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Abstract

In this technical report we describe the details to the mean-field theory and the synap-
tic scaling rule for self-organized criticality (SOC) discussed in [I].

1 The Network Model

We consider input driven recurrent networks consisting of IV threshold gates with states
xz; € {0,1},i = 1,...,N. Each node i receives nonzero incoming weights w;; from exactly
K randomly chosen nodes j. Each nonzero connection weight w;; is randomly drawn from a
Gaussian distribution with mean p and variance 0. Furthermore, the network is driven by
an external input signal u(.y which is injected into each node. Hence, in summary, the update

of the network state ; = (x14,...,2n,) is given by
N .
1 ifh>0
T =0 Wii - Tip+ U with ©(h) = - 1
s ]; E ! (h) {O otherwise (1)

which is applied to all neurons in parallel.

In the following we consider a randomly drawn binary input signal u): at each time step ut
assumes the value u + 1 with probability r» and the value u with probability 1 — r. Note that
the —u can also be considered as the threshold of each node.

This network model is similar to the one we have considered in [2]. However it differs in two
important aspects: a) By using states x; € {0,1} we emphasis the asymmetric information
encoding by spikes prevalent in biological neural systems and b) it is more general in the
sense that the Gaussian distribution from which the non-zero weights are drawn is allowed to
have an arbitrary mean p € R. This implies that the network activity (see below) can vary



considerably for different parameters and enters all the calculations discussed in the rest of
the paper.

2 Temporal Evolution of the Network activity

In this section we will give a detailed description of the function A : [0,1] x R — [0, 1] which
defines the update ar+1 = A(at, ut) of the network activity

1 Y
at = N E - Tit
1=

In the limit N — oo the network activity can be considered as the probability that a given
unit ¢ assumes the state 1, i.e. a; = Pr{z;; = 1}. Hence in order to calculate a;+; we have
to calculate

agy1 =Pr{z;pp1 =1} =Pr Z wij - i+ up >0
Jwi;#0
Let us assume that the activity at time ¢ is a; and for the moment that there are exactly
n out of the K inputs j' for which zj ;_; = 1. Due to the Gaussian distribution (mean pu,

variance o?) the term Zj/ wyjr - xjry—1 is normally distributed with mean nu and variance
no?. Hence we have for n > 0

Pr{z;i1 =1n>0}=Pr Z wij - Tjp+ug > 0/n >0 =1—O(—u,np, na2)
Jw; 70

where ®(z, 41, 0%) = [*__ (&, mu,0?)dé = 1(1 +erf(%)) denotes the Gaussian cumulative
1

1 (@=p)? ) ) )
density function and ¢(z, u, 0?) = TorzC ? o2 the Gaussian density function. For n =0

this expression reduces to
Pr {.1‘1'7154_1 = 1‘0} =Pr {ut Z 0} = @(ut)

In order to remove the condition on n we have to average over all possible values 0... K of
n. The probability of observing exactly n inputs with a value of 1 out of K possible is given
by ([rf) -al - (1 — ay)® " since a; is the probability of a unit at time ¢ to have a value of 1. In
summary we arrive at the following equation for the update of the network activity

atp1 = Alag, up) = Pr{w; 41 = 1}

(K
=3 (B) et (- )P i = 1)
n=0

K
Alag,ug) = (1 — at)KG(ut) + Z (f) cap - (1— at)Kfn(l — @(—ut,nu,na2)) (2)

n=1



3 Temporal Evolution of the Hamming Distance

In this section we want to analyze the temporal evolution of the normalized Hamming dis-

tanceEl
d; = ‘{z DX =+ 5172,i,t}|/N

between two trajectories @y () and x5 () which result by applying Equ. to the two initial
network states @ ¢ and @2 and the input time series u; .y and ug ().

u1,0 u1,1 U1t

trajectory 1:  @®19 ——> 11 — -+ T1t — T1t41
. u2,0 u2,1 U2,
trajectory 2 : @99 — o1 — -+ Top — Toiq1

