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Abstract

This paper proposes an adaptation of Watkins’ Q-
Learning for Fuzzy Inference systems where both the
actions and the Q-functions are infered from fuzzy
rules. This approach is compared with Genetic Al-
gorithm on the Cart-Centering Problem, showing its
effectiveness.
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1 Introduction

Reinforcement learning is learning with a critic
instead of a teacher. The only feedback provided by
the critic is a scalar signal, r, called reinforcement,
which can be though of as a reward or a punishment.
Reinforcement learning performs an on-line search
to find an optimal decision policy in multi-stage
decision problems.

Q-Learning [21] is a reinforcement learning method
where the learner builds incrementally a Q-function
which attempts to estimate the discounted future
rewards for taking actions from given states. The
output of the Q-function for state x and action a is
denoted by Q(z, a).

When action a has been chosen and applied, the
system moves to a new state, y, and a reinforcement
signal, 7, is received. Q(z,a) is updated by:

Q(z,0) = (1 -a)Q(z,a) + ofr +1V(y)} (1)

where V (y) is the value of state y, defined by:

max Q(y,b)

Viy) =
(y) max

(2)
A(y) is the set of possible actions in state y, « is the
learning rate and v a discount factor.

The Q-values are usually stored in a look-up ta-
ble, but this method is either unpracticable in case
of large state-action spaces, or impossible with con-
tinuous state space. Different authors have proposed
to use the generalization ability of feedforward Neu-
ral Networks [15, 17] or Self-Organizing Maps [19] to
store the Q-values. Unfortunately this approach com-
bines two slow processes: Neural Networks and Re-
inforcement Learning are known for their slow learn-
ing rate. Another approach consists in extending Q-
Learning into fuzzy environments [4, 12]. The moti-
vations are twofold:

e Fuzzy Inference Systems are universal approxi-
mators [9, 20] and are good candidates to store
the Q-values.

e Prior knowledge can be embedded into the fuzzy
rules, which can reduce training significantly.

This paper presents one extension of Watkin’s Q-
Learning into a fuzzy environment. A more complete
description of Fuzzy Q-Learning (FQL) and Fuzzy
Actor-Critic Learning (FACL) can be found in [14].
This paper is organized as follows: in Section 2, we
present the FQL algorithm. We compare FQL and
a Genetic Algorithm approach in Section 3 with the
Cart-Centering Problem, and we conclude.



2 Fuzzy Q-Learning

2.1 Presentation

We have proposed earlier [12] to rep-
resent both  the actions and the Q-
function by FIS. The rules have the form:

if S; then action = q;, a; € A;

if S; and action = a; then g-value = ¢(S;, a;)
where the state S; is defined by “z; is S;1 and z2
is S;2... and z, is S; 5", (S,-,j);lzl are fuzzy labels
and A; is the set of possible actions that can be
chosen in state S;.

We use simplified Takagi-Sugeno FIS with IV rules;
therefore, the infered action a(z) for input vector z =
(z1,...,7,) and rule consequents (a;)Y , is:

Yy @i(e) X ag
Sl i)

and the corresponding Q-value:

S ail@) x 4(Si,ai)

Sl i)

The function z — «;(x) represents the truth value
of rule ¢ given the input vector z.

a(z) = 3)

Q(z,a) = (4)

To simplify, we suppose that the learning system
can choose one action among J for each rule; we
call afi, j] the j** possible action in rule 4 and g[i, 5]
its corresponding g-value. We build a FIS with
competing actions for each rule:

if z is S; then ali, 1] with ¢[i, 1]
or ali,2] with ¢i, 2]

or ali,J] with g[i, J]

The learning agent has to find the best conclusion
for each rule, i.e. the action with the best g-value.

The qg-values are zeroed initially and are not
significant in the first stages of the learning process.
In order to explore the set of possible actions
and acquire experience through the reinforcement

signals, the actions are selected using an Explo-
ration/Exploitation Policy (EEP). Instead of the
usual Boltzmann exploration, we use either a
Pseudo-Stochastic [8] or a combined directed/non-
directed exploration [14], in order to maximize the
escounted knowledge gain.

Let if be the selected action in rule i using an EEP
and ¢* such as ¢[i, i*] = max;<s q[i, j]- The actual Q-
value of the infered action, a, is:

Zé\il a,(l’) X q[iaiT]
YL, i)

Qz,a) = ()

and the value of state x:

YN () x qfi,i*]

Viz) =
@ SV, aia)

2.2 Updating the g-values

Let = be a state, a the action applied to the sys-
tem, y the new state and r the reinforcement sig-
nal. @Q(z,a) is updated using Equations (1) and
(6). The difference between the “old” and the “new”
Q(z,a) can be thought of as an error signal, AQ =
r ++V(y) — Q(z,a), than can be used to update the
action g-values. By an ordinary gradient descent we
obtain:

a;(z)
N

Aqli,iT] = e x ANQ—?—
] * 2 i1 @i(@)

(7)
where € is a learning rate.
To speed up learning, we can combine Q-Learning

and Temporal Difference (TD(\)) Method [18]. We
define the eligibility e[i, j] of an action by:

-]

Therefore, the updating equation (7) becomes:

a;(z)

Yo (@)

Aveli, j] + if j = df

(®)

Aveli, j] elsewhere

Aqlii] = e x AQ X efi, j]

The global algorithm is described in Table 1.



