedherethat the setS,,, contains
many noisy variations of the sameinput signal, since otherwise learning with a
randomly drawn training set Sy ain Suniv has no chanceto generalizeto new
noisy variations. Note that ead family of computational tasks inducesa particular
notion of what aspectsof the input are viewed asnoise,and what input featuresare
viewed as signalsthat carry information which is relevant for the target output for
at least one of these computational tasks. For example for computations on spike
patterns somesmall jitter in the spike timing is viewed as noise.For computations
on ring rates even the sequenceof interspike intervals and temporal relations
betweenspikesthat arrive from di erent input sourcesare viewed as noise,aslong
astheseinput spike trains represen the same ring rates.

An example for the former computational task was discussedin Section 1.9.1.
This task wasto output at time t = 200ms the class(0 or 1) of the spike pattern
from which the preceding circuit input had been generated (for some arbitrary
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Figure 1.8 Valuesof the proposedmeasuresfor computations on spike patterns.
a) Kernel-quality for spike patterns of 90 di erent circuit types (averageover 20
circuits, meanSD = 13). b) Generalization capability for spike patterns: estimated
VC-dimensionof Hc (for asetS,n of inputs u consistingof 500jittered versionsof
4 spike patterns), for 90 di erent circuit types(sameas Figure 1.7b). c) Di erence
of both measures(the standard deviation is shown in the inset on the upper
right). This should be compared with actual computational performance plotted
in Figure 1.5b.

partition of the 80 xed spike patterns into two classes,seeSection 1.9.1). For a
poorly generalizingnetwork, the di erence betweentrain and test error is large. One
would supposethat this di erence becomedarge asthe network dynamics become
more and more chaotic. This is indeed the case,seeFigure 1.7a. The transition is
is pretty well predicted by the estimated VC-dimension of H¢, seeFigure 1.7b.

1.9.5 Evaluating the inuence of synaptic connectivit y on computational
performance

We now test the predictive quality of the two proposedmeasuresfor the computa-
tional power of a microcircuit on spike patterns. One should keepin mind that the
proposedmeasuresdo not attempt to test the computational capability of a circuit
for one particular computational task, but for any distribution on Syny and for a
very large (in generalin nitely large) family of computational tasksthat only have
in common a particular bias regarding which aspects of the incoming spike trains
may carry information that is relevant for the target output of computations, and
which aspects should be viewed as noise. Figure 1.8a explains why the lower left
part of the parameter map in Figure 1.5bis lesssuitable for any sud computation,
sincethere the kernel-quality of the circuits is too low.14 Figure 1.8b explains why
the upper right part of the parameter map in Figure 1.5b is lesssuitable, sincea
higher VC-dimension (for a training set of xed size) entails poorer generalization
capability. We are not aware of a theoretically foundedway of combining both mea-
suresinto a singlevaluethat predicts overall computational performance.But if one

14. The rank of the matrix consisting of 500 circuit states x,(t) for t = 200ms was
computed for 500 spike patterns over 200 ms as described in Section 1.9.3, seeFigure 1.5a.
For eadh circuit, the averageover 5 di erent sets of spike patterns was used.
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just takesthe di erence of both measuregafter scalingead linearly into acommon
range [0,1]) then the resulting number (seeFigure 1.8c) predicts quite well which
types of neural microcircuit models perform well for the particular computational
tasks consideredin Figure 1.5b.1°

Results of further tests of the predictive power of these measuresare reported in
(Maasset al., 2005). Thesetests have beenapplied there to a completely di erent
parameter map, and diverseclassesof computational tasks.

1.10 Conclusions

Princip e, Sejno wski, and McWhirter:

The needto understand computational properties of complex dynamical systemsis
becomingmore urgent. New experimental methods provide substartial insight into
the inherent dynamics of the computationally most powerful classesof dynamical
systemsthat are known: neural systemsand generegulation networks of biological
organisms. More recent experimental data show that simplistic models for com-
putations in such systemsare not adequate,and that new conceptsand methods
have to be deweloped in order to understand their computational function. This
short review has shown that seweral old ideasregarding computations in dynamical
systemsreceive new relevancein this context, oncethey are transposedinto a more
realistic conceptual framework that allows us to analyze also online computations
on continuous input streams. Another new ingrediert is the investigation of the
temporal ewolution of information in a dynamical system from the perspective of
models for the (biological) user of such information, i.e. from the perspective of
neuronsthat receiwe inputs from seweral thousand presynaptic neuronsin a neural
circuit, and from the perspective of generegulation medanismsthat involve thou-
sandsof transcription factors. Empirical evidencefrom the areaof machine learning
supports the hypothesisthat readouts of this type, which are able to sample not
just 2 or 3, but thousandsof coordinates of the state vector of a dynamical system,
imposedi erent (and in generallessobvious) constraints on the dynamics of a high
dimensional dynamical system in order to employ sudc system for complex com-
putations on continuous input streams. One might conjecture that unsupervised
learning and regulation processesn neural systemsadapt the system dynamicsin
such a way that theseconstraints are met. Hencesuitable variations of the idea of
self organizedcriticalit y may help us to gain a system-le\el perspective of synaptic
plasticity and other adaptive processesn neural systems.

15. Similar results arise if onerecords the analog values of the circuit states with a limited
precision of say 1%.
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