As we have already shown in the previous section the temporal evolution of the network activ-
ity in each of the two trajectories [ = 1,2 can be described by a; ;41 = A(ai+, uy,¢). In the rest of
this section we will calculate an update function H of the form d;1 = H(d¢, a1, a2, w1t u2t)
that describes the one-step evolution of d;. According to the annealing approximation intro-
duced by Derrida and others [3] the temporal evolution of d; in the above trajectory can
be obtained by applying the one-step update H successively. The basic assumption of the
annealing approximation in our context is that at each time step the whole weight matrix
is randomly re-generated. This has the effect that the updates at successive timesteps are
independent so that correlations between units which would otherwise be built up over time
must not be considered. Although this is a rather radical assumption the predictions obtained
for the quenched case (weight matrix generated once) are quite accurate; see below. This is
due to the fact that if the number of inputs to a unit is rather small compared to the network
size (K < InN ) then correlations between units build up very slowly and can be neglected
in the limit N — oo [4], 5].

To get started let us consider two fixed network states x1; and x2; and an arbitrary unit ¢
(with its K nonzero input weights w;;). With the help of the definitions

Jui={j twij #0Ax1; =1 A2 =1}
Jor:={j + wiy #0Nz1; =0Aw5 =1}
Jio={j + wij Z0ANx1;=1Ax9; =0}

the internal activations hj¢ = 5 Wij 1t + Uy of unit ¢ at time ¢ can be written as (index ¢
omitted for brevity)

hi=Y wyrij+u = Y wi+ > witur =E+0+u (3)
J J€ J€J10
———
13 v
hy =Y wimgj+up= Y wi+ Y witug=E+C+u (4)
J Jjen jeJo
———
3 ¢

The probability Pr{z1 ;41 # T1,it+1|T1,, T2, urs, u2} that the states z1;411 and o441
of the node 4 differ at time ¢ 4+ 1 (given @14, @2 which induce the sets Ji1, Jo1, Jio and the

Y2+ denotes the state of unit i at time ¢ in trajectory I.



inputs uj ¢, ug¢) is then given by:

Pr{zi;t41 # T1i041|T10, Tag, ur e, uoe} =Pr{O(h1) # O(ha)}
=Pr{h; >0Ahy <0} +Pr{h; <OAhy >0}
=Pr{{+v+u >0NE+(+u2 <0} +
+Pr{{+v+u <ONE+C+uy >0}
Pr{zi;t41 # T1i441]T1e, T2, w1, u2f =Pr{v > -6 —ui AC < = —ug}+ (5)
+Pr{v<—¢{—ui AC> =€ —ug}

Taking into account the Gaussian distributions of the weights and defining ¢ := |Jio| +
|Jo1| (i.e. the number of bits which differ in the two states @1 and x2;), e := |Ji1], and
f = |J10| we know that the terms &, v and ¢ are also Gaussian distributed with densities

(&, ep, ea?), (v, fu, fo?) and p(C, (c— f)u, (c— f)o?). Hence, for c, e, f # 0 we can calculate
the probabilities in Equ. as

Qi(c e, fyur,u2) :=Pr{v> - —u AN( < =€ —us} =

+oo
/ (1= (=€ —ur, fu, fo*)O(=€ — ua, (c = flp, (¢ = £)o*)p(€, ep, eo®)dE (6)

—00

Q2(c,e, fyur,ug) :=Pr{v< - —ui A(> - —ug} =
“+o0o
/ (=& — ua, fri, fo?) (1 — (=€ — ug, (¢ — f)p, (c — [)o*)p(&, ep, ea?)dE  (7)

and get as a result for the general case c,e, f # 0:

Q(cse, four,up) ==Pr{zi 111 # T1ia1]T1e, Toy, urg, uas}
=Pr{w1; 41 # T1iev1le e, frure, uzy} (8)
:Ql(c7 €, fv uy, ’LLQ) + Q2(67 €, f7 uy, UQ)
Unfortunately there are a lot of special cases which arise at certain combinations of the values
of ¢, e, f (mostly when one of this values is zero). For example a value of ¢ = 0 implies that
f=0,ie. v==0. For e > 0 we get
Q(O, e, 0, Uy, UQ) = Pr {.%'172'7154_1 7& $172‘,t+1 ’0, e, 0, uy, ’LLQ}
=Pr{€+u1 >0ANE+us <0} +Pr{€+u <0OAE+uy >0}
= Pr{—u1 <€ —’LLQ} + Pr{—UQ <€ —ul}
0 if UL = U9
= ®(—ug, e, ea?) — ®(—ui, ey, ec?) if up > ug 9)
O (—uy, ep, e0?) — ®(—ug, ep, e0?) if ug > uy
while for e = 0 this reduces to
Q(O, 0, 0, uy, U2) = Pr {xu,t“ 7é .%‘172"754_1 ‘O, 0, 0, ui, UQ}
:Pr{u1 >0Au < 0}+PI‘{U1 <O0Aug > 0}
B {1 if O(u1) # O(uz)

0 otherwise



Other special cases are calculated in a similar manner and are detailed in [6].