1 Observe the state z

2 For each rule: choose the actual consequence
using some EEP

3 Compute the global consequence a(z) and
its corresponding Q-value Q(z,a)

4  Apply the action a(z). Let y be the new state

Receive the reinforcement r

6 Update g-values using Eq. (9)

Ut

Table 1: Fuzzy Q-Learning algorithm

2.3 Other FQL variants

Other fuzzy adaptations of Q-Learning have been
proposed. In [11], a set of FIS are competing to
control the process and Q(z,Aj) represents the
Q-value of action Ay, proposed by the FIS number &
when the system is in state . The rules have the
form:

if x is S; then alt, 1] with ¢[i, 1]
ali, 2] with q[i, 2]

ali, J] with g[i, J]
and the Q-value of the infered output of FIS & is:

and

and

Z?;l az(x) X q[iv k]
Y, o)

The system is depicted in Figure 1. It can be used
for knowledge fusion between several experts/FIS.

Q(.Z', Ak) =

(10)

Q(z, A1)

Q(z,Ay) o EEP

FIS
A1

action

Ay

Figure 1: Architecture for knowledge fusion

In [14], several improvements and extensions are
proposed: FQL with discrete action, called QFUZZ
by analogy with Lin’s QCON [15], self-adaptation
of FQL parameters, comparison between FQL and
Fuzzy Actor-Critic Learning. QFUZZ architecture is
depicted in Figure 2.

Q(z,a1)

FIS EEP

Q(z,ay)

a] ——

action
=

Figure 2: QFUZZ architecture

3 Example: the cart-centering
problem

In order to show the effectiveness of FQL, we have
applied it on the famous Cart-Centering Problem. A
cart is moving on a one-dimensional track. The state
is defined by position,  and velocity, v, of the cart.
The goal is to bring it to z = 0 and v = 0 from any

arbitrary initial condition, in minimum time. The
equations of motion are:
Tipr =Tt + TV
— Fy (11)
Vtpr = Ut + T

where 7 = 0.02sec is the time step, F' € [—150, 150]
is a force and m = 20kg the mass.

In [13], a Genetic Algorithm is used to find the
best fuzzy controller performing the given task. The
so-called “555” Fuzzy Controller is defined by five
isoscele triangular membership functions for z and
v, centered at -2, -1, 0, 1 and 2, with variable width.
The conclusions of the 25 fuzzy rules take their values
in {-150, -75, 0, 75, 150}. The GA is characterized
by probability of crossover = 0.7, probability of mu-
tation = 0.03 and a population size of 100 strings.
Learning was divided into two stages:



NM| NS| ZR| PS| PM

NM | 150 | 150 | 150 | 150 75
NS 75| 150 | 150 | 150 | -75

ZR 75| 150 | 0.0 | -150 | -75

PS 75 | -150 | -150 | -150 | -75

PM | -75 | -150 | -150 | -150 | -150

Table 2: The optimal rule base found by GA

e 30 generations to find satisfactory controllers

e 70 additional generations to find the best con-

troller.

The optimal rule base found by GA is depicted in
Table 3 and the trajectories in the plane z, v in Figure

3.
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Figure 3: Trajectories in the plane z,v with the best
GA controller.

We have used FQL on the same problem with two
series of ten experiments. The number of trials was
limited to 200. In both experiments, the parameters
of FQL were: A = v = 0.9, € = 0.001 and the rein-
forcement signal:

failure | first | average
without knowledge 3 8 30
with knowledge 1 4 20

Table 3: Results of the FQL search

+1 if |z| < 0.1 and |v| < 0.1
r=¢ —1 if|z|>4or|v] >3 oriter > 175
0 elsewhere
(12)

o Without any knowledge. In three cases, FQL
was not able to find a satisfactory controller in
less than 200 trials.

e With prior knowledge. We have introduced the
rules:
ifr=v=0then F =0
ifzr=v=2then FF = -150
ifzr=v=-2then F =150

The results are shown in Table 3 and tre trajectories
in Figure 4.
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Figure 4: Trajectories in the plane z,v with the best
FQL controller.



3.1 Comparison between GA and
FQL

GA and FQL are based on stochastic search: muta-
tion and cross-over for GA, and exploration for FQL.
Both methods exhibit interesting performances when
only a poor feedback signal is available. The methods
differ in two main points:

o With GA, the fitness function is evaluated once
only, at the end of a trial, whereas with Q-
Learning, the Q-values are evaluated on-line.

e With GA, we know the performance for the
whole set of conclusions, whereas FQL allows
to examine the quality of individual actions and
gives more acute insight on the acquired knowl-
edge.

4 conclusion

We propose efficient adaptations of Watkins’ Q-
Learning allowing on-line optimization of the conse-
quent part of fuzzy rules. Thanks to the knowledge
representation ability of fuzzy rules, prior knowledge
can be incorporated into the initial set of rules, speed-
ing up the learning stage. Moreover the action and
state spaces can be continuous, extending the appli-
cation domain of Q-Learning.
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