In order to remove the condition on c,e, f we have to calculate the probability of a given
triple (c,e, f). This can be done using the given values of d, a1, and ay (index ¢t omitted for
brevity). Under the approximations made a Hamming distance of d can be interpreted as the
probability that a certain component of two states x; and x differs and a; = Pr{x;; = 1}.
Let us first consider the relationship between the probabilities

poo :=Pr{z1; =0Axz2,; =0}
po1:=Pr{z1; =0Axz9,; =1} (11)
pio:=Pr{z; =1Axz9; =0}
pni=Pr{z; =1Axz9,; =1}

(12)
and d, a; and az. Obviously the following equations hold:
a1 = p11 + Pio
a2 = p11 + po1 (13)
d = p1o + po1

1 = poo + po1 + p1o + P11

Solving these equations for po1, p1g and p1; gives

—a; +ag+d
por=———F5
2
_al—a2+d
1910—72
ai +as—d
pllzf

With these probabilities we can calculate the probability of a triple (c, e, f) where we define

B(p, K,n) = (f)p”(l _p)E-m

as the binomial probability distribution.
To calculate the probability of a triple (c, e, f) we note the following:

2)
b)

The (unconditional) probability of a certain value c is given by B(d, K ¢).

The conditional probability p. of observing a single input out of K — ¢ which has value 1
_ ai1tas—d

in both states given that ¢ inputs have different values is p. = p11/(p11+Ppoo) = Sy
Hence the probability of observing exactly e = |J11], 0 < e < K — ¢ inputs out of

K — ¢ which have value 1 in both states given that ¢ inputs have different values is

B(“éa‘?g)d,K —ce).

The conditional probability p; of observing a single input out of ¢ which has value 1 in
x1 and value 0 in x5 given that ¢ inputs have different values is py = p1o/(p10 + po1) =
%j*d. Hence the probability of observing exactly f := |Jip|, 0 < f < ¢ such inputs
is B( %j_d, ¢ f).



Altogether we have for the probability P(c, e, f,d,a1,as) of a given triple (c, e, f):

Ploe fidana) = B Ko -8 ("0 K ae) B (M52 ar) )

Putting all the pieces together we end up with the formula

diy1 = Pr{w1;i11 # 2241}

K K—c ¢
= Z Z Z P(ce, fody, a1, a2)Pr{zi i # x24041]c, €, f}
c=0 e=0 f=0
K K—c ¢
= H(dy, a1, ag,t,u1p, uz) = Z ZP(Ca&f, di, a1,t, a24)Q(c €, fu1 e, uzg)  (15)
c=0 e=0 f=0

for the update di1 = H(d¢, a14, a2, ui ¢, us) of the Hamming distance. Be aware that there
are a lot of special cases for @ and that for d; = 0 (which implies ¢ = 0) and d; = 1 (which
implies ¢ = K) this equation also assumes special forms (see [6] for details).

Note that in section 3 of [I] we considered the special case u() = uy .y = ug () when we
discussed the ordered regime or equivalently fading memory. In this case we made the as-
sumptions that the two trajectories @ () and @) started from initial states with equal
activity, i.e. ap = a0 = a2, and a consistent initial Hamming distance dg. It can be cal-
culated from Equ. and Equ. that only values of dp € [0, min{2ag,2(1 — ag)}] are

consistent with an initial value of ag. This leads to the formula
diy1 = f(de, ap, ue) = H(dy, ag, ar, ug, ur) (16)

for the update of the Hamming distance for the “fading scenario”. In the general case for
arbitrary u; () and uy .y we used the notation

dip1 = S(de, a1, a4, ur ¢, u2,) = H(dg, a1, 02,4, U1 s, U2 t) (17)

for the update of the Hamming distance for the “separation scenario”.

4 Calculation of a Criticality Criterion

To derive the criticality criterion we have to calculate

0 f(d,a,u)

ala,u) := 5d
d=0

The algebraic computations detailed in [6] show that a(a,u) is given by

K-1
ala,u) = Z B(a,K —1,e)-Q(1,e,0,u,u)
e=0

which leads to the criticality criterion

K-1
o :=K-> B(a", K -1,e)(rQ(Le0,a+1a+1)+(1-rQ(Le0,a,a)=1 (I8)
e=0

be

6



or equivalently

as stated in [I].

5 A Synaptic Scaling Rule for Self-Organized Criticality

Self-organized criticality would allow a network to adjust its dynamics towards criticality, i.e.
the phase-transition between ordered and chaotic dynamics. Here a local rule is derived that
achieves this in networks of randomly connected, input-driven threshold gates.

The criticality criterion defined by Equ. and Equ. shows that a local quantity,
namely the one-bit-flip probability P, f, can be used to predict the dynamics of a network. In
the following a rule for self-organized criticality (SOC) will be derived by locally estimating
this probability.

5.1 Estimating the one-bit-flip probability

The state update of a single threshold gate is given by:

K
y=0 (Zwlxl +u>
i=1

where z;,y € {0,1} and © is defined in Equ. (I)). u € R is the external input. The margin m
is defined as the distance to the decision boundary, i.e.

K
E w;T; +u
i=1

This local quantity will now be used to estimate the one-bit-flip probability Fy;. Intuitively
the larger the margin the smaller the one-bit-flip probability since an input bit-flip has to
affect the internal activation more to cross the decision boundary if the margin is large.

m =

Consider the following setting: Let y denote the output of a node with input = € {0,1}% u €
R and yp; the output when input s is flipped to xl} =1—xy, ie. :v?f = x;,Vi # f and
l‘l}f =1-—uxy.

To estimate P,y we need to know whether y = ;¢ or not. To do this consider the internal



activations h and hyy of the node given the two inputs

K

h = Zwiaji+u
i=1
K

hbf = Zwix?f—l-u
i=1

K
= Z W; T + wf:cl}f +u
i=1i#f

K
= Zwﬂi —wfry + wfa:l}f +u
i=1

_ bf
= h—wfa?f—i-wfxf

h — WeTy —i—wf(l — a;f)
h +wf(1 — 2xf)

Now consider the following cases (note that m = |h]):

1. y=1,1ie. h>0and (1 —2y) = —1. Here we have ypr = O(hyf) # y = O(h) iff

hbf < 0
h4+we(l—2z¢) < 0
h < —ws(l—2xy)
[l < —wp(1—2xy)
m < —ws(l—2xy)
m < (1-=2y)ws(l —2xy)

2. y=0,ie. h<0and (1 —2y)=+1. Here we have ypy = O(hys) #y = O(h) iff

hyy > 0
h+ wf(l — 2£L‘f) > 0

h > —wf(l — 2:Cf)

—-h < U)f(l — 21’]0)

| < wp(l—2zp)

m < wp(l—2xyp)

m < (1-2y)ws(l —2zy)

Combining these casesH we obtain:
y#ypy ifand only if  wp(l —2x)(1 —2y) >m (20)

2We assume m < (1 — 2y)ws(1 — 2z) for case 2 and ignore the pathological case m = (1 — 2y)w(1 — 2xy).



5.2 The SOC-rule

Equ. (20]) will allow us to estimate Py as

1 K

Pb]\f4Est — ? Z (wz(l — 2:61)(1 — 2y) > m)
=1

1 K
== >0 (wi(l = 22)(1 = 2y) —m)
=1

i.e. by summing up how often the condition Equ. is true on average over all K inputs.
Note that this estimate also handles the external input u implicitly by incorporating it into
the margin. Therefore a time averaged version of Pb]‘JﬁIESt will give the mean one-bit-flip
probability for a given, stationary input signal u(-).

By the criticality criterion defined in Equ. (19)) we get critical dynamics if

Pb]\dest —_

>
ST

Mg =1 (21)

Since it is known that changing the variance o2 of the K incoming weights will change the
network dynamics we use synaptic scaling to obtain the following SOC-rule where the time-
averaged value of M., is denoted by Meg:

1 ii(k if M 1
i1y < {0 £ <
mw”(k) lf Mest > ].

(22)

with a small learning rate 0 < v < 1.